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Abstract
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1 Introduction
Let M denote the class of functions which are holomorphic in D = D(1), where

D(r):{zeC:()<|z|<r}.

By M(p, k), where p, k are integer, p < k, we denote the class of functions f € M of the
form

f2)=a,2’ + Zanz" (ze€D;a,>0). 1)
n=k

We note that for p < 0 we have the class of functions which are meromorphic in i/ := U4,
U, :="D, U {0}, and for p > 0 we obtain the class of functions which are analytic in U.

Let p >0, @ € (0,p), r € (0,1). A function f € M(p, k) is said to be convex of order « in
D(r) if

m(l . ij:(z)) s (DO () (0))).

A function f € M(p, k) is said to be starlike of order o in D(r) if

S w o -1
Jt(f(z) )> (ze D)\ f7({0})). )

We denote by S;(«) the class of all functions f € M(p, p + 1), which are convex of order o
in D and by S, («) we denote the class of all functions f € M(p,p + 1), which are starlike
of order « in D.
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Let BC M(p,k), p > 0. We define the radius of starlikeness of order o and the radius of
convexity of order o for the class 5 by

RX(B) ::}nlg(sup{r € (0,1] : f is starlike of order « in D(r)}),
€

R:(B) ::fing(sup{r € (0,1] : f is convex of order « in D(r)}),
€

respectively.

We say that a function f : U4 — C is subordinate to a function F : Y — C, and write
f(2) < F(z) (or simply f < F), if there exists a function w € M (w(0) = 0, |w(2)| <1, z € Uf),
such that

f@)=F(0(2)) (zel).
In particular, if F is univalent in I/, we have the following equivalence:
f&)<F(z) <= [f(0)=F(0)AfU)CFU)

For functions f,g € M of the form

f@=) a", g@)=) b7 (zeD),
n=0 n=0

by f * g we denote the Hadamard product (or convolution) of f and g, defined by

(f*8)2) =Y aybyz" (z€D).
n=0

For multivalent function f € M (p, k), the normalization
Zlipf(z)|2=0 =0 and prf(z)|2=0 =1 (3)

is classical. One can obtain interesting results by applying Montel’s normalization (cf. [1])
of the form

2Pf(@)0=0 and zPf(2)l-p=1 (p=Iple”), (4)

where p is a fixed point from the unit disk ¢/. We see that for p = 0 the normalization (4)
is the classical normalization (3).

Let us denote by M, (p, k) the class of functions f € M (p, k) with Montel’s normalization
(4). It will be called the class of functions with two fixed points.

Also, by T"(p, k), n € R, we denote the class of functions f € M(p, k) of the form

f(2) = a,7’ - Z la,le Pt (z € D). (5)

n=k
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In particular, we obtain the class 7°(p, k) of functions with negative coefficients. More-
over, we define

T,k =T @k (6)

neR

The classes 7 (p, k) and T (p, k) are called the classes of functions with varying argument
of coefficients. The class 7 (1,2) was introduced by Silverman [2] (see also [3]). It is easy
to show that for f € T (p, k), p > 0, the condition (2) is equivalent to the following:

zf'(2)
f(2)

-p|<p-a (zeD()\f({0})). 7)

Let A, B, § be real parameters, § > 0,0 <B<1,-1 <A <B,and let ,¢p € M(p, k).
By W =W(p, k; ¢, 9; A, B; §) we denote the class of functions f € M(p, k) such that

(xf)2) 70 (z€D) (8)

and

1+A
(¢>i<f)(2)_(3 (¢*f)(Z)_1‘< +Az. o)
(pxf)z) |(p*f)(2) 1+Bz
If 0 < B < 1, then the function
1+Az
=~ D 1
h) 1+Bz (zeD) (10)
is univalent in / and maps U onto the disk {w € C: |w — a| < R}, where
1-AB B-A
a=——, R=——.
1-B2 1-B?
Thus, by definition of subordination the condition (9) is equivalent to the following:
(@ *f)(2) ‘(qb *f)(2) ‘ 1-AB| B-A
-4 -1/ - < (ze D). (11)
’(w *f)z) (g *f)(2) 1-B| 1-B

If B =1, then the function (10) maps the disc D onto the half-plane {w € C: %i[w] > %}.

Thus, the condition (9) is equivalent to the following:

v

8‘(¢*f)(z)_1‘_%{(¢*f)(z)_1} 1-4

— D). 12
) win@ <z @D (12)

Now, we define the classes of functions with varying argument of coefficients related to
the class W = W(p, k; ¢, 9; A, B; §). Let us denote

W, =W, (b, k; ¢, 0; A, B; 8) := A, (0, k) "N W(p, k; p, 0; A, B; §),
TW" =TWp, k; ¢, 9;A,B;8) := T"(p, k) "\ W(p, k; ¢, 0; A, B; ),
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TW! =TW(p, k; ¢, 9; A, B;8) := M, (p, k) N TW' (p, k; ¢, 9; A, B; ),
TW, = TW,(p,k; ¢, 0;A,B;8) := T (p, k) N W, (p, k; ¢, 3 A, B; 6).
The class W = W(p, k; ¢, ; A, B; §) unifies various new and also well-known classes of an-

alytic or meromorphic functions; see for example [1-36].
For the presented investigations we assume that ¢, ¢ are the functions of the form

plz) =2 + Zanzn, =2+ Z,Bn (ze D),
0 <ay<pu(neNc={kk+1,..}). (13)

Moreover, let us put
dp:=(3+1)A+B)By— (8(B+1) +A+1)a, (n€Ny). (14)

The object of the present paper is to investigate the coefficients estimates, distortion
properties, the radii of starlikeness and convexity, subordination theorems, partial sums
and integral mean inequalities for the classes of functions with varying argument of coef-
ficients. Some remarks depicting consequences of the main results are also mentioned.

2 Coefficients estimates
We first mention a sufficient condition for the function to belong to the class W.

Theorem1 Let0 <B<1land-1<A<B.Iff e M,(p,k) and

> dylan| < (B-A)ay, (15)
n=k

thenf e W.

Proof 1f 0 < B <1, then we have

(@ *f)(2) 8‘(¢*f)(2) 1’ 1-AB

@) |@*+H) | 1-B
(¢ *f)(2) B(B-A)
<(+1) ) —1‘ + 5
Z:ik(/sn _an)|ﬂn||z|n_p B(B—A)
=0 ap— Yo alayllzl"?  1-B*

Thus, by (15), we obtain (11) and consequently f € V. Let now B = 1. Then simply calcu-
lations give

@ +f)(e ‘ {(cb )(2) }
8‘(<p*f)() 1Mo
’ <(6+1) Zzik(ﬁn —ay)|anl|z|"*

ap — sz an|dn||z|n_p

)‘ ¢ *f)(z
(¢ *f)(Z)

Thus, by (15) we obtain (12). Hence f € W and the proof is complete. (|
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Theorem 2 Letf € T"(p,k). Then f € TW?" if and only if the condition (15) holds true.

Proof Let f € TW?". In view of Theorem 1, we need only show that f satisfies the coeffi-
cient inequality (15). Putting z = re’” in the conditions (11) and (12) we obtain

Z:Zz(lgn_an”anvnip B-A

Ay — Y s Uylayr"™? ~1+B

6+1)

By (8), it is clear that the denominator of the left hand side cannot vanish for r € (0,1).

Moreover, it is positive for = 0, and in consequence for r € (0,1). Thus, we have
oo
Z dylay|r"? < (B-A)ay,
n=2

which, upon letting r — 17, readily yields the assertion (15). O
By applying Theorem 2, we can deduce following result.

Theorem 3 Letf € T"(p, k). Then f € TW), if and only if it satisfies (4) and

oo

> (dn—(B=A)lp|"?)|ay) < B-A. (16)
n=k

Proof For a function f € T"(p, k) with the normalization (4), we have

ap=1+_layllp|"™. 17)
n=k
Then the conditions (15) and (16) are equivalent. O

From Theorem 3, we obtain the following lemma.

Lemma 1 Let there exist an integer ny € Ny such that
dny = (B=A)|p|" " = 0. (18)
Then the function
o (2) = (1 + a,o”"’p)zp — ae'r=r0)n 1o
belongs to the class TW), for all positive real numbers a. Moreover, for all n € Ny such that
d, — (B-A)|p|"? >0, (19)
the functions

fulz) = (1 +ap"™? + bz”’p)zp — ae' PN o _ peip-mnn
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belongs to the class TW] for all positive real numbers a and

_B-A+((B-A)|pI"? - dyy)a

b
dn— (B—A)|p|"?

By Lemma 1 and Theorem 3, we have following two corollaries.

Corollary1 Let
dy—B-A)p"" =0 (neNy).
If
dn— (B-A)|p|"" >0,
then the nth coefficient of the class TW) satisfies the following inequality:

B-A

=LA .

||

The estimation (20) is sharp, the function f,, , of the form

_ dy? — (B—A)eP g
L o Y P ey

is the extremal function.

Corollary 2 If
dy— (B-A)|p|"" =0,

then the nth coefficient of the class TW) is unbounded. Moreover, if there exists no € Ny
such that

dyy = (B~ A)lp|"7 <0,
then all of the coefficients of the class TVV), are unbounded.

By putting p = 0 in Theorem 3 and Corollary 1, we have the corollaries listed below.

Corollary 3 Letf € T"(p,k). Thenf € TW,, if and only if
> dula, <B-A. (22)
n=k

Corollary 4 Iff € TW,, then

B-A
dy

(n e Ng). (23)

an =

Page 6 of 18
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The result is sharp. The functions f,, ,, of the form

B-A

Sun(2) =2 - P (ze Di;n e Ny) (24)

n

are the extremal functions.

3 Distortion theorems
From Theorem 2, we have the following lemma.

Lemma 2 Letf € TW). If the sequence {d,} satisfies the inequality

0<di—(B-A)p|"* <d,—(B-A)p"” (neNy), (25)
then

it B-A

ZWHSW'

ok k—\b— 1Y

Moreover, if

di = B-A)lpl*? _d,—(B=A)|p|"”
< <

0
k - n

(n e Ny), (26)

then

[e.¢]

nayl = ———r————F—-
2 di— (B=A)|pl7

The second part of Lemma 2 may be formulated in terms of o -neighborhood N,, defined
by

oo oo
N, = 1f(2) = a,2” + Zanz” eT(p,k): Zn|a,,| <o
n=k n=k
as the following corollary.
Corollary 5 Ifthe sequence {d,} satisfies (26), then TW] C N,, where

. k(B-4)
Cdi—(B-A)lplkr

Theorem 4 Letf € TW), |z| = r < 1. If the sequence {d,} satisfies (25), then

dir? + (B— A)r*

#(r) < lf(z)| =< m, (27)
where
v (r<p)
0= o (28)

-Gipfr > P)
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Moreover, if (26) holds, then

k(B-A) - pdir? + k(B — A)rk1

de—(B—A)pl+" <@l = d—(B-A)pf? (29)

-1
paPt -

The result is sharp, with the extremal function fi , of the form (21) and fy(z) = z.

Proof Suppose that the function f of the form (1) belongs to the class 7. By Lemma 2

we have
= apzp+2a Z" <rp<a +Z|an|r _">
n=k
oo o0
srﬂ(uZmnnm"%Zwr’”’)
n=k n=k
dir? + (B - A)r*
< 1+ k=p o /K /e = 7
r ( (1ol P Zlanl) de—(B—A)|p[F7
and

If@)|=r (ap - i‘ |an|r“’) = rp<1 + i(w P )|an|) (30)

n=k n=k

If r < p, then we obtain |f(z)| > r*. If r > p, then the sequence {(p"? — r"?)} is decreasing

and negative. Thus, by (30), we obtain

) i 00 dir? — (B—A)Vk
)| er(l— (* = 1pl* ”)Z“”) = G~ (B-A)plr

n=2

and we have the assertion (27). Making use of Lemma 2, in conjunction with (17), we

readily obtain the assertion (29) of Theorem 4. O
Putting p = 0 in Theorem 4 we have the following corollary.

Corollary 6 Letf € TWy, |z| =r < L. Ifdy <d, (n € N;), then

Moreover, if ndy < kd,, (n € Ny), then

@r’“l < [f’(z)| <prfl4 Mr"_l. (31)
k

——
V4 A

The result is sharp, with the extremal function fi , of the form (24).
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4 The radii of convexity and starlikeness
Theorem 5 Ifp > 0, then

. o (p-wd, \*P
R”(TWW)‘i‘llZ((n_a)(B_A)) ‘ (32

The functions f,,, of the form

Sfun(2) =a, (z” - ei(”"")”z”> (zeU;neNga, >0) (33)

n

are the extremal functions.

Proof A function f € T"(p, k) of the form (1) is starlike of order « in U(r) if and only if it

satisfies the condition (7). Since

Y i (n = p)a,z" - Yoook(m=p)lay||z|"*
— )
ap? + Y AnZ" ap =Y poi \aullz|"?

#'(2) _p’ _
f(2)

the condition (7) is true if

ad n—uo
S 20 < a (34)
n=k p-«

By Theorem 2, we have

> D) < ap (35)

B-A
n=k

Thus, the condition (34) is true if

n d,
» s g— (eN,
that is, if
(p-c)d, \77
—a)d, n-p

It follows that each function f € 7TW?" is starlike of order « in U(r), where
1

- inf (p_a)dn =
& ()

The functions f,, ,, of the form (33) realize equality in (35), and the radius r cannot be larger.
Thus we have (32). O
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The following result may be proved in much the same way as Theorem 5.

Theorem 6 Ifp >0, then

. (P B O[)dn np
RC n = f _— .
ATV ;‘;k<n(n ~a)(B-4)
The functions f,,, of the form (33) are the extremal functions.

It is clear that for

Ay

a,=————>0
" d,—(B-A)lplr

the extremal function f,, of the form (33) belongs to the class T)V}. Moreover, we have
TW, CcTWw"
Thus, by Theorems 5 and 6 we have the following corollary.

Corollary 7 Let the sequence {d,, — (B — A)|p|"?} be positive, p > 0. Then

. o (p-wd, \™
R"’(TWZ)_VIIg((n—a)(B—A)> ’

. B p-w)d, 77
R, (TW;) = g(n(n ~)(B —A)) ‘

5 Subordination results
Before stating and proving our subordination theorems for the class 7W", we need the

following definition and lemma.

Definition 1 A sequence {b,} of complex numbers is said to be a subordinating factor

sequence if for each function f € S¢ we have

> by <f(2) (a1=1). 37)

n=1

Lemma 3 [36] A sequence {b,} is a subordinating factor sequence if and only if
o0
5)’{{1+22b,,z”}>0 (ze D). (38)
n=1

Theorem 7 Let the sequence {d,} satisfy the inequality (25). If g € 8¢ and f € TW",
then

[e2'7f(2)] * g(2) < g(2) (39)
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and
R[7f(2)] > —% (ze D), (40)

where

dy

Y BoArdy) (A1)

Ifp and (k — p) are odd, and n = 0, then the constant factor € cannot be replaced by a larger
number.

Proof Leta function f of the form (1) belong to the class 7WW" and suppose that a function
g of the form

o0
g(2) = chZ” (c1=1z€D)
n=1
belongs to the class S¢. Then

[e2"2f(2)] * g(2) = Z b,c,2" (zeD),
n=1
where
cay, ifn=1,
b,=130 if2<n<k-p,

Eauip ifn>k—p.

Thus, by Definition 1, the subordination result (39) holds true if {b,} is the subordinating

factor sequence. By (25), we have

o0 oo
d
5){{1 +2 Zb,,z”} = m:1 +2eapz+ Y m“”zn_p
n=1 n=k

o0
r
>1—2er—72 dla zl=r<1).
- (B~ A +diay £~ sl (12 )

Thus, by using Theorem 2, we obtain

o0
dy B-A
#Wl1+23 bt >1- - 0.
{+ 21: Z}— B-A+d, B-A+di

This evidently proves the inequality (38) and hence the subordination result (39). The
inequality (40) follows from (39) by taking

g(z) = é = HZ:;Z” (ze D).

Page 11 0of 18
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Next, we observe that the function f; ,, of the form (33) belongs to the class 7W". If p and
(k — p) are odd, and n = 0, then

1
1-p -
Z Pfin(2)| =1 %6
and the constant (41) cannot be replaced by any larger one. O

Remark 1 By using (17) in Theorem 7, we obtain the result related to the class TW).

Moreover, by putting p = 0, we have the following corollary.
Corollary 8 Let the sequence {d,} satisfy the inequality (25). If g € S¢ and f € TW,,, then

conditions (39) and (40) hold true. If p and (k — p) are odd, and n = 0, then the constant

factor € = 2(B+!(+dk) cannot be replaced by a larger number.

6 Integral means inequalities

Due to Littlewood [22], we obtain integral means inequalities for the functions from the
class TW".

Lemma 4 [22] Letf, g be functions analyticinU. If f < g, then
2 Y 2 Y
/ [f(re’e)| do < / |g(re’9)| dd (0<r<1,0<A). (42)
0 0
Applying Lemma 4 and Theorem 2, we prove the following result.
Theorem 8 Let the sequence {d,} satisfy (25), k =p + 1. Iff € TW,, then
21 N 21 N )
f If2)|" do < / [forin@| do  (0<r<1,0<2rz=re"), (43)
0 0

where f,.1,, is defined by (33).

Proof For function f of the form (1), the inequality (43) is equivalent to the following:

2 0 )\ 2 —_A . A ]
/ ap + Z a,z"*| do 5/ a, — e z| do (z: re‘e)‘
0 n=p+l 0 p+1
By Lemma 4, it suffices to show that
o0
B-A .
Z a,2" P < — y ez (44)
n=p+1 P+l
Setting
oo )
d 18”’ _
wa)== Y, Zrar"” (zeD)

n=p+1
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and using (25) and Theorem 2 we obtain

>, 4, — d
W@ =| 3 grad | <l 3 " lan <lel (e D)
n=p+1 n=p+1
and
= B-A

Z a,?" 7 = - e""w(z) (zeD).

n=p+1 dpﬂ
Thus, by definition of subordination we have (44) and this completes the proof. d

By using (17) in Theorem 8 we have the following corollary.

Corollary 9 Let the sequence {d,} satisfy (25), k = p + 1. Iff € TW], then

2 2w
/ V(reie) |'\ do < f [fpﬂ,n (reie) |A do (0 <r<,A>0;z= reig),
0 0
where f,,.1,, is defined by (21).

7 Partial sums
Let f be a function of the form (1). Due to Silvia [27], we investigate the partial sums f;,, of
the function f defined by

Ji1(2) = a2, Jn(2) = a2’ + Z az" (meNy). (45)
n=k

In this section, we consider partial sums of functions in the class 7W" and obtain sharp
lower bounds for the ratios of real part of f to f,, and f' to f;,,.

Theorem 9 Let the sequence {d,} be increasing and dy > B—A.Iff € TW", then

Re{ff,,,(—(zz))}zl_z;j (ze D,me Niy) (46)
and
Sm(2) At
Re{ f(Z) } > B_Ax+ dm+1 (Z eD,me Nk—l)' (47)

The bounds are sharp, with the extremal functions f,,.1,, defined by (21).

Proof Since

dn+1 S dn
B-A B-A

>1 (meNy),

by Theorem 1, we have

00
=k

“ d, > d,

1
Dl g Y lanl <) = lan] < ap. (48)
n=k

n=m+1 n

Page 13 0f 18


http://www.fixedpointtheoryandapplications.com/content/2013/1/86

Dziok Fixed Point Theory and Applications 2013, 2013:86 Page 14 0of 18
http://www.fixedpointtheoryandapplications.com/content/2013/1/86

Let
dua [ f(2) B-A Dol 30 ) AnZ" P
= —(1- =1 eD). 49
g(2) B A { o i + P S (zeD) (49)
Applying (48), we find that
Al §OO
gla) 1 ‘ < 54 Loneot 190] <1 (zeD).

8@+ 1|7 2a,- 2% lan| - 22 3 laul

Thus, we have f[g(z)] > 0 (z € D) and by (49) we have the assertion (46) of Theorem 9.
Similarly, if we take

dm+1 ){fm(z) _ dm+1
B-A)|f&) B-A+du,

h(z)=<1+ } (ze D)

and making use of (48), we can deduce that

<1 (zeD),

‘h(z) - 1‘ B (L+ Gy 30 1l
h(2) + 1]~ 2a, -2 37 |a,| - (Gl —1) 3% lanl

which leads us immediately to the assertion (47) of Theorem 9. In order to see that the
function f,,1,, of the form (21) gives the results sharp, we observe that

fm+1,n(z) -1— B-A
(fm+l,ﬂ)m(z) dm+1
(fm+1,n)m(z) _ dm+1

fm+1,r](z) B - A + dm+1

(=),

. b1
2= i),

This completes the proof. O

Theorem 10 Let the sequence {d,} be increasing and dy > (m +1)(B-A). Iff € TW", then

(ze D,m e Nyy),

Re{f/(z) } . (meDB-4)

f,;,(Z) B dm+1
f,;(Z) dmﬂ
Re{f’(Z) } =+ D)(B-A) + dpr (z€D,m & Nia).

The bounds are sharp, with the extremal functions f,,.1,, defined by (21).

Proof By setting

R {f’(z) . <I_W)} zeD)

- B-A f/n(Z) dm+1
and
_ dm+1 fy;q(z) dm+1
ha) = <’” T+ B—A) {f’(z) T m+ DB-A) + dpn } (zeD),

the proof is analogous to that of Theorem 9, and we omit the details. O
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Remark 2 By using (17) in Theorems 9 and 10, we obtain the results related to the class
TW;.

8 Concluding remarks

We conclude this paper by observing that, in view of the subordination relation (9), choos-
ing the functions ¢ and ¢, we can consider new and also well-known classes of functions.
Letp>0,neN,x" =1and

/ n-1
Wb,k ¢;A,B; ) := W,,( L k; %}Z),Z(p(xlz);A,Bﬁ),

=0

The class W) (p, k; ; A, B; §) generalize well-known classes, which were investigated in ear-
lier works; see, for example, [5, 23, 28, 30]. In particular, the class W;’(p, k; p; A, B; 0) con-
tains functions f € M(p, k), which satisfies the condition

z(p * f)'(2) 1+Az
S (@ % f)(xl2) P1vBe

Itis related to the class of starlike functions with respect to n-symmetric points. Moreover,
putting 7 = 1, we obtain the class W}, (p, k; 9; A, B; 0) defined by the following condition:

z(p * f)'(2) L L4z
(@ *f)(2) P1vBe

The class is related to the class of starlike functions. In particular, we have
* 1 Zp
Sp((x) = Wp (1,2; E;&x -1,1; 0).
Analogously, the class
Wb kiei2y —p,1;6) (0<y<p)

contains functions f € M(p, k), which satisfy the condition

%{ 2(p % f) (2) } 5 2(p xf) (2)

- N D).
SilpeNwa) ) I e fiwla) ‘ (zeD)

It is related to the class of §-uniformly convex functions of order y with respect to
n-symmetric points. Moreover, putting # = 1, we obtain the class W, (p, k; ¢;2y — p,1;4)
defined by the following condition:

%{ 2Ap +f)(2) } z(p xf)'(2)
T e xN)) (@ */)(2)

- p‘ (zeD).
The class is related to the class of §-uniformly convex functions of order y. The classes

UST(y,8) := Wy (1, 2; li;zy -1, 1;5),
-z

z

V(y,$) := 1,2 ——;
UCV(y,é) Wo( 127

2y—1,1;5>,
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are the well-known classes of §-starlike functions of order y and §-uniformly convex func-
tions of order y, respectively. In particular, the classes UCV := UCV(1,0), § — UCV :=
UCV($,0) were introduced by Goodman [18], and Wisniowska et al. [29] and [19], re-
spectively (see also [20]).

We note that the class

Hr(psv,8):= T°(L,2) N W,(1, 25052y —1,1;8)

was introduced and studied by Raina and Bansal [24].
If we set

h(ay, 2) := zgFs(on, ..., 05 Py .. Bs; 2),
where ,F; is the generalized hypergeometric function, then we obtain the class
UH(g,s, 1, y,8) = Hy (Mhloy +1,2) + (1= Mh(ay,2);7,8) (0<1<1)

defined by Srivastava et al. [26].
Let A be a convex parameter. A function f € M(p, k) belongs to the class

Vi (p;A,B) := W(A@ +(1- )»)gd(z),z;A,B;O)

if it satisfies the following condition:

WD @ < T
z 1+Bz

Moreover, a function f € M(p, k) belongs to the class
D, (¢34, B) = w(x@ . )\)w/(Z);A,B;0>

if it satisfies the following condition:

z2(@ *f) (2) + (1 = M)z (@ * )" (2) . 1+Az
Mo xf)(2) + A-Nz(g*f)(z2)  1+Bz

The considered classes are defined by using the convolution ¢ * f or equivalently by the

linear operator

Jo : Mp,k) = M(p,k),  J,(f) =@ *f.

By choosing the function ¢, we can obtain a lot of important linear operators, and in con-
sequence new and also well-known classes of functions. We can listed here some of these
linear operators as the Salagean operator, the Cho-Kim-Srivastava operator, the Dziok-
Raina operator, the Hohlov operator, the Dziok-Srivastava operator, the Carlson-Shaffer
operator, the Ruscheweyh derivative operator, the generalized Bernardi-Libera-Livingston
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operator, the fractional derivative operator and so on (see, for the precise relationships
(14, 17]).

If we apply the results presented in the paper to the classes discussed above, we can lead
to several results. Some of these were obtained in earlier works; see, for example, [3-17,
21, 23-26, 30-35].
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