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Abstract

In this paper, we first present some elementary results concerning cone metric spaces
over Banach algebras. Next, by using these results and the related ones about
c-sequence on cone metric spaces we obtain some new fixed point theorems for the
generalized Lipschitz mappings on cone metric spaces over Banach algebras without
the assumption of normality. As a consequence, our main results improve and
generalize the corresponding results in the recent paper by Liu and Xu (Fixed Point
Theory Appl. 2013:320, 2013).
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1 Introduction
In 2007, cone metric spaces were reviewed by Huang and Zhang, as a generalization of
metric spaces (see [1]). The distance d(x, y) of two elements x and y in a cone metric space
X is defined to be a vector in an ordered Banach space E, quite different from that which is
defined to be a non-negative real number in general metric spaces. They gave the version
of the Banach contraction principle and other basic theorems in the setting of cone metric
spaces. Later on, by omitting the assumption of normality in the results of [1], Rezapour
and Hamlbarani [2] obtained some fixed point theorems, as the generalizations of the
relevant results in [1]. Besides, they presented a number of examples to prove the existence
of non-normal cones, which shows that such generalizations are meaningful. Since then,
many authors have been interested in the study of fixed point results in the setting of cone
metric spaces (see [2-10]).

Recall that a mapping 7 : X — X is said to be contractive if there is a constant k € [0,1)
such that

d(Tx, Ty) < kd(x,y), x,y€X. 1)

The right-hand side of the inequality (1) is the vector as the result of the operation of scalar
multiplication in cone metric spaces. In [1], the authors proved that there exists a unique
fixed point for contractive mappings in complete cone metric spaces.

Recently, some authors investigated the problem of whether cone metric spaces are
equivalent to metric spaces in terms of the existence of the fixed points of the mappings
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involved. They established the equivalence between some fixed point results in metric and
in (topological vector space-valued) cone metric spaces see [11-14]. Actually, they showed
that any cone metric space (X, d) is equivalent to a usual metric space (X, d*), where the
real-valued metric function d* is defined by a nonlinear scalarization function &, (see [12])
or by a Minkowski functional g, (see [13]). After that, some other interesting generaliza-
tions were developed. See, for instance, [4].

Very recently, Liu and Xu [15] introduced the concept of cone metric spaces over Banach
algebras (which were called cone metric spaces over Banach algebras in [15]), replac-
ing Banach spaces by Banach algebras as the underlying spaces of cone metric spaces.
They replaced the Banach space E by a Banach algebra A and introduced the concept
of cone metric spaces over Banach algebras. In this way, they proved some fixed point
theorems of generalized Lipschitz mappings with weaker and natural conditions on gen-
eralized Lipschitz constant k by means of spectral radius. Note that it is significant to
introduce the concept of cone metric spaces with Banach algebras since one can prove
that cone metric spaces with Banach algebras are not equivalent to metric spaces in terms
of the existence of the fixed points of the generalized Lipschitz mappings. As a matter of
fact, Liu and Xu showed that the main results obtained in [15] could not be reduced to
a consequence of corresponding results in metric spaces by means of the methods in the
literature. This does bring about prosperity in the study of cone metric spaces. However,
the proofs of the main results in [15] depends strongly on the condition that the underly-
ing solid cone is normal. In this paper, we delete the superfluous assumption of normality
of the paper [15] and also obtain the existence and uniqueness of the fixed point for the
generalized Lipschitz mappings in the setting of cone metric spaces over Banach algebras.
The methods and techniques used in this paper are quite different from those appearing
in [2]. Furthermore, we give an example to support that it is meaningful to set up fixed
point theorems of generalized Lipschitz mappings without the assumption of normality
of the underlying solid cones.

2 Preliminaries
Let A always be a real Banach algebra. That is, A is a real Banach space in which an op-
eration of multiplication is defined, subject to the following properties (for all x,y,z € A,
a € R):

L (xy)z =x(yz2);

2. x(y+2)=xy+xzand (x +y)z = xz + yz;

3. alxy) = (ax)y = x(ay);

4yl < Nl
Throughout this paper, we shall assume that a Banach algebra has a unit (i.e., a multiplica-
tive identity) e such that ex = xe = x for all x € A. An element x € A is said to be invertible
if there is an inverse element y € A such that xy = yx = e. The inverse of x is denoted by x ..
For more details, we refer to [16].

The following proposition is well known (see [16]).

Proposition 2.1 Let A be a Banach algebra with a unit e, and x € A. If the spectral radius
r(x) of x is less than 1, i.e.,

1
"<,

1o
r(x) = Tim [[«"]" = inf %"
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then e — x is invertible. Actually,

(e—x)t= in.

Remark 2.1 From [16] we see that the spectral radius r(x) of x satisfies
r(x) < [lx|l

for all x € A, where A is a Banach algebra with a unit e.

Remark 2.2 In Proposition 2.1, if the condition ‘r(x) < 1’ is replaced by ||x| < 1, then the

conclusion remains true.

Now let us recall the concepts of cone and semi-order for a Banach algebra .A. A subset
P of A is called a cone of A if

1. Pisnon-empty closed and {#,e} C P;

2. «aP+ BP C P for all non-negative real numbers «, 8;

3. P>=PPCP;

4. PN (-P)=1{6},
where 6 denotes the null of the Banach algebra .A. For a given cone P C A, we can define
a partial ordering < with respect to P by x < y if and only if y —x € P. x < y will stand for
x <y and x # y, while x < y will stand for y — x € intP, where int P denotes the interior
of P. If int P # ¥ then P is called a solid cone.

The cone P is called normal if there is a number M > 0 such that, for all x,y € A,

0=x=y = |l =Myl

The least positive number satisfying above is called the normal constant of P [1].
In the following we always assume that P is a cone in A with int P # { and < is the partial
ordering with respect to P.

Definition 2.1 (See [1, 15] and [17]) Let X be a non-empty set. Suppose that the mapping
d: X x X — A satisfies

1. 0=<d(x,y) forallx,y € X and d(x,y) = 0 if and only if x = y;

2. dxy)=dy,x) forallx,y € X;

3. dxy) <dx,z)+d(z,x) forall x,y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space over a Banach
algebra A.

For convenance, we give an example of cone metric space over Banach algebra as follows.
For more examples, see [15].

Example 2.1 (See [15]) Let A =M, (R) = {a = (@j)uxn | a;j € R,forall1 <i,j < n} be the
algebra of all n-square real matrices, and define the norm

lal = " layl.

1<ij<n

Then A is a real Banach algebra with the unit e the identity matrix.
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Let P={a e Al|a;>0,foralll <ij<n}. Then P C A is a normal cone with normal
constant M =1.
Let X = M,,(R), and define the metricd : X x X — A by

d(x,y) = d((xz'j)nxm ()/ij)nxn) = (|xij _yij|)nxn e A
Then (X, d) is a cone metric space over Banach algebra A with normality.

Example 2.2 Let A = CL[0,1] and define a norm on A by [|x] = [%]loc + [|#' [l for x € A.
Define multiplication in A as just pointwise multiplication. Then A is a real unital Banach
algebra with unite = 1. The set P = {x € A:x > 0} isa cone in .A. Moreover, P is not normal
(see [2]).

Let X = {1,2,3}. Define d: X x X — A by d(1,2)(¢) = d(2,1)(¢) = d(2,3)(¢t) = d(3,2)(¢) =
e, d1,3)(¢) = d(3,1)(¢) = 2¢*, d(x,x)(t) = 0. We see that (X,d) is a cone metric space over
Banach algebra .4 without normality.

Definition 2.2 (See [1,15] or [17]) Let (X, d) be a cone metric space over a Banach algebra
A, x € X and let {x,,} be a sequence in X. Then:
1. {x,} converges to x whenever for each ¢ € A with 6 < c there is a natural number
N such that d(x,,x) < c for all # > N. We denote this by lim,,_, oc ¥, = x or x, — .
2. {x,} is a Cauchy sequence whenever for each ¢ € A with 6 « ¢ there is a natural
number N such that d(x,,x,,) < ¢ for all n,m > N.
3. (X,d) is a complete cone metric space if every Cauchy sequence is convergent.

Now, we shall appeal to the following lemmas in the sequel.

Lemma 2.1 (See [18]) IfE is a real Banach space with a cone P and if a < ha with a € P
and 0 <Ai<1,thena=20.

Lemma 2.2 (See [9]) IfE is a real Banach space with a solid cone P and if 0 < u < c for
each 6 L c,thenu=26.

Lemma 2.3 (See [9]) If E is a real Banach space with a solid cone P and if ||x,|| — 0
(n — 00), then for any 6 K c, there exists N € N such that, for any n > N, we have x,, < c.

Finally, let us recall the concept of generalized Lipschitz mapping defining on the cone
metric spaces over Banach algebras, which is introduced in [15].

Definition 2.3 (See [15]) Let (X,d) be a cone metric space over a Banach algebra A.
A mapping T : X — X is called a generalized Lipschitz mapping if there exists a vector
k € P with r(k) <1 and for all x,y € X, one has

d(Tx, Ty) < kd(x, y).

Remark 2.3 In Definition 2.3, we only suppose the spectral radius of k is less than 1,
while ||k|| <1 is not assumed. Generally speaking, it is meaningful since by Remark 2.1,
the condition r(k) < 1 is weaker than that ||k < 1.

Remark 2.4 If r(k) < 1 then [|k"|| — 0 (n — 00).
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3 Main results
In this section, by omitting the assumption of normality of the main results in Liu and Xu
[15], we shall prove some fixed point theorems of generalized Lipschitz mappings in the
setting of cone metric spaces over Banach algebras.

We begin this section with reviewing some facts on c-sequence theory.

Definition 3.1 (See [19,20]) Let P be a solid cone in a Banach space A. A sequence {u,} C

P is a c-sequence if for each ¢ > 0 there exists 1y € N such that i, < ¢ for n > ny.
It is easy to show the following proposition.

Proposition 3.1 (See [19]) Let P be a solid cone in a Banach space A and let {x,} and
{yu) be sequences in P. If {x,} and {y,} are c-sequences and «, B > 0, then {ax, + By,} isa

c-sequernce.

In addition to Proposition 3.1 above, the following propositions are crucial to the proof

of our main result.

Proposition 3.2 (See [19]) Let P be a solid cone in a Banach algebra A and let {x,} be a
sequence in P. Then the following conditions are equivalent:

(1) {x,} is a c-sequence.

(2) Foreach c>>> 0 there exists ng € N such that x, < ¢ for n > ny.

(3) Foreach c>>> 0 there exists my € N such that x,, < ¢ for n > ny.

Proposition 3.3 Let P be a solid cone in a Banach algebra A and let {u,} be a sequence
in P. Suppose that k € P is an arbitrarily given vector and {u,} is a c-sequence in P. Then
{ku,} is a c-sequence.

Proof Fix ¢ 6. Then also -~ >> 6 for all m € N. Therefore, since {x,} is a c-sequence, it
follows that, for each m € N, there exists ,, € N such that u, < - for all n > n,,. Hence,
for all # > n,, we have ku,, < % Now, since % — 6 as m — 00, there exists n; € N such
that % < c for all m > m,. Hence, there exists ny € N such that, for all # > ny we have

ku, < c, thatis, {ku,} is a c-sequence. O

Proposition 3.4 Let A be a Banach algebra with a unit e, P be a cone in A and < be the
semi-order generated by the cone P. The following assertions hold true:
(i) Foranyx,y€ A, a € P withx <y, we have ax < ay.
(i) For any sequences {x,},{y,} C A with x,, - x (n — 00) and y, — y (n — 00) where
x,y € A, we have x,y, — xy (n — 00).

Proposition 3.5 Let A be a Banach algebra with a unit e, P be a cone in A and < be the
semi-order generated by the cone P. Let ) € P. If the spectral radius r(A) of A is less than 1,
then the following assertions hold true:
(i) Suppose that x is invertible and that x™' > 0 implies x = 0, then for any integer
n=>1, wehave \" < A <e.
(i) For any u >0, we have u £ Au, i.e., \u —u ¢ P.
(iit) If A > 6, then we have (e — 1) = 6.
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Proof (i) Since r(A) < 1, by Proposition 2.1, we see the element e — A is invertible. Consid-
ering

e=(e-Me-N"=(-1D N
i=0

we have
A=(e=n)Y M=(e=2))Y M=(e-A)e-N"=¢
i=1 i=0
which implies that
A=A

for all » > 1 by induction. Therefore, the conclusion of (i) is true.
(ii) If it is not true, then there exists an element #y € A with g > 0 such that

Uy < Alyg.
Hence it follows that
(e —A)ug <0.

Then multiplying both sides with (e — A)7}, it follows that %, = 6, a contradiction.
(iii) It is obvious. O

Remark 3.1 Proposition 3.5(ii) is the version of Lemma 2.1 in the setting of cone metric
spaces over Banach algebras.

It is easy to show the following proposition by Definitions 2.1 and 3.1, so we omit its
proof.

Proposition 3.6 Let (X,d) be a complete cone metric space over a Banach algebra A and
let P be the underlying solid cone in Banach algebra A. Let {x,} be a sequence in X. If {x,}
converges to x € X, then we have:

(i) {d(x,,x)} is a c-sequence.

(i) Forany p € N, {d(x4,%4.p)} is a c-sequence.

Now, we begin to present the version of the famous Banach contraction principle for
generalized Lipschitz mappings in the setting of cone metric space over Banach algebra
without the assumption of normality of the underlying solid cone.

Theorem 3.1 Let (X,d) be a complete cone metric space over a Banach algebra A and let
P be the underlying solid cone with k € P where r(k) < 1. Suppose the mapping T : X — X
satisfies generalized Lipschitz condition:

d(Tx, Ty) < kd(x,y) forallx,y € X.
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Then T has a unique fixed point in X. For any x € X, iterative sequence {T"x} converges to
the fixed point.

Proof Let x € X be arbitrarily given and set x,, = T"x, n > 1. We have
AKX, %) = kd (X, %p-1) < -+ 2 K" d(x1,%0).
Thus, for n < m, we have

d(xmxm) = d(xmxn+1) teee d(xm_l’x"")
< (K" + -+ K"V d (%1, %0)
= (e+k+-+ k'”‘""l)k"d(xl,xo)

< (Z ki>/<”d(x1,xo)
i=0
= (e — k)K" d(x1, %0).

By Lemma 2.3 and the fact that [|k"(e — k)~td(xq,)|| = 0 (1 — 00) (noting that by
Remark 2.4, ||k"|| — 0 (n — 00)), it follows that, for any ¢ € A with 6 < ¢, there exists
N € N such that, for any m > n > N, we have

A (X, %) < K"(e = k) d(x0,%1) K ¢,

which implies that {x,,} is a Cauchy sequence.
By the completeness of X, there exists x* € X such that x, — x* (n — 00). Furthermore,

one has

d(Tx*,x*) < d(Tx*, Tx,) + d(Tx,, x*)

< kd(x*,x,,) + d(x,,+1,x*).

Therefore, it follows from Definition 3.1, Propositions 3.1, 3.2, 3.3, and 3.6 that we
have d(x*, Tx*) < y, where y, is a c-sequence in cone P. Hence, for each ¢ > 0 we have
d(x*, Tx*) < ¢, so d(x*, Tx*) = 6 by Lemma 2.2. Thus x* is a fixed point of T

Finally, we prove the uniqueness of the fixed point. The proof is as same as that in The-
orem 2.1 in [15] since it actually does not require the assumption of normality of the un-
derlying solid cone. O

In the following, we will present some other fixed point theorems of generalized
Lipschitz mappings in the setting of cone metric space over Banach algebra without the
assumption of normality of the underlying solid cone. For convenience, let us give some
basic results concerning spectral radius.

Lemma 3.1 Let A be a Banach algebra and let x, y be vectors in A. If x and y commute,
then the following hold:
() rxy) <rE)r();
(ii) r(x+y) <r(®) +r(y);
(iii) |r(x) —r()l < 7(x -).
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Lemma 3.2 Let A be a Banach algebra and let {x,} be a sequence in A. Suppose that {x,}
converges to x in A and that x, and x commute for all n, then we have r(x,) — r(x) as

n— 0o.
Proof It follows from Lemma 3.1 and Remark 2.1 that
() = r(®)| < r(xn —x) < a0y =%l > 0 (n— 00),
which completes the proof. d

Lemma 3.3 Let A be a Banach algebra and let k be a vector in A. If 0 < r(k) <1, then we
have r((e — k)™ < (1 - r(k))~L.

Proof Since 0 < r(k) <1, it follows that

(e-k)l=e+ iki :e+n1Lr{:oXn:ki.
i=1 i=1

Hence, it follows from Lemmas 3.1 and 3.2 that

r((e - k)’l) <r(e) + r(nlirglo Z k’)
i=1
<rle) + nlirglo Z(r(k))i
i=1

o0
<1+ (r(k)’
i=1
= (1-rk) ",
which completes the proof. d

Theorem 3.2 Let (X,d) be a complete cone metric space over a Banach algebra A and let
P be the underlying solid cone with k € P where r(k) < % Suppose the mapping T : X — X
satisfies the generalized Lipschitz condition

d(Tx, Ty) < k(d(Tx,y) + d(Ty,x)) forallx,y € X.

Then T has a unique fixed point in X. And for any x € X, iterative sequence { T"x} converges
to the fixed point.

Proof Let x € X be arbitrarily given and set x,, = T"x, n > 1. We have

d(xnﬂyxn) = d(Txm Txn—l)
k(d(Txm xn—l) + d(Txn—ly xn))
= k(dpe1, %) + d (% %0-1)).


http://www.fixedpointtheoryandapplications.com/content/2014/1/102

Xu and Radenovic¢ Fixed Point Theory and Applications 2014, 2014:102
http://www.fixedpointtheoryandapplications.com/content/2014/1/102

That is,

d (X1, %) < (€= k) kd (0, %01).
We now prove that

r((e - k)flk) <1l

In fact, noting that (e — k)~! and k commute, by Lemma 3.3 above and the fact that r(k) < %,

we have

r((e - k)_lk) < r((e - k)_l)r(k)

r(k)
15w <t

Hence, by the proof of Theorem 3.1, we can easily see that the sequence {x,} is Cauchy.
By the completeness of X, there is x* € X such that x,, — x* (n — 00). To verify Tx* = x*,

we have

d(Tx",x*) < d(Tx", Tx,) + d(T%,, ")

IA

k(d(Tx*,%4) + d(Tx, %)) + d (041,58
k(d(Tx*,x*) + d(x*,xy,) + d(xy,ﬂ,x*)) + d(xml,x*).

IA

That is,
(e— k)d(Tx*,x*) < kd(x*,x,,) +(e+ k)d(x*,x,,ﬂ).
Hence, from the condition r(k) < % <1 we get
d(Tx*,x*) < (e — k)" (kd (x*,x,) + (e + K)d (%", %41)).
Therefore, it follows from Definition 3.1, Propositions 3.1, 3.2, 3.3, and 3.6 that we
have d(x*, Tx*) < y, where y, is a c-sequence in cone P. Hence, for each ¢ > 0 we have
dx*, Tx*) < ¢, so d(x*, Tx*) = 0 by Lemma 2.2. Thus x* is a fixed point of T.

Now we prove the uniqueness of the fixed point. In fact, if y* is another fixed point, then

d(x*,y*) = d(Tx", Ty*)
< k(d(Tx*,y*) + d(Ty*,x"))
= 2kd(x*,y").

Thus
d(x*,y*) =< (2k)”d(x*,y*)

for any n > 1.

Page 9 of 12
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By Lemma 2.3 and the fact that ||(2k)"d(x*,y*)|| = 0 (n — 00) (noting that by the con-
dition r(k) < % and Remark 2.4, ||(2k)"|| = 0 (n — 00)), it follows that, for any ¢ € A with
0 < ¢, there exists N € N such that, for any n > N, we have

d(x*,y*) < (2k)"d(x*,y*) < ¢,

which implies by Lemma 2.2 that d(x*, y*) = 0, so x* = y*, a contradiction. Hence, the fixed
point is unique. |

Theorem 3.3 Let (X,d) be a complete cone metric space over a Banach algebra A and let
P be the underlying solid cone with k € P where r(k) < % Suppose the mapping T : X — X
satisfies the generalized Lipschitz condition

d(Tx, Ty) = k(d(Tx,x) + d(Ty,y)) forallx,y € X.

Then T has a unique fixed point in X. And for any x € X, iterative sequence { T"x} converges
to the fixed point.

Proof Let x € X be arbitrarily given and set x,, = T"x, n > 1. We have

d(xnﬂyxn) = d(Txm Txn—l)

IA

k(d(Txy,,x,,) + d(Tx,,_l,x,,_l))
= k(d(xwrlrxn) + d(xnrxn—l))'

That is,
d(xnﬂr xn) = (e - /()71kd(xn’xn—l)‘

As is shown in the proof of Theorem 3.2, {x,} is a Cauchy sequence, and, by the complete-
ness of X, the limit of {x,} exists and is denoted by x™.
To see that x* is a fixed point of T, we have

d(Tx*,x*) (Tx*, Tx,,) + d(Tx,,,x*)

<d
< k(d(Tx*,x*) + d(Txn,xn)) + d(x,m,x*).
So we get

d(Tx*, x*) < (e — k)" (kd (1, %) + d (X041, %7)).

Therefore, it follows from Definition 3.1, Propositions 3.1, 3.2, 3.3, and 3.6 that we have
d(x*, Tx*) < y, where y, is a c-sequence in cone P. Hence, for each ¢ > 6 we have
dx*, Tx*) < ¢, so d(x*, Tx*) = 0 by Lemma 2.2. Thus x* is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. The proof is as same as that in The-
orem 2.3 in [15] since it actually does not require the assumption of normality of the un-
derlying solid cone. O
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Remark 3.2 The method and technique to prove the inequality
r((e - k)_lk) <1

in Theorems 3.2 and 3.3 in this paper are more simple than and different from those in
Theorems 2.2 and 2.3 in [15].

We conclude the paper with two examples.

Example 3.1 Let A = Cﬁ{[o, 1] be the same as that in Example 2.2. Then the set P = {x €
A :x > 0} is a non-normal cone in A.

LetX = {1,2,3}. Defined : X x X — Abyd(1,2)(t) = d(2,1)(¢) = €', d(2,3)(t) = d(3,2)(t) =
2¢t, d(3,1)(t) = d(1,3)(¢) = 3¢, for all ¢ € [0,1] and d(x,x)(z) = 6 for each x € X and for all
t € [0,1]. We find that (X, d) is a solid cone metric space over Banach algebra A. Further,
let T: X — X be a mapping defined with 71 = T2 =2, T3 =1 and let k € P defined with
k(t) = %t + % By careful calculations one sees that all the conditions of Theorem 3.1 are
fulfilled. The point x = 2 is the unique fixed point of the map 7.

Example 3.2 [15] Let A = R2. For each (x,%5) € A, ||[(x1,%2)|| = |%1] + |*2]. The multipli-
cation is defined by

xy = (%1, %2) Y1, ¥2) = X1y1, %192 + %091).

Then A is a Banach algebra with unit e = (1, 0).
Let P = {(x1,%2) € R? | %, 42 > 0}. Then P is normal with normal constant M = 1.
Let X = R? and the metric d be defined by

d(x,y) = d((x1,%2), 01,52)) = (161 = 1, |%2 = y2|) € P.

Then (X, d) is a complete cone metric space over a Banach algebra A.
Now define mapping 7' : X — X by

T (x1,%7) = (10g(2 + |x1|),arctan(3 + |x2|) + axl),

where « can be any large positive real number. Then we have
1 1
d(T (x1,%2), Ty, 92)) < 3 %1 =311, ) %2 = ya| + ol — 1]
1
< E,a d((xI:xZ)’ ()’1»)’2));

where the spectral radius of ( %, o) satisfies r((%, «)) < 1. In addition, all the other conditions
of Theorem 3.1 are fulfilled. By Theorem 3.1, T has a unique fixed point in X.

Remark 3.3 Since in Example 3.1 the underlying solid cone P in the Banach algebra A
is not normal, we can conclude that any of the theorems in [15] cannot cope with Exam-
ple 3.1, which shows that the main results without the assumption of normality in this
paper are meaningful.
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Remark 3.4 In Example 3.2, we see that the main results in this paper are indeed more

different than the standard results of cone metric spaces presented in the literature.
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