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1 Introduction
Let A(n) (n > 2) denote the class of functions f(z) of the form

fl@)=z+ Zanz” (1.1)

k=n

which are analytic in the open unit disc U = {z: |z| < 1}. We write A = A(2). Let S* and
K be the subclasses of A(n) consisting of all starlike functions f(z) in U and of all convex
functions f(z) in U, respectively.

If f(z) € A(n) satisfies

zf'(z) T
‘arg(f(z) >'<§y (zel) (1.2)

for some y (0 < y <1), then f(2) is said to be strongly starlike of order y in U, and denoted
by f(z) € §"(y). If f(z) € A(n) satisfies

arg (1 + Z:?é?)‘ < %y (ze l) (1.3)

for some y (0 <y <1), then we say that f(z) is strongly convex of order y in U, and we
denote by K (y) the class of all such functions. It is obvious that f(z) € A(n) belongs to K (y)
if and only if zf'(z) € §*(y). Further, we note that §%(1) = $* and K(1) = K.

The strongly starlike and convex functions have been extensively studied by several au-
thors (see, e.g,, [1-11]). The object of the present paper is to derive some sufficient condi-

tions for strongly starlikeness and strongly convexity. Some previous results are extended.
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For our purpose, we have to recall here the following results.

Lemma 1 (see [5]) Let a function p(z) =1 + c1z + c22> + - - - be analytic in U and p(z) # 0
(z € U). If there exists a point zo € U such that

|arg p(z)| < %,3 (Iz] < Izol)

and

larg p(z0)| = %ﬂ 0<p=<1),
then

zop'(z0) _

ikp,

1 1
k> —(a + —> (when arg p(zo) = il ),
2 a 2
1 1 b
k5—5<a+ ;) (when arg p(zo) == ),

and p(zo)P = +ia (a > 0).
Lemma 2 (see [4]) Iff(z) € A satisfies

V/(z) —1| < @ (ze l),

then f(z) € S*.

2 Starlikeness and convexity
Our first result is contained in the following.

Theorem 1 Let 0 <« < y ff(z) € A(n) (n > 2) satisfies

1
2 L 10 2p
1+ [y sin (W) )

|argf’(z)| < ga (zel), (2.1)
then f(z) € §‘(/3), where

2 ! 2
B = <1 + —/ sin_l(—p> dp)a.
7 Jo 1+ p2

Proof Note that

argf'(z) = arg(z}((z)) + arg<@>
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and
arg<&> = arg(1 /Zf’(t)a’t>
z z Jo
= arg(% /Orf’(peig)eie d,o) (z= re t = ,oe‘y)
= arg( /0 r f/(peie)dp>. (2.2)
Let
0=po<p1<P2< " <Pu1<Pm=T1,
and
Pi—Pi-1=6m (=12,...,m).

Then, by using (2.2), we have that

()]

Since the condition (2.1) implies that

arg (W}l_r)noo 21: Sf” (piei9)>
i

=, Zlﬁmiargf/(p/e”’) ]
-

7@~ (g) e,

we obtain that

o)

< 1i 3 s L+ e\
- mgnoo Z m arg 1 — pAel'Q
j=1 !
1
2
<a/ sin_1< p2>dp
0 1+p

2 (! 2
a(—/ sinl( p )dp). (2.3)
7 Jo 1+ p2
Furthermore, since

zf'(2) f(2)
(75| -
we conclude from (2.1) and (2.3) that

(1 )| =loertol ()

r 2
<oz/ sin‘l( '02>dp
0 1+p

b4
2

< largf'(2)| (ze ),

_n,B
=5b

which shows that f(z) € $*(B). 0
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Theorem 2 Let 0 <o <1.Iff(z) € A(n) (n > 2) satisfies
/ 1/ s 2 -1
|arg(f (2) + zf (z))| < Eot o] + —tan” o (ze l), (2.4)
T
then f(z) € K(a), where a; = 0.3834.... is the root of the equation

2
200+ —tan" g = 1.
T

Proof Note that

arg (f'(2) + 2f"(2)) = argf'(2) + arg (1 A )

/'@
If there exists a point zo € U such that
, i
|argf (z)| < Eala (Izl < Izol)
and
, i
|argf'(zo)| = 5o,

then by Lemma 1, we have

zof" (20)
Sf'(z0)

=ik,

Therefore, if argf’(z9) = o, then we have

T
= —aqo + arg(l + ingak)

zof " (20) )
2

argf'(zo) + arg <1 + o)

T
= Eala + tan (o k)

T -1
> Eala +oatan " op

T 2 1
=—o|lop+—tan oy ),
2 kg

which contradicts (2.4). If arg f'(z9) = -7 a1, then applying the same method for the pre-
vious case, we also have

argf'(zo) + arg(l + Zj(jj(ﬁz(:;))) =< —%a((xl + %tan’1 a1>,

which contradicts (2.4). Therefore, there exists no zo € U such that |argf’(zo)| = Faic.
This implies that

’argf’(z)| < %ala (ze U).
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Furthermore, since

arg(l + fo’/;(zj)ﬂ - |argf/(z)| < |arg(f/(z) + zf”(z))|

T 2 4
<—alog+—tan" oy ) (zel),
2 b4

we conclude that

arg(l + Z]{//;S)N < %a(Zozl + %tan_l a1> = ga (ze l),

which shows that f(z) € K(a).
Theorem 3 Iff(z) =z +a,z" +--- € A(n) (n > 2) satisfies

If"(@)| < @ (zel),

then f(z) € S*.
Proof From (2.5), one can see that
") = ‘ / A0 dt‘
0

2]
< | ") at
0

E@IZR@ (zel),
5 5
V”(Z)IS@ (zeU).
Noting that
! _1 — z 1 d
-1 Vof(t) t’
el
<) " ()] dt|
§@|z|<@ (zel).

By Lemma 2, we have f(z) € S*.
Theorem 4 Iff(z) =z+a,z" +--- € A(n) (n > 2) satisfies

If"(2)] < g (zel),

then f(z) € K.

(2.5)
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Proof By using the same method as in the proof of Theorem 3, we have

If"(2)| < ? (zel).

It follows that

(@) ~1] = |f (&) + 2f"(2) 1]
<|f'2) 1| + |2f"(2)|

sM?@w

‘Zl 1 \/g
sﬂ[ﬂwmugm

<l|z|<g (ze U).

+ |zf”(z)|

Therefore, using Lemma 2, we see that zf'(z) € $*, or f(z) € K. O
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