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1 Introduction

In the last few decades investigations of fixed points by some iterative schemes have at-
tracted many mathematicians. With the recent rapid developments in fixed point theory,
there has been a renewed interest in iterative schemes. The properties of iterations be-
tween the type of sequences and kind of operators have not been completely studied and
are now under discussion. The theory of operators has occupied a central place in modern
research using iterative schemes because of its promise of enormous utility in fixed point
theory and its applications. There are a number of papers that have studied fixed points by
some iterative schemes (see [1]). It is rather interesting to note that the type of operators
play a crucial role in investigations of fixed points.

The Mann iterative scheme was invented in 1953 (see [1-3]), and it is used to obtain con-
vergence to a fixed point for many classes of mappings (see [4—16] and others). The idea
of considering fixed point iteration procedures with errors comes from practical numeri-
cal computations. This topic of research plays an important role in the stability problem
of fixed point iterations. In 1995, Liu [17] initiated a study of fixed point iterations with
errors. Several authors have proved some fixed point theorems for Mann-type iterations
with errors using several classes of mappings (see [18—28] and others).

Suppose that H is a real Hilbert space and A is a nonlinear mapping of H into itself. The
map A is said to be accretive if Vx,y € D(A), we have that

(Ax — Ay,x —y) > 0, @)
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and it is said to be strongly accretive if A — kI is accretive, where k € (0,1) is a constant and
I denotes the identity operator on H.

The map A is said to be ¢-strongly accretive if Vi, y € E, exists a strictly increasing func-
tion ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

(Ax = Ay, x—y) = ¢(lx =yl llx = yll,

and it is called uniformly accretive if there exists a strictly increasing function v : [0, 00) —
[0, 00) with ¥(0) = 0 such that (Ax — Ay,x —y) > ¥ (|lx — y|)).

Let N(A) = {x* € H : Ax* = 0} denote the null space (set of zero) of A. If N(A) # ¢ and
(1) holds for all x € D(A) and y € N(A), then A is said to be quasi-accretive. The no-
tions of strongly, ¢-strongly, uniformly quasi-accretive are similarly defined. A is said to
be m-accretive if Vr > 0 the operator (I + rA) is surjective. Closely related to the class of
accretive maps is the class of pseudo-contractive maps.

A map T:H — H is said to be pseudo-contractive if Vx,y € D(T) we have that

(I-T)x-(U-T)y,x-y) =0, (2)

observe that T is pseudo-contractive if and only if A = (I — T) is accretive.
A mapping T : H — H is called Lipschitzian (or L-Lipschitzian) if there exists L > 0 such
that

I Tx —Ty|| <L|lx-yl, Vx,yeH.
In the sequel we use L > 1.

Definition 1.1 (see e.g. [24]) Let N denote the set of all natural numbers, and let E be a
normed linear space. By a double sequence in E we mean a function f : N x N — E defined
by f(n,m) = x,,, € E.

The double sequence {x,,,,} is said to converge strongly to x* if for a given € > 0, there
exist integers N, M > 0 such that Vu > N, m > M, we have that

| —x*|| < €.
IfVn,r > N, m,t > M, we have that
”xn,r —xm,t” <€,

then the double sequence is said to be Cauchy. Furthermore, if for each fixed n, x,,,, — %,
as m — oo and then x — x* as n — 00, 50 X, — x* as n,m — oo.
In 2002, Moore [24] introduced the following theorem.

Theorem A Let C be a bounded closed convex nonempty subset of a (real) Hilbert space
H,andlet T : C — C be a continuous pseudo-contractive map. Let {,,},>0, {ar}x=0 C (0,1)
be real sequences satisfying the following conditions:

(i) limg oo ax = 1 (monotonically);
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(i) limg oo ”1’1;‘;: =0,Y0<r<k;

(iii) limy,_ o o = 0;
(iv) Dm0 =00,
For an arbitrary but fixed w € C, and for each k > 0, define T : C — C by
Tix:=1—a)w+arTx, VYxeC.
Then the double sequence {xXi,}ik>0u>0 generated from an arbitrary xoo € C by
KXkn+l = (1- O[n)xk,n + 0ty i ns k,n>0, (3)

converges strongly to a fixed point x%, of T in C.

The two most popular iteration procedures for obtaining fixed points of T, when the

Banach principle fails, are doubly Mann iterations with errors [29] defined by
Uk = (L= )t + 0 T + iy

and doubly Ishikawa iterations with errors defined by
K1 = (L= 0)Xien + 0 T2io + Vs
Zin = (1= Bu)Xin + BuTxin + BuWn.

The sequences {o,} C (0,1), {B,} C [0,1) satisfy

oo
g o= fim =0, D tn =00,
A reasonable conjecture is that the doubly Ishikawa iteration with error and the corre-
sponding doubly Mann iteration with error are equivalent for all maps for which either
method provides convergence to a fixed point.

In the present paper, we define the following iteration which will be called the general

Mann iteration process with errors:
St ner = (1= ) Sthien + 0t Ty + Q. (4)

Using this general Mann iteration process, we give a strong convergence theorem in the
double-sequence setting.

It should be remarked that in (4), if we put S = I, where I denotes the identity mapping,
then we obtain the Mann iteration process with errors (see [30]).

The general doubly Ishikawa iteration with error is defined by

Sxk,n+1 = (1 - an)Sxk,n +ay, Tzk,n + Oy Vy, (5)

SZk,n = (]— - ,Bn)Sxk,n + ,Bn Txk,n + :ann' (6)

The sequences {o,} C (0,1), {B,} C [0,1) satisfy

oo
lim «, = nlin;o’B” =0, leoz,, =00. (7)

n—00
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It should be remarked that in (5) and (6), if we put S = I, where I denotes the identity
mapping, then we obtain the Ishikawa iteration process with errors (see [31, 32]).

2 Astrong convergence theorem

In this section, it is proved that a general Mann-type double-sequence iteration process
with error converges strongly to a coincidence point of the continuous pseudo-contractive
mappings S and T both of them map C into C (where C is a bounded closed convex
nonempty subset of a (real) Hilbert space). Now, we give the following theorem.

Theorem 2.1 Let C be a bounded closed convex nonempty subset of a (real) Hilbert space
H, and let S,T : C — C be continuous pseudo-contractive maps. Let {cty}y>0, {ar}k=0 C
(0,1) be real sequences satisfying the following conditions:

(i) limg oo ax =1 (monotonically);

(ii) limk,r—>oo ﬂl/:lﬂkr =0,Y0<r=<k;

(i) 1im,,_, o @y = O;
(iv) Dm0 = 00.
For an arbitrary but fixed w € C, and for each k > 0, define Ty : C — C by

Tix=0-apw+arTx + (1 —ap)uy, VYxeC.
Then the double sequence {Xi,}k>0u>0 generated from an arbitrary x, o € C by
Sxiens1 = (L= on)Sxicn + n Tiien + (1 — )t ks =0, (8)

converges strongly to a coincidence point x%, of Sand T € C.

Proof Clearly, CF(T) # ¥ and CF(S) # @ (see e.g. [33]), where the set of coincidence points
of T is denoted by CF(T) and the set of coincidence points of S is denoted by CF(S).
Now, we have

(Txx — Ty, Sx — Sy) = ax(Tx — Ty, Sx — Sy) < ozk||Sx—Sy||2

so that for all k > 0, T} is continuous and strongly pseudo-contractive. Also, C is invariant
under T for all kK by convexity. Hence, Ty has a unique fixed point x} € C, Yk > 0. It thus
suffices to prove the following:

(1) for each fixed k > 0, Sxy,, — Sxj € C as n — o0;

(2) Sxp — Sxi € Cask — oo;

(3) x%, € CF(S)NCF(T).
The first is known, but for completeness we give the details.

Now, let d = diam C and by =1 — ay € (0,1), Vk. Then

5wt S5
= || (1= 0tp)Sxp + 0 Tk + (1 — ) Ui — SX5, ||2
= || Sk — S — (S — Tikao) + (1 — sz

= ||Sxk,,, — Sxy ||2 - 20{,,(Sxk,n — TiXp 0 SXk g — Sx}ﬁ) -2(1- ozn)(uk,,,, Sxpn — Sx,’i)
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+ 0[3, ”Sxk,n - Tkxk,n”2 + 20, (1 - O‘n)("k,n - Tkxk,nr Up) + (1- an)z ”uk,n”2
2 2 2 12
< ||Sakn = Sxp|” = 20tk || S — S| T = 2(1 = ) Nl || Sk — S| o

+ 20, (1 = @) 1Sk — Tt | stien | + (1 = 0t)? [t |- )
If we set

Skn = 2aay,

ek,n = stk,n -
then from (5) we obtain

9]3,;“1 <Q- ‘Sk,n)elin + d205ﬁ + (20[;1(1 —a,)d-2(1- ‘Xn)ek,n) il
+ (1= )

= (1 - 5k,n)9/3,,, + dzaz + {(1 - an) (2and + (1 - an) ”uk,n” - 2‘91(,;1) } ”uk,n Il
Observing that

d*ay=O0@y),  lim 8, =0 and S da? = oo,

n>0

we obtain 6y, — 0 as n — 00. So the first part is proved. Now, we have

|Sx; = T || = || Sx; — ax' Sy — a* (A = ar)w — a (1 — ax)u|

(- 2o (e

ag ay

= H_<1_dk>8x,’j— <1_dk)(w+uk)
ay ay

< >||_ (Sxi+w+ )
(1 > S]] + wl + leee )
-

k
) (24 + luxll),

1- ag

Q

1-ay

(43

which implies that
lim || Sx; - Txg|| < 0.
k—o00

Then
Jim 55 - 757 =0

hence {x}} is a coincidence point sequence for S and T'. Also, assuming that x}_ is a coin-
cidence point of S and T, then

0.

Sz, — ooH< hm (2d+||uk||)( _“k>
ak
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Now, for all 0 < 7 < k, we have

s - x|

= (Sxp — S, Sxp — Sxt) = (Tuxy — T, S — Sx7)

= (7w + ax Trg — a, Txy + (1 — ag)u — (1 - a,)uy, Sx; — Sxi)

= (a, — ax)|w, Sx — Sx7) + (ax T, — a, T, Sx — St
+ (1 - ai) g, Sxig — Sxt) — (1 - a,) |y, Sxp — Sx)

= (a, — ai)(w, Sx — Sx%) + (ax — a,) (T, Sxp — Sx%) + an( T — Tx:, Sxip — S
+ (1= ag) g, Sx - Sx2) = (1= @), S — S| S — St ||*

< (ax— @) I St - 535 | + (ax )| 757 | [t - 55| + a5 — 57|
+ (1= a) || Sx; = S | = (1= @)l || ] S - S|

< (@~ ap) St = S | (1wl + | 77 ]) + S — x|

+ (A= a)llwell = @ = a)llue ) || Sxp — S
Then we obtain

a- ak)”Sx,f — S« ||2 <(ay - a,)(llwll + || Tx; ||) ||Sx,t — S« H

+ (U= ad)lluell = A - )l )) || Sx - S |

Then
[ = s |* = S (wl o+ | T ) 5k - x|
_ak
l-a l-a
+ (1 LG v ||ur||) | sxi = s
ay — ay 1

=

’

(2d) || Sx - Sy + (nukn o

— ar
Iz 1l ) || Sy — Sx*
—ai —ai " || k "

which implies that

ag — ay l1-a,
Sxp —Sxt|| < 2d) + ||ux| — u, .
I - 87| < T ad o gl - =

Hence,

- 1-

lim || Sx} - Sx¢|| <2d lim (M> + lim [l = lim ( o ||u,||) 0.
kr—o00 kr—oo \ 1 —ay k—o0 kr—oo \ 1 — ay

Thus {Sx}} is a Cauchy sequence, and hence there exists {Sx} } € C such that Sx7 — Sx}

as k — oo. Therefore, the second part is proved. By continuity, Tx; — Tx}, as k — oo. But

Sxi — Tx; — 0 as k — oo. Hence, x}, € CF(S) N CF(T). This completes the proof. O

Corollary 2.1 Let C be a bounded closed convex nonempty subset of a Hilbert space H
with 0 € C. Let S, T, {ax}, {an}, {®kn} be as in Theorem 2.1 and Yk > 0 define Ty = a; T +
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(1 — ax)Suk. Then Ty maps C into itself and {xy,} converges strongly to a coincidence point
of Sand T.

Proof The proof follows from Theorem 2.1 by settingw =0 € C. g

Corollary 2.2 In Theorem 2.1, let S, T be two nonexpansive self-mappings. Then the same
conclusion is obtained.

Proof The proof of this corollary can be followed directly by observing that every nonex-
pansive mapping is a continuous pseudo-contraction. g

Remark 2.1 If we put u; = 0 in Theorem 2.1, we obtain the result of Moore in [24].

3 The equivalence between S, T-stabilities
In this section, we give the concept of S, T'-stabilities, then we show that S, T'-stabilities of
general doubly Mann and general doubly Ishikawa iterations are equivalent.

Let {Sx ,} be the doubly general Ishikawa iteration with errors and {Suy ,} be the general
doubly Mann iteration with errors. Let {gk,}, {pk,n} C E be such that goo = po,, and let
(on)n € (0,1), (Bu)u C [0,1); n € N satisfy (7) and

Syk,n = (1 - ﬁn)sqk,n + ﬂrz qu,n' (10)
We consider the following nonnegative sequences for all n € N:

€k 1= ||qu,n+1 - (1 - an)qu,n —Qy Tyk,n +0yVy || (11)
and

Skn = ”Spk,nﬂ — (1= ) Spin — TP + 0tV ” . (12)
Let E be a normed space and T be a self-map of E. Let x¢ o be a point of E, and assume that
Xikn1 =f (T, %) is an iteration procedure, involving T', which yields a sequence {x ,} of
points from E. Suppose that x;, converges to a fixed point x* of T Let &, be an arbitrary

sequence in E, and set

€n = ”Sk,nﬂ _f(T» Ek,n) , VYneNlN.

Definition 3.1 If lim,_, . € = 0 = lim,_, o &, = p, then the iteration procedure x ;.1 =
f(T,xx,,) is said to be T-stable with respect to 7.

Remark 3.1 In practice, such a sequence {&; ,} could arise in the following way. Let x( o be
a point in E. Set xy ;41 = f (T, %x,)- Let &o,0 = x0,0. Now xo1 = f (T, %0,0). Because of round-
ing in the function T, a new value &; approximately equal to x(; might be computed to
yield & 5, an approximation of f(7',&p1). This computation is continued to obtain {& ,} an

approximate sequence of {xy ,}.

Definition 3.2 Let E be a normed space and S,T: E — E.
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(i) Iflimg,— o0 €k,n = O implies that limg ;00 Sqk» = Sx*, then the general Ishikawa
iteration as defined in (5) and (6) is said to be S, T-stable.

(ii) If limg oo 8k = O implies that limy ,—, 00 Spi,» = Sx*, then the general Mann
iteration process as defined in (4) is said to be S, T-stable.

Remark 3.2 Let E be a normed space and S, T': E — E. The following are equivalent:
(a) forall {e,} € (0,1), {B.} C [0,1) satisfying (7), the Ishikawa iteration is S, T-stable,
(b) for all {&,} C (0,1), {B,} C [0,1) satisfying (7), V{g .} C E,

lim €, = lim ||qu,n+1 — (= ay)Sqin — oty Tyry + otyvy || =0
k,n— 00 k,n— 00

= lim Sq,=Sx*. (13)

k,n—00

Remark 3.3 Let EbeanormedspaceandS, T : E — E. Then the following are equivalent:

(a1) forall {er,} C (0,1) satisfying (7), the general Mann iteration is S, T-stable,
(ap) forall {er,} C (0,1) satisfying (7), V{pin} C E,

lim 8= lim [ Sprsusr — (1 — ) Spin — i Tpin + V| = 0
k,n—00 k,n— 00

= lim Spg, =Sx" (14)
k,n—00
The next result states that these two methods of iterations with errors are equivalent
from the S, T-stability point of view under certain restrictions.

Theorem 3.1 Let E be a normed space and S, T : E — E. Then the following are equiva-
lent:
() Forall {a,} C (0,1), {Bn} C [0,1) satisfying (7), the general Ishikawa iteration process
as defined by (5) and (6) is S, T-stable.
(II) For all {ay,} C (0,1), satisfying (7), the general Mann iteration process as defined in
(4) is S, T-stable.

Proof Let

M := max{ sup {|| T Yk,n)
k,neN

b sup {1 7(xn)

b sup {[| 7(q,) Josup{ w1} |
k,neN neN

sup
kneN
Since the general Mann and general Ishikawa iterations converge and M < 0o, Remarks 3.1

and 3.2 assure that (I) < (II) is equivalent to (b) < (ay). We shall prove that (b) = (ay).
In (b) and (13) set Sqx , := Spk,» we obtain

|1Spnet = (1= ) Spicn — ot Tpin + i |
< || Sprmar = (U= ) Spicn — ctn Ty || + Nt Ty — tu Tpy + it
< |SPrnir = A= @)Spin — o Tion | + (1 Tvicnll + 1 Tprnll + 122 ]1)
< [P = (0 = @n)Sprn = n Tyiu | +30uM — 0 as n— oo. (15)

Condition (b) assures that

lim ||Spk,n+1 — (1= an)Sprn — oy Typn + oty || =0 = lim Spy, = Sx*.
k,n— 00 k,n— o0

Page 8 of 14
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Thus, for {Spx ,} satisfying

lim ”Spk,nﬂ = (1= ) Spin — anTyin + ottty ” =0,
k,n— o0

we have shown that

lim Spyi, = Sx*.

k,n— 00
Conversely, we prove (ap) = (b). In (ay) and (14) set Spx, = Sqx,, to obtain
”qu,”+1 - (1 - an)qu,n -0y Tyk,n + dylly ||

< quk,rHl - (1 - an)qu,n — 0y Tsk,n || + ”an Tyk,n -0y Tsn + anun”

< “quml - (= on)Sqin — 0 TSqicn || +3a,M—> 0 asn—> oo. (16)
Condition (ay) assures that

lim ||qu,n+1 — (= an)Sqiy — oy TSqry + 0tyity || =0 = lim Sq, = Sx*.
k,n—o00 k,n— 00

Thus, for {Sqx ,} satisfying

lim ||qu,n+1 = (1= a)SGin — 0t Tyin + ctnthy ” =0,
k,n— 00

we have shown that

lim Sgi, = Sx*.

k,n—00

This completes the proof of the theorem. d

Corollary 3.1 Let E be a normed space and S, T : E — E. Then the following are equiva-
lent:
(i) Forall{a,} C(0,1), {B,} C [0,1) satisfying (7), the Ishikawa iteration process defined
by

Kpne1 = (L= )X + 00 T2py + Vi,

Zkn = (1- lgn)xk,n + BuTxpn + By

is T-stable.
(i) Forall {v,} C (0,1), satisfying (7), the Mann iteration process defined by

Ukpnsl = (1- an)uk,n + o Ttapey + ity (17)
is T-stable.

Proof The proof of this result can be obtained directly by setting S = I in Theorem 3.1,
where I denotes the identity mapping. O

Page 9 of 14
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4 Application
In this section, we investigate the solvability of certain nonlinear functional equations in
a Banach space X by the help of compatible mappings of type (B) in the double-sequence
setting.

The concept of compatible mappings of type (B) was introduced by Pathak and Khan
(see [34]).

Definition 4.1 (see [34] and [29]) Let S and T be mappings from a normed space E into
itself. The mappings S and T are said to be compatible mappings of type (B) if

1

lim ||STx,, — TTx,|| < —[ lim ||STx, — St|| + lim ||St—SSx,,||]

n—00 2 Lln—oo n—00
and

. 1r .. .

lim || TSx, — SSx,|| < —[ lim || TSx, — T¢|| + lim || Tt - TTxnll]

n—00 2 Ln—oo n— 00
whenever {x,} is a sequence in E such that lim,,_, o, Sx,, = lim,_, .o T, = ¢ for some ¢t € E.

Now, we extend the above definition to double-sequence setting as follows.

Definition 4.2 Let S and T be mappings from a normed space E into itself. The mappings
S and T are said to be compatible mappings of type (B) if

1
lim ([STx, . — TTXpm| < —[ lim ||STx,,, —St||+ lm |St-— San’mH]
2 1,1—> 00 n,m—>00

n,m—> 00

and

1
lim || TS%),, — SSxXpmll < 5[ lim ||TSx,,, — Tt|+ lim |Tt- TTx,,,mH]

n,m— 00

whenever {x,,,,} is a sequence in E such that lim,; ;,—, oo S%;,, = limy, ;51— 00 1%y, = ¢ for some
teE.

Now, we state and prove the following result.

Theorem 4.1 Let {f,,}, {€um}> {tnm} and {r,.} be sequences of elements in a Banach
space X. Let {v,,,,} be the unique solution of the system of equations

Fv—ABv =f,
Fv —BBv =g, s,
Fv-S8Tv =t,,,
Fv—TTv =rym,

where F,A,B,S, T : X — X satisfy the following conditions:

(dy) The pairs {A, S} and {B, T} are compatible of type (B),
(dy) A2 =B?=S5%=T?=1,wherel denotes the identity mapping, and
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lAx - By|]* < qmax{nSx— Ty, 11Sx - Ax|l%, Sx - Axll x || Ty - Byll,
1 2 2
Ty — Ax|l x IISx—Byll,E[IITy—AxII +1Sx— By*]
forall x,y € X, where g € (0,1). If Fv = v and

lim_|[fymll = lLm_llgymll = Lm_[[ty,ll= Lm_[r,.] =0,
n,/m—> 00 n,m—> 00 n,m—> 00 1,m—> 00

then the sequence {v,,,,} converges to the solution of the equation
v=Fv=Av=Bv=Sv =T
Proof We will show that {v,,,} is a Cauchy sequence. Since

1V = Ving o I

= [||v,,,m =STvmll + 1STvim — TT V|l + | TT Vi — ABvy |
+ |ABV 1 — BBV | + 1BBVsy iy — Vg ||]2

< [1ngm = STvignll + 1ST Vi = TT vl + | TT Vs — ABy |
+1BBVsy i, = Vg 1]+ 2[ Vs = STVl + IST Vs = TTv
+ I TT v = ABVmll + 1IBBYy iy — Vi || [ IABY i = Vi |
+ Vim = Vg | + 1Vigimy = BBV iy “] + [|ABVYy . — BBV ”2

< [1nm = STvigmll + 1ST Vi = TTV | + | TT Vi — ABy |
+ |1BBVy iy — Viny oy ||]2 + 2[||v,,_m =STvymll + 1STvm — TT V|

+ TTVn,m —ABvy |l + ”Banl,ml — Vny,m ”] [”ABVn,m — Vnm I
2
+ 1V = Vi |+ Vg g = BBVy o 1] + qmax{ 1BV, = TBVyy I,
2
”San,m _Aan,m” ’ ”San,m _ABVn,m” X ” TB‘)nl,ml _BBvrll,ml ”;

1
| TBvyy,my — ABVym || X [ISBVym — BBy I, 2 [” TBvyy m, _ABVn,m||2

2
+ |SBv,m — BBan,ml I ]}
Letting n,m; — oo with m > n and m; > n;, we deduce
Hm [V = Ve 12 <g M ||[Vim = Vi e |12
n,m mam Il =49 n,m Il
n,n1—> 00 n,n1—> 00

which implies that

. 2
lim ”vn,m = Vu,m ” =0.
1,1 —> 00
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Thus {v,,,} is a Cauchy sequence and converges to a point v in X. Further,
lv—ABv| < [|v=vuymll + vy = BBUymll + |BBVym — ABV||
< 11V = Vuyull + [V = BBVl + qmax{ 1SBVm — TBV |,

ISBv — ABv||%, |SBv — ABv|| X || TBVym — BBVymll, | TBVym — ABV||

1
1 2
x |SBv — BBv,,,. |, 3 | TBv, — ABv||*> + ||SBv — Ban||2}
2
<M = vl + 1Vim — BBvym | + qmax{ [”SB‘)n,m =Vl + Vim = V”]
x [I1SBv = v| + v —ABv||]2, |SBv — ABv|| x || TBv, — BBv,,|,

(I TBVsm = Vil + 1Vm = ABVI ] X [[ISBv = vl + [|[v = BB, ull],

1 2 2
E[HTan,m—ABvH +1SBv = BBv,ml*]t -

Letting n — 0o, we get v = ABv, which from (dy) implies that Av = T'v. Similarly, Tv = Sv.
From (d;), we now have

ABv =BAv =v=8Bv=BSv=TBv=BTv.

Using (i) and (d;), we have

lv—Bv|? = | A% - By

SAv — A%,

< qmax{HSAv— v|?, SAv-A%v|| x || Tv- By,

| Tv - A%v| x ||SAv—BV||,%[|| Tv— A% + ||SAV—Bv||2]}

< qmax{nv— V)%, 0,0, | Tv — v]| x ||v—Bv||,%||Tv—v||2 + ||v—Bv||}
< qmax{ lv—1Tv|%,0,0,|lv- Tv|% || Tv - V||2},
which implies that v = T'v. It follows that
Tv=TSv=8Tv=v=ABv=BAv =BTv =TBv,
completing the proof of the theorem. |
As a consequence of Theorem 4.1, we have the following corollary.

Corollary 4.1 Let {fum}, {gum}> {tum} and {r,,,} be sequences of elements in a Banach
space X. Let {v,,,} be the unique solution of the system of equations

v —ABV =f 1,
v —BBv =g,
v—=S8TVv =ty

V=TTV =1y m,
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where A,B,S, T : X — X satisfy the following conditions:

(d1) The pairs {A, S} and {B, T} are compatible of type (B),
(dy) A% =B?=5?=T?=1, where denotes the identity mapping, and
(d3)

14~ By|)* < qmax{ 15— Ty|1%, 1S ~ Ax|]*, 1S ~ Ax]| x | Ty - By,
1 2 2
I Ty — Ax|| x [|Sx = Byll, E[IITJ’—AxII + [1Sx = Byl|*]
forall x,y € X, where q € (0,1). If
im_||fymll = 1im |lgumll = Lim_|ltymll = Lm [ry.] =0,
1,mM—> 00 1,mM—> 00 1,Mm—> 00 n,m— 00
then the sequence {v,,,,} converges to the solution of the equation
v=Av=Bv=Sv=Tv.

Proof The proof can be obtained by putting F = I in Theorem 4.1, where I denotes the
identity mapping. O

Open problem It is still an open problem to extend some defined iterative schemes in the
sense of double-sequence setting. For some recent studies on various iterative schemes,
we refer to [1, 35-39] and others.
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