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1 Introduction and preliminaries

The study of fixed points for multivalued contractions and nonexpansive mappings us-
ing the Hausdorff metric was initiated by Markin [1] (see also [2]). Later, various iterative
processes have been used to approximate the fixed points of multivalued nonexpansive
mappings in Banach space, for example, the authors of [1-17] and [18, 19] have made ex-
tensive research in this direction, which has led to many new results in the study of fixed
point theory with applications in control theory, convex optimization, differential inclu-
sion, economics, and related topics (see [3] and references cited therein for details).

This is so because of the fact that in general almost all problems in various disciplines of
science are nonlinear in nature, and most results of fixed point theory are proposed un-
der the framework of normed linear spaces or Banach spaces as the property of nonlinear
mappings may depend on the linear structure of the underlying spaces. Thus it is neces-
sary to study fixed point theory for nonlinear mappings under the space which does not
have a linear structure but is embedded with a kind of ‘convex structures’ The class of hy-
perbolic spaces, being nonlinear in nature, is a general abstract theoretic setting with rich
geometrical structures for metric fixed point theory. Thus the study of fixed point the-
ory for hyperbolic spaces has been largely motivated and dominated by questions from
nonlinear problems in practice, such as problems of geometric group theory, and others.
However, so far, we have seen not many results for the approximation iteration of multival-
ued nonexpansive mappings in terms of Hausdorff metrics for fixed points in the existing
literature. The purpose of this paper is to extend the iteration scheme of multivalued non-

expansive mappings from a Banach space to a hyperbolic space by proving A-convergence
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theorems for two multivalued nonexpansive mappings in terms of mixed type iteration
processes to approximate a common fixed point of two multivalued nonexpansive map-
pings in hyperbolic spaces. The results presented in this paper are new and can be regarded
as an extension of corresponding results from Banach spaces to hyperbolic spaces in the
existing literature given by the authors of [6-9, 11-13, 15, 16, 18-21].

In order to define the concept of multivalued nonexpansive mapping in the general setup
of Banach spaces, we first collect some basic concepts.

Let E be a real Banach space. A subset K is called proximinal if for each x € E, there
exists an element k € K such that

d(x, k) = inf{|lx -yl : y € K} = d(x,K).

Itis well known that weakly compact convex subsets of a Banach space and closed convex
subsets of a uniformly convex Banach space are proximinal. We shall denote the family of
nonempty bounded proximinal subsets of K by P(K). By following the notation used by
Markin in [1], let CB(K) be the class of all nonempty bounded and closed subsets of K. Let
H be a Hausdorft metric induced by the metric d of E, that is,

H(A,B) = max{sup d(x, B),sup d(y,A)},
x€A yeB

for every A, B € CB(E). A multivalued mapping T : K — P(K) is said to be a contraction if
there exists a constant k € [0,1) such that for any x,y € K,

H(Tx, Ty) < k|lx -y
Definition 1.1 [15] A multivalued mapping T : K — P(K) is said to be nonexpansive, if
H(Tx, Ty) < |lx-y|, Vx,y€eK. 1.1)

Lemma 1.2 [12] Let T : K — P(K) be a multivalued mapping and Pr(x) = {y € Tx : ||x —
y|| = d(x, Tx)}. Then the following are equivalent.

(1) x e F(T).

(2) Pr(x) = {x}.

(3) x € F(Pr).

Moreover, F(T) = F(Pr).

Throughout this paper, we work in the setting of hyperbolic spaces introduced by
Kohlenbach [22], defined below, which is more restrictive than the hyperbolic type in-
troduced in [23] and more general than the concept of hyperbolic space in [24].

We also recall that a hyperbolic space is a metric space (X, d) together with a mapping
W : X2 x [0,1] — X satisfying

(i) d(u, W(x,y,a)) <ad(u,x) + (1 - a)d(u,y);
(ii) d(W(x,y,a), Wx,y,B)) = la - Bld(x,y);

(iii) W(xy,a)=Wy,x 1 -a));

(iv) dW(x,z,a), Wy, w,a)) < (1 -a)dx,y) + ad(z, w);
forallx,y,z,we X and o, 8 € [0,1].
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A nonempty subset K of a hyperbolic space X is convex if W(x,y,«) € K for all x,y € K
and « € [0,1]. The class of hyperbolic spaces contains normed spaces and convex subsets
thereof, the Hilbert ball equipped with the hyperbolic metric [20], Hadamard manifolds
as well as CAT(0) spaces in the sense of Gromov (see [25]).

A hyperbolic space is uniformly convex [26] if for any r > 0 and € € (0,2] there exists a
8 € (0,1] such that for all u,x,y € X, we have

d(W(xy%)Ll) <@1-8)r

provided d(x,u) <r,d(y,u) <rand d(x,y) > er.

A map 7 :(0,00) x (0,2] — (0,1] which provides such a § = 5(r,¢) for givenr >0 and € €
(0,2] is known as a modulus of uniform convexity of X. We call » monotone if it decreases
with r (for a fixed €), i.e., Ve > 0, Vry > 11 > 0 (n(ra, €) < n(ry, €)).

In the sequel, let (X, d) be a metric space and let K be a nonempty subset of X. We shall
denote the fixed point set of a mapping T by F(T) = {x € K : Tx = x}.

We also recall that a single-valued mapping 7 : K — K is said to be nonexpansive, if

d(Tx, Ty) <d(x,y), Vx,y€eK.

In order to establish our new results for thee iteration scheme of multivalued nonexpan-
sive mappings under the framework of hyperbolic spaces, we first recall some facts from
the existing literature.

Lemmal.3 [27] Let (X,d, W) be a complete uniformly convex hyperbolic space with mono-
tone modulus of uniform convexity. Then every bounded sequence {x,} in X has a unique
asymptotic center with respect to any nonempty closed convex subset K of X.

Recall that a sequence {x,} in X is said to A-converge to x € X if x is the unique asymp-
totic center of {u,,} for every subsequence {u,} of {x,}. In this case, we write A-lim,,_, 5 x,, =
x and call x the A-limit of {x,}.

A mapping T : K — K is semi-compact if every bounded sequence {x,} C K satisfying
d(x,, Tx,) — 0, has a convergent subsequence.

Lemma 1.4 [28] Let {a,}, {b,}, and {5,} be sequences of nonnegative real numbers satis-
Sying
ana < (1 +8,)a,+b,, VYn>1, (1.2)

lfzzozl 8, < 00 and ZZZI b, < o0, then the limit lim,_,  a, exists. If there exists a subse-
quence {ay,,} C {a,} such that a,, — 0, then lim,_, » a, = 0.

Lemmal.5 [29] Let (X,d, W) be a uniformly convex hyperbolic space with monotone mod-
ulus of uniform convexity n. Let x € X and {«,,} be a sequence in [a, b] for some a, b € (0,1).
If {x,} and {y,} are sequences in X such that

limsupd(x,,x) <c, limsupd(y,,x) <c, lim d(W(xn,y,,,an),x) =g
n— 00

n—0oQ n—00

for some ¢ > 0. Then lim,_, oo d(x4,,) = 0.
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Lemma 1.6 [29] Let K be a nonempty closed convex subset of uniformly convex hyperbolic
space and {x,} a bounded sequence in K such that A({x,}) = {y} and r({x,}) = ¢. If {y} is
another sequence in K such that lim,,_, oo ¥V, {x,}) = ¢, then limy,— o0 Y = .

2 Main results
Now we have the following key result in this paper.

Theorem 2.1 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let T; : K — P(K),
i =1,2 be a multivalued mapping and Tr, be a nonexpansive mapping, let S; : K — P(K),
i = 1,2 be a multivalued mapping and Ss; be a nonexpansive mapping. Assume that F :=
ﬂ?zl F(Tr,) NF(Ss;) # 9, and for arbitrarily chosen x, € K, {x,} is defined as follows:

Xn+l = W(Sslxm TTI uman)r Yn = W(Sngn) TT2VVH ,Bn)v Yn=>1, (21)

where v, € Ss, %, ty € S,V AWV, ) < H(Ss,%0, S, Y1) + Tns {Tu}s {0}, and { B} satisfy the
following conditions:

1) limyoo Ty =0, Y oy Ty < 00.

(2) There exist constants a,b € (0,1) with 0 < b(1 —a) <

{Bu} C la, b].

() llxn = pll = dCxn, ), 170 = Pl = d(yn, p)-

(4) d(x, Tr,y) <d(Ssx, Tr,y), forall x,y € K and i =1,2.
Then the sequence {x,} defined by (2.1) A-converges to a common fixed point of F :=
N7, F(T1,) N F(Ss).

% such that {«,} C [a,b) and

Proof The proof of Theorem 2.1 is divided into three steps:

Step 1. First we prove that lim,_, «, d(x,, p) exists for each p € F. For any given p € F,
since T, Ss;, i = 1,2, is a multivalued nonexpansive mapping, by condition (2) and (2.1),
we have

d(xn+1rp) = d(W(Sslxn: TT] Uy, C(n),p)
< (- 0,)d(Ss, %, p) + ud(Tr, 11, p)
= (1 - an)d(sslxm Sslp) + and(TT1 Uy, TTIP)
< (1 - a,)d(xn, p) + cnd(u, p)
< (1= an)d(xn, p) + nH(Ss Y S5, ) + Ty
< (1 - an)d(xmp) + an”yn —P|| T 0,Ty
= (1 - an)d(xmp) + and(ymp) + 0y Ty, (22)

where

Ay p) = d(W (Ss%n, TryVis Bu). )
< (L= Bu)d(Ss, %, p) + Bnd(T1, Vs )
= (1 - Bu)d(Ss,%u, Ss,p) + Bud(T1, v, T, p)
< (L= Bu)d(®xn, p) + Pnd (Vi p)
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< (1= Bu)d(xn, p) + BuH (Ss,%n, Ss,P) + BuTn

< (L= Bu)d®xn p) + Bull%n = pll + BuTa

= (1= Bu)d(xup) + Bnd(xn, p) + BuTn

= d®xnp) + BuTn. (23)

Substituting (2.3) into (2.2) and simplifying it, we have
d(%ni1,0) < A, p) + (1 + Bu)tu Ty, (2.4)
where 8, =0, b, = (1 + By)a,Ty,. Since Y-, 7, < 00 and condition (2), it follows from Lem-
ma 1.2 that lim,,_, o, d(x,, p) exist for p € F.
Step 2. We show that
lim d(x,, Tr,x,) = 0, lim d(x,,Ss;%,) =0, i=1,2. (2.5)
n— 00 n—00
For each p € F, from the proof of Step 1, we know that lim,,_, o d(x,, p) exists. We may

assume that lim,,_, o, d(x,,p) = ¢ > 0. If ¢ = 0, then the conclusion is trivial. Next, we deal
with the case ¢ > 0. From (2.3), we have

Ay, p) < dxu,p) + BuTa- (2.6)
Taking lim sup on both sides in (2.6), we have

limsupd(y,,p) <c. (2.7)

n— 00

In addition, since

d(Tlen,p) = d(Tlem TTIP) =< d(ymp)

and

d(Sslxml?) = d(SSlxn; 55119) =< d(xntp)1

we have
limsup d(T7,yu,p) <c (2.8)
n—>00
and
limsup d(Ss, x4, p) <c. (2.9)
00

Since lim,,_, oo (%441, p) = ¢, it is easy prove that

lim d(W(Sglx,,, Tle,,,a,,),p) =c. (2.10)

n—00
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It follows from (2.8)-(2.10) and Lemma 1.3 that
lim d(Ss, %4, T, y,) = 0.
n—0oQ

By the same method, we can also prove that

lim d(Ss,%, Tr,%,) = 0.

n—00

By virtue of the condition (4), it follows from (2.11) and (2.12) that

lim d(x,, T'r,y,) < lim d(Ss,%,, T1,9,) =0
and
lim d(x,,, Tszn) < lim d(Sszxn, Tszn) =0.
n—0oQ n—oQ
From (2.1) and (2.12) we have

d(ym Sngn) = d(W(SSzxn: Tszn: ﬂn): Sszxn)

< Bud(Try%u, Ss,%s) = 0 (as n— 00)
and

d(ymsslxn) = d(W(SSlxm TTlxnr ﬂn)ﬂsSlxn)

< Bud(Tr, %0, Ss,%,) = 0 (as m — 00).
Observe that
A% yn) = A%, Try%n) + ATy %0, Ss,%0) + A(Ss, %05 Yn)-
It follows from (2.14) and (2.15) that
lim d(x,,,y,) = 0.
This together with (2.13) implies that

A%y, Try%) < A%y, Ty yn) + AT, Y0 Try %)

<dn, T1yyn) + AYn, %4) > 0 (1 — 00).
On the other hand, from (2.11) and (2.17), we have

d(Sslxm TTlxn) =< d(SSlxm Tlen) + d(Tlem TTlxn)

S d(Sslxm Tlen) + d(ymxn) -0 (I’l - OO)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Hence from (2.18) and (2.19), we have
d(Sslxnxxn) =< d(SSlxm TTlxn) + d(TTlxn;xn) —0 (Vl - OO) (220)
In addition, since

d(xn+lrxn) = d(W(SS]xVIJ Tlenran)rxn)

= (1 - an)d(sslxmxn) + and(Tlemxn);
from (2.13) and (2.20), we get
lim d(x,.1,%,) = 0. (2.21)
n—00
Finally, for all i =1, 2, we have

d(xnr TT,-xn) < d(xn:yn) + d(ynr SSixn)
+ d(SSixn; TTiyn) + d(TTiyn’ TTixn)
=< Zd(xmyn) + d()’mSSixn) + d(SSixn> TTiyn),

it follows from (2.11), (2.12), (2.15), (2.16), and (2.17) that

nli)nolo dn, Tr,x,) =0, i=1,2. (2.22)
Since

A%, Ss;%n) < A%, Tr,%0) + A(T1,%0, Ss;%0),
it follows from (2.12), (2.19), and (2.22) that

nll)rgo d(xy, Ss;4) =0, i=1,2. (2.23)

Step 3. Now we prove that the sequence {x,} A-converges to a common fixed point of
F =2, F(Tr) N F(Ss)).

In fact, since for each p € F, lim,_, , d(x,,p) exist. This implies that the sequence
{d(x,,p)} is bounded, and so is the sequence {x,}. Hence by virtue of Lemma 1.3, {x,}
has a unique asymptotic center Ax({x,}) = {x,}.

Let {u,} be any subsequence of {x,} with Ax({#,}) = {u}. It follows from (2.5) that

lim d(u,, Tr,u,) = 0. (2.24)

n—00

Now, we show that u € F(T,). For this, we define a sequence {z,} in K by z; = T/Tl,u. So we
calculate

(g, un) < (T, Ttt) + A(Th e, T tha) + -+ + A( T,k hy)
] . J
= d(T’Tiu, T}Tl,u,,) + Z d(Tﬁu,,, Tﬁ,—lun). (2.25)
k=1
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Since Tr, is a nonexpansive mapping, by d(TjTiu, T%,u,,) < d(TjT_ilu, TjT;lu,,) <. <
Aty ), ATty T ) < AT, thy T 1) < -+ < (T, 1), from (2.25) we have

d(zj, w,) < d(u, u,) +jd(Trup, uy).
Taking lim sup on the sides of the above estimate and using (2.24), we have

r(zj, {u,,}) =limsupd(zj, u,) < limsupd(u, u,) = r(u, {u,,}).

n—00 n—0o0

And so

lim sup r(zj, {un}) < r(u, {un}).
j—o0
Since Ax({u,}) = {u}, by the definition of asymptotic center Ag({u,}) of a bounded se-
quence {u, } with respect to K C X, we have

r(u{ua)) <r({ua}), Vyek.
This implies that

lim infr(z), (1)) = r(u, (02)).
Therefore we have

Jim r(z ) = (s {1):

It follows from Lemma 1.4 that lim;_, o Tr,u = u. As T, is uniformly continuous, T u =
Tr,(limj, o TjTl,u) =lim;_ T/TJ: "W=u.ThatisueF (T,). Similarly, we also can show that
u € F(Ss,). Hence, u is the common fixed point of T, and Ss,. Reasoning as above, by
utilizing the uniqueness of asymptotic centers, we get x = u. Since {u,} is an arbitrary
subsequence of {x,}, we have A{u,} = {u} for all subsequences {u,} of {x, }. This proves that
{x,} A-converges to a common fixed point of F := ﬂil F(Tr,)NF(Ss,). This completes the
proof. O

The following theorem can be obtained from Theorem 2.1 immediately.

Theorem 2.2 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let T; : K — P(K), i =
1,2 be a multivalued mapping and Tr, be a nonexpansive mapping, let S;: K — K, i=1,2
be a nonexpansive mapping. Assume that F := ﬂil F(Tr1,) NF(S;) # 9, and for arbitrarily
chosen x1 € K, {x,} is defined as follows:

Xn+l = W(Slxn: TTlun: an)) Yn = W(Sme TTzvnr /3}1)! Vn=>1, (226)

where v, € Soxu, Uy € 1Yy AWV ) < H(S2%, S194) + Tus {Tu}, {0}, and {B,,} satisfy the
following conditions:
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1) limye0Tu =0, Y oy Ty < 00.
(2) There exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {«,} C [a,b) and
{Bu} C [a,D].
(3) lxn = pll = dxn, p), 1yn = pll = Ay, ).
(4) d(x, T1,y) <d(Six, Try), for all x,y € K and i = 1,2.
Then the sequence {x,} defined by (2.26) A-converges to a common fixed point of F :=
N7, F(T1,) NE(S)).

Proof Take Sg, = S; in Theorem 2.1. Since all conditions in Theorem 2.1 are satisfied, it
follows from Theorem 2.1 that the sequence {x,} A-converges to a common fixed point
of F:= ﬂ?zl F(Tr,) N F(S;). This completes the proof of Theorem 2.2. O

Theorem 2.3 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let T; : K — P(K),
i =1,2 be a multivalued mapping and Tr,, i = 1,2 be a nonexpansive mapping. Let S; :
K — P(K), i =1,2 be a multivalued mapping and S, be a nonexpansive mapping. Assume
that F = ﬂil F(Tr,) NE(Ss;) # 9, for arbitrarily chosen x, € K, {x,} is defined as follows:

Xn+l = W(xm TT] un;an)r Yn = W(xnr TTzvnan): Vn>1, (227)

where vy, € Ss,%p, Uy € S5,V AV, tty) < H(Ss, %0, S5,Yu) + Tn» 1 is the identity mapping, {t,},
{a,}, and {B,} satisfy the following conditions:

(1) im0 Ty =0, > o) Ty < 00.

(2) There exist constants a,b € (0,1) with 0 < b(1 — a) < % such that {a,} C (a,b] and

{Bu} C [a,b].

(3) 1% = pll = dn, p), 1yn =PIl = A, p).
Then the sequence {x,} defined by (2.27) A-converges to a common fixed point of F :=
ﬂ?:l F(TT1)~

Proof Take S5, =1, i = 1,2 in (2.1). Since all conditions in Theorem 2.1 are satisfied, it
follows from Theorem 2.1 that the sequence {x,} A-converges to a common fixed point
of F := ﬂ?zl F(Tr,) N F(Ss;). This completes the proof of Theorem 2.3. a

Theorem 2.4 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let S; : K — P(K),
i = 1,2 be a multivalued mapping and Ss; be a nonexpansive mapping. Assume that F :=
ﬂ?zl F(Ss;) # 9, and for arbitrarily chosen x1 € K, {x,} is defined as follows:

Xn+l = W(Sslxm Up, 0p), Yn = W(SSzxm Vs ,Bn)r Vn>1, (2.28)

where v, € Ss, %y, Uy € S,¥n, AWV ) < H(Ss, %4, S5,91) + Tns {T}, {otn}, and { B} satisfy the
following conditions:
1) limy00Tu =0, Y oy Ty < 00.
(2) There exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {«,} C [a,b) and
{Bu} Cla,b].
(3) llxn = pll = d®n, ), |0 = pll = dYn,p).
(4) d(x,y) <d(Ssx,), forall x,y € K and i =1,2.


http://www.fixedpointtheoryandapplications.com/content/2014/1/140

Lei et al. Fixed Point Theory and Applications 2014, 2014:140 Page 10 of 12
http://www.fixedpointtheoryandapplications.com/content/2014/1/140

Then the sequence {x,} defined by (2.28) A-converges to a common fixed point of F :=
m?:l F (Ssi)'

Proof Take Tr, =1, i = 1,2 in (2.1). Since all conditions in Theorem 2.1 are satisfied, it
follows from Theorem 2.1 that the sequence {x,} A-converges to a common fixed point
of F:= ﬂil F(Ss,). This completes the proof of Theorem 2.4. d

Theorem 2.5 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. Let S; : K — P(K),
i =1,2 be a multivalued mapping and Ss;, be a nonexpansive mapping. Assume that F :=
ﬂil F(Ss,) # 0, and for arbitrarily chosen x, € K, {x,} is defined as follows:

Xn+l = W(?C,,,, Uy, an); Vn = W(xn; Vs ﬁn): Vn > 1, (229)

where vy, € S, %y, Uy € S5,V AV ) < H(Ss, %0, S5,Y0) + Ts {Tu}s {00}, and { B,,} satisfy the
following conditions:

(1) LMoo Ty =0, Y o0y Ty < 00.

(2) There exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {a,} C [a, b] and

{Ba} Cla,b].

() lxn = pll = dxn, p), |y = pll = Ay, ).

(4) d(x,y) <d(Ssx,9), forall x,y e K and i =1,2.
Then the sequence {x,} defined by (2.29) A-converges to a common fixed point of F :=
ﬂ?ﬂ F(sz)'

Proof Take Ss; =1, i =1,2 in (2.28). Since all conditions in Theorem 2.4 are satisfied, it
follows from Theorem 2.4 that the sequence {x,} A-converges to a common fixed point
of F := ﬂil F(Ss,). This completes the proof of Theorem 2.5. d

Theorem 2.6 Let K be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexityn. Let T; : K — K, i=1,2
be a nonexpansive mapping, let S; : K — P(K), i = 1,2 be a multivalued mapping and Ss,
be a nonexpansive mapping. Assume that F := ﬂ?zl F(T;) N F(Ss;) # 9, and for arbitrarily
chosen x; € K, {x,} is defined as follows:

Xn+l = W(SSlxm Tlun: an); Vn = W(Sngn; TZVnr ﬁn): Vn>1, (230)

where vy, € Ss, %, Uy € S5,V AV ) < H(Ss, %4, Ss,90) + Ts {Tu}, {00}, and { By} satisfy the
following conditions:

1) limy 00w =0, Y oy Ty < 00.

(2) There exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {«,} C [a,b) and

{Bu} C [a,b].

() llxn = pll = dxn, p), yn = pll = d(Yns ).

(4) d(x, T;y) <d(Ssx, Tiy), forall x,y € K and i = 1,2.
Then the sequence {x,} defined by (2.30) A-converges to a common fixed point of F :=
N7, F(T:) N F(Ss,).
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Proof Take Ty, = T;, i = 1,2 in (2.1). Since all conditions in Theorem 2.1 are satisfied, it
follows from Theorem 2.1 that the sequence {x,} A-converges to a common fixed point
of F:= ﬂ?zl F(T;) N F(Ss,). This completes the proof of Theorem 2.6. a

We would like to mention that our key result Theorem 2.1 could be regarded as either an
extension or an improvement of the corresponding results in the existing literature given
by the authors of [6-9, 11-13, 15, 16, 18, 20, 21, 30].

We also like to bring to the readers’ attention that by using the Baire approach due to
the classical paper of de Blasi and Myjak [31], Reich and Zaslavski recently [19] gave a
comprehensive study for the so-called genericity in nonlinear analysis, in particular for the
study of genericity for the topics in the approximation of fixed points, existence of fixed
points, and the convergence and stability of iterates of nonexpansive set-valued mappings
in the sense of Baire category, which are different from the ones we have established in
this paper.
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