Dori¢ Fixed Point Theory and Applications 2014, 2014:159 ® Fixed Point Theory and Applications
http://www.fixedpointtheoryandapplications.com/content/2014/1/159 a SpringerOpen Journal

RESEARCH Open Access

Common fixed point theorems for
generalized multivalued contractions on
cone metric spaces over a non-normal solid
cone

Dragan Dori¢’

"Correspondence:
djoricd@fon.bg.ac.rs Abstract

Faculty of Organizational Sciences, . . . .
University of Belgrade, Jove llica In this paper we define a new class of multivalued generalized contractions on cone

154, Beograd, Serbia metric spaces. Then, by using a necessary new technique, we prove two common
fixed point theorems for a pair of those mappings on complete cone metric spaces
over solid, not necessarily normal cone. Our main theorems are generalizations of the
theorem of Wardowski (Appl. Math. Lett. 24:275-278,2011) and many existing
theorems in the literature. By using our main theorems, we can obtained some
important corollaries which are generalizations of the well-known metric fixed point
theorems to setting of cone metric spaces over a solid non-normal cone.

MSC: 47H10; 54H25

Keywords: multivalued mapping; common fixed point; multivalued contraction;
generalized multivalued contraction; cone metric space; non-normal cone

1 Introduction and preliminaries

There exist many generalizations of the concept of metric spaces in the literature. Fixed
point theory in abstract (cone) metric, or in K-metric spaces over a Banach space, was
developed in the mid-1970s. Huang and Zhang [1] reintroduced cone metric spaces and
defined the convergence via interior points of the cone which determines an order on E.
Although they considered and proved several fixed point theorems only in cone metric
spaces over a normal cone, their approach enables the investigation of cone metric spaces
over a cone which is not necessarily normal. It is well known that many fixed point results
in the setting of cone metric spaces can be obtained from the corresponding results in
metric spaces (see [2—4]). The results in the setting of cone metric spaces are appropriate

only if the underlying cone is not necessarily normal (see [3]).

Definition 1.1 Let E be a topological vector space and P be a subset of E. The set P is
called a cone if

(P1) Pis closed, nonempty, and P # {6}, where 0 is the zero vector of E;
(Py) a,beR, a,b>0,x,ye P — ax+byec P,
(P3) PN (=P) = {0}
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A cone P is called solid [5] if int P # ¢, where int P is the interior of P.

Each cone P of E determines a partial order < on E by x < y if and only if y — x € P for
each x,y € X. We write x < y if x < y but x # y, while x <« y will denote that y — x € int P.
This relation is compatible with the vector structure.

Definition 1.2 Let P be a cone in a real Banach space E. The cone P is called normal, if
there exists a constant K > 0 such that, for allx,y € E,

0 <x=<y implies [x] <K]yl,
or, equivalently, if

Xn<XYn <2, and lim x,= lim z, =%, then lim y,=x. (1.1)
n—00 n—00 n—00
The least positive number K satisfying the above inequality is called the normal constant
of P.

The following example shows that there are non-normal cones.

Example 1.3 Let E = Cx([0,1]) with the norm ||f|| = ||f]le + I[f’ | and consider the cone
P={f € E:f(t) > 0}. For each n > 1, put f(x) = x and g(x) = x**. Then 8 < g <f, ||f|l =
and ||g|| = 2m + 1. Since for each K > 0 there exists n € N such that 2n + 1 > 2K, we have
g =f,but ||g|l £ K||f|| for any K > 0. Therefore, the cone P is non-normal.

Definition 1.4 ([1, 6]) Let E be a Banach space and 6 be the zero vector of E. Let P be
a cone in E with int(P) # ¥ and let < be a partial ordering with respect to P. A mapping
d:X x X — E is called a cone metric on the nonempty set X if the following axioms are
satisfied:
(d1) 0 < d(x, ) for all x,y € X and d(x,y) = 0 if and only if x = y;
(d2) d(x,y) =d(y,x) for all x,y € X;
(d3) ( x,y) <d(x,z) +d(z,y) forall x,y,z € X.

The pair (X, d), where X is a nonempty set and 4 is a cone metric, is called a cone metric
space.

Example 1.5 Let E=R?, P={(x,y) € E:x,y >0}, X =Rand d: X x X — E defined by
d(x,y) = (lx—y|,clx—y|), where ¢ > 0 is a constant. Then (X, d) is a cone metric space with
the normal cone P, where the normal constant K = 1.

Definition 1.6 (Huang and Zhang [1]) Let (X,d) be a cone metric space. We say that a
sequence {x,} in X is
(i) a convergent sequence if, for every c in E with 6 < ¢, there is an N such that
d(x,,x) K ¢ for all n > N and for some fixed x in X;
(ii) a Cauchy sequence if, for every c in E with § < ¢, there is an N such that
d(x,,%,) <K cforall m,m>N.
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent
in X.
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In the following lemma we suppose that E is a Banach space, P is a cone in E with
int(P) # ¥, without the assumption of normality of cone P.

Lemma 1.7 ([3, 7]) Let (X,d) be a cone metric space. Then the following properties are
often used (particularly when dealing with cone metric spaces in which the cone need not
be normal).

(p1) Ifu<vandv <L w,then u K w.

(p2) If0 2 u <K cforeachcecintP, thenu=6.

(p3) Ifa <b+cforeach ceintP, thena < b.

(pa) If0 <x=<yanda>0,then 0 < ax < ay.

(ps) IfE is a real Banach space with a cone P and if a < Aa, where a € P and 0 < X <1, then
a=0.

(ps) If c€intP, 0 < a, and a, — 0, then there exists no such that, for all n > ngy, we have
a, K c.

From (pe) it follows that the sequence {x,} converges to x € X if d(x,,x) — 6 as n — oo
and {x,} is a Cauchy sequence if d(x,,x,,) — 0 as n,m — oo. In the situation with a non-
normal cone we have only one part of Lemmas 1 and 4 from [1]. Also, in this case from
x, — x and y,, — y it need not follow that d(x,, y,) — d(x,y), as well as from x,, < y,, < z,,

and lim,,_, » %, = lim,,_, o 2, = x it need not follow that lim,,_, o, ¥, = x.

Example 1.8 Let E = Cx([0,1]), P C E and the norm || - || be as in Example 1.3. Consider
the sequences x,(t) = t"/n and y,(¢) = 2/n. Then 0 < x,, < y, and lim,,_,» ¥y, = 0, but

ll%,]] = max
te(0,1]

+ max|t"’1| =l+1>1.
n n

te(0,1]

Therefore, {x,} does not converge to 0, although 0 < x,(¢) < 2/n. Thus it follows by (1.1)

that P is a non-normal cone.

The study of fixed points of multivalued mappings satisfying certain contractive con-
ditions has many applications and studied by many researchers (see [8—12]). An element
x € X is said to be a fixed point of a multivalued map 7 : X — 2% if x € Tx. Recently many
authors proved fixed point theorems for multivalued mappings on complete cone metric
spaces assuming that the corresponding cone is regular or normal (see [13-20]). For a
cone metric space (X, d) let A be a family of subsets of X. Wardowski [19, Definition 3.1]
introduced a new cone metric H : A x A — E. Then he introduced the concept of set-
valued contraction of Nadler type [21] and proved a fixed point theorem by assumption
that a cone P of E is solid and normal. But, as noted in [3], most of the fixed points results
in cone metric spaces over a normal cone can be obtained as a consequences from the
corresponding results in metric spaces. Very recently Arshad and Ahmad [22] modified
Wardowski’s [19] idea of H-cone metric. They introduced the following notion of H-cone
metric.

Definition 1.9 (Arshad and Ahmad [22]) Let (X, d) be a cone metric space and let Abea
family of all nonempty, closed, bounded subsets of X. A map H : A x A — E is called an
H-cone metric on A induced by d if the following conditions hold:
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(H;) 8 < H(A,B) forall A,B € A and H(A,B) =6 ifand only if A = B;

(Hy) H(A,B) = H(B,A) forall A, B € A;

(Hs) H(A,B) < H(A,C) + H(C,B) for all A, B,C € A;

(Hs) IfA,B€ A, 0 < € € E with H(A,B) < ¢, then for each a € A there exists b € B such
that d(a, b) < €.

Example 1.10 Let (X,d) be a metric space and let A be a family of all nonempty, closed,
bounded subsets of X. Then the mapping # : A x A — R* given by the formula

H(A,B) = max[sup d(x,B),supd(y,A)|, A,BeA, (1.2)
x€A yeB

which is called a Hausdorff metric induced by the metric d, is an H-cone metric induced
by d.

Arshad and Ahmad [22] extended the theorem of Wardowski [19] to a complete cone
metric space without the assumption that a cone P is normal. They proved the following
theorem.

Theorem 1.11 (Arshad and Ahmad [22]) Let (X, d) be a complete cone metric space. Let
A be a collection of nonempty, closed, and bounded subsets of X and let H: A x A — E be
an H-cone metric induced by d. If for a map T : X — A there exists A € (0,1) such that, for
all x,y € X,

H(Tx, Ty) < A -d(x,y), (1.3)

then T has a fixed point.

Clearly, Theorem 1.11 is a generalization of the classical theorem of multivalued contrac-
tive mappings (Nadler [21]). Recall that some of the initial generalizations of the theorem
of Nadler are given in [23] and in [24]. In 1971 Ciri¢ in [25] introduced the concept of
a generalized single-valued contraction, and then in 1972 in [23] he used the following

concept of a generalized multivalued contraction.

Definition 1.12 (Ciri¢ [23]) Let (X, d) be a metric space and let A be a family of nonempty,
closed, and bounded subsets of X. A mapping T : X — A is said to be a generalized mul-
tivalued contraction if and only if there exists A € [0,1) such that, for all x,y € X,

(1.4)

H(Tx, Ty) < A - max{d(x, y),d(x, Tx), d(y, Ty), d Ty) +d, Tx) }

2
where H(A, B) for A, B € A is the Hausdorff metric (1.2) induced by metric d.

In the present paper we will introduce the concept of a generalized multivalued con-
traction on cone metric spaces and then, using a new technique of proof, we prove two
common fixed point theorems for a pair of those multivalued mappings on cone metric
spaces over solid non-normal cones. As a consequence, we also obtain some important
corollaries which are generalizations of the well-known metric fixed point theorems.
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2 Main results
Inspired by Definition 1.12 of Ciri¢ we shall introduce the notion of the cone generalized

multivalued contraction.

Definition 2.1 Let E be a Banach space and let (X, d) be a cone metric space over E. Let
A be a family of nonempty, closed, and bounded subsets of X and let there exists an H-
cone metric H: A x A — E induced by d. A mapping T : X — A is said to be a cone
generalized multivalued contraction if and only if there exists A € [0,1) such that, for all
x,y € X, a mapping T satisfies one of the following contractive conditions:

(D1) H(Tx, Ty) < A - d(x,y);

(D2) H(Tx,Ty) < X - d(x,u) for each fixed u € Tx;

(D3) H(Tx,Ty) < X -d(y,v) for each fixed v € Ty;

(D4) H(Tx, Ty) < A - w for each fixed v € Ty and each fixed u € Tx.

It is easy to show that the generalized multivalued contraction defined in Definition 1.12

is an example of the cone generalized multivalued contraction defined in Definition 2.1.

Example 2.2 Let X = R and (X, d) be the usual metric space ordered by a usual order-
ing <. Let A be a family of all nonempty, closed, bounded subsets of X and H: A x A — E
be a Hausdorff metric. Suppose that a mapping 7' : X — Aisa generalized multivalued
contraction defined in Definition 1.12. If weset E=R,0 =0, P={x € E:x > 0} = R" and
for x,y € E, we define x < y ifand only if x < y, then (X, d) is a cone metric space over cone

Pand T:X — A is a cone generalized multivalued contraction.
Now we prove our main theorem.

Theorem 2.3 Let E be a Banach space, let P be a solid not necessarily normal cone of E
and let (X,d) be a cone metric space over E. Let A be a family of nonempty, closed, and
bounded subsets of X and let there exists an H-cone metric H: A x A — E induced by d.
Suppose that T,S : X — A are two cone multivalued mappings and suppose that there is
A €(0,1) such that, for all x,y € X, at least one of the following conditions holds:

(C1) H(Tx,Sy) < A - d(x,);

(C2) H(Tx,Sy) < X -d(x,u) for each fixed u € Tx;

(C3) H(Tx,Sy) < A -d(y,v) for each fixed v € Sy;

(C4) H(Tx,Sy) < A Wfor each fixed v € Sy, u € Tx.

Then T and S have a common fixed point.

Proof Let %y € X and x; € Sxg be arbitrary. Consider the element H(T%;, Sxo) € E. If each
right hand side of (C1), (C2), (C3), and (C4) withx = x; and y = x¢ is 6 in E, then d(xy, %) = 0
and hence from the property (d;) of the metric d it follows x; = x,. This and x; € Sx, imply
xo € Sxg. Further, d(xy, u) = d(xo, u) = 0 for each fixed u € Tx; implies xy = u € Tx; = Txo.
Hence x( € Txy. Therefore, in this case xq is a common fixed point of S and T and proof
is done.

Consider now the element H(Tx;, Sx) € E in the case that, in the one of the inequal-
ities (C1), (C2), (C3) or (C4) which holds, the right hand side is not 0. Let e € P be
a fixed element. Since A > 0, we have 6 < Ae. Thus we have H(Tx;,Sxo) < €, where


http://www.fixedpointtheoryandapplications.com/content/2014/1/159

Dori¢ Fixed Point Theory and Applications 2014, 2014:159
http://www.fixedpointtheoryandapplications.com/content/2014/1/159

€ = H(Tx;, Sxo) + Ae. Then from H(Tx;, Sxg) < € and from the property (H4) of the H-cone
metric in Definition 1.9 we find, as x; € Sxo, that there exists xy € Tx; such that

d(xo,x1) < € = H(Tx1,Sxg) + )e.

Consider now the element H(Sx,, Tx;). Clearly, H(Sx,, Tx;) < H(Sxy, Tx1) + A%e. Again
from (Hy) with € = H(Sx2, Tx1) + A€, as xy € Tx1, there exists x5 € Sx, such that

d(xs,2x,) < H(Sxy, Tx1) + Ae.

Continuing this process we can construct a sequence {x,} in X such that xy,.1 € Sx2,,

Xon+2 € Tx2n+1 and

A(xons1,%20) < H(Sx2, Tu-1) + 1>"e, 2.1)

A(Xonr2r Xans1) < H(Txop41, Sx2s) + A2 e, (2.2)

According to the inequality (2.2) and the inequalities (C1), (C2), (C3), and (C4) with
x = %o,41 and y = xy,, we have to consider four cases.
(1) If H(TX2,,41, Sx2,) < A - d(X2,41, X21,), then from (2.2) we have

d(x2n+21x2n+1) <A d(2n+l:x2n) + )\2n+le‘ (23)

(2) If H(Tx2p41,Sx2,) < A - d(xpy41,u) for any u € Txy,,;, then we can take u = x5, €
Txou41. S0, we obtain H(Txg,41, SX2,) <X A - d(%241, X2442) and from (2.2) we get

d(x2n+21 x2n+1) <A d(x2n+lr x2n+2) + )‘2;(”16'
Hence
A2, Xona) S A (A= 1) e, (2.4)

(3) If H(Tx2p41, Sx2u) < A - d(x24,v) for any v € Sx,,, then we may take v = xy,,1 € Sxa,
and we obtain H(Tx2,.+1, Sx24) < A - d(%2y, %2,41). Then from (2.2) we again have (2.3).
(4) If H(Txy41,S%2,) < A - w for any v € Sxy, and u € Txy,,1, then we may

take v = x9,41 € SX9y, U = X242 € TX9,,1. SO we obtain

) d(me x2n+2)

H( Tx2n+1; SxZn) =< A B

Then from (2.2) and by the triangle inequality we have

. d(me x2n+1) + d(x2n+1r x2n+2) + A2"+1e

A(Xops2s Xone1) < A 2

)

which implies that

2n+1

A
d(x2n+2) x2n+1) < m : d(eru x2n+1) + mze (25)

Page 6 of 12
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Since A <1, we have 1/(2 — 1) < 1, and from (2.5) we obtain
A2 %2m1) < A+ Ao Xani1) + 12" 2. (2.6)
It is easy see that from (2.3), (2.4), and (2.6) we get
A(ons2, Xoni1) < A+ d(Xoni1,%20) + A1 - 1) 2e. (2.7)
Using similar arguments to (2.1) we can prove that
A(X211, %2n) < A A(x2, %201) + 22121 = 1) e (2.8)
From (2.7) and (2.8) we conclude that
A(ns1,%0) < A - A 201) + 272(1 = 2) e (2.9)
for all n > 1. From (2.9) we get

Ani1, %) < A[ A d(uo1,%020) + A712(L=2) e] + A"2(1L-21) e

=22 d (X1, %0-2) +2072(1 = 1) e
Using mathematical induction it is easy to prove that
A1, %) < M- d(x1,x0) + nA2(1 - A)Le. (2.10)
By the triangle inequality and (2.10) for any m > n we have

AXns Xm) < Ay K1) + AKni1, %ni2) + -+ + AXno1, Xm)
< [A" - d(xg,x1) + nA"2(1 - k)_le]
+ [A”*l d(x0,%1) + (m+ DHA2(1 - A)’le]
I

+ [A’”_l - d(xg,x1) + (m — DA™ 12(1 - A)_le].
Hence we get

A, %) < (M + A 4+ X" N d (o, 1) + Ry(M)2(1— 1) e

n

< 1" - dlro, ) + Ry()2(1 - 2) e (2.11)

where R, (1) is the remainder of the convergent series ) - # - A". Since A" — 0 and
R, (1) = 0 as n — oo, we get

A1 =07 d(xg, %) + R,(M)2(1—2)te— 0 asn— oo. (2.12)
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Let ¢ € E with 6 < ¢ be arbitrary. From (2.12) and (pe) in Lemma 1.7 it follows that we can
choose a natural number #; such that

AA -2 d(xg,x1) + R,(0)2(0 - 1) e < ¢

for all n > n;. Thus, by (2.11), d(x,,%,,) < ¢ for all m > n > ny. Therefore, by (ii) in Defini-
tion 1.6, we conclude that {x,} is Cauchy sequence. Since X is complete, there exists z € X
such that lim,,_, o, d(x,,,2) = 0.

Now we shall show that z is a common fixed point of T" and S. Since

H(Tx2n+1: SZ) < H(Tx2n+1; SZ) + A’2n+1e,

from the property (H4) of the H-cone metric in Definition 1.9 we see, as X342 € TX2,41,
that there exists y,,,1 € Sz such that

AX242, Yons1) < H(Txo01,S2) + 12" e (2.13)

According to (2.13) and the inequalities (C1), (C2), (C3), and (C4) with x = xy,,; and
y = z we have to consider four cases.
(1) If H(TX2,41,Sz) < A - d(%2,41,2), then from (2.13) we have

d(x2n+21y2n+l) <A d(x2n+1’z) + )‘2n+le' (214')

(2) If H(TX2441,S2) <X A - d(%2141, u) for any fixed u € Txy,,1, then we can take u = x3,,45 €
Txy41. Thus from (2.13) we get

d(x2n+2yy2n+l) <A- d(x2r1+1: x2n+2) + )\Z}Hle' (215)

(3) If H(Tx2141,S2) X X - d(z,v) for any fixed v € Sz, then we can take v = ¥5,,1 € Sz. Thus
from (2.13) and by the triangle inequality we get

d(x2n+2y_y2n+l) <A d(Z, x2n+2) +A- d(x2n+27y2n+1) + )\2n+le,

which implies that

A )"ZVHI
AXons2s Yone1) < —— - A(Z,%2542) + ——e. (2.16)

e
1-A 1-A
(4) If H(T%2,41,S2) < A - M for any v € Sz and u € Txy,,;, then we can take
V = Yous1 € Sz and u = x942 € Thoy41. Thus from (2.13) and by the triangle inequality we
get

A(X941, Xone2) + d(x2n+2)y2n+l) +d(2z, %2142) 42+,
2 )

d(x2n+21y2n+l) <A

which implies that

AXopi1,X2n42) + A(Z,%2442) A2l

d(x2n+2y_y2n+l) <A 2_x + 9 _ )\26
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Since 1/(2 — 1) <1 for A € (0,1), we have
d(x2n+2ry2n+l) <A d(x2n+17 x2n+2) +A- d(Z, x2n+2) + )"2n+126- (217)
Thus, from (2.14), (2.15), (2.16), and (2.17) we have

A(xons2:Y2ns1) < A[dX2n11,2) + AX2n41, %242) + A2 Xoni2) (1 = 1)

+ A1 - 2) e (2.18)
By the triangle inequality and (2.18) we get

d(z:y2n+1) < d(Z, x2n+2) + d(x2n+2:y2n+l)

< d(z,%ops2) + A212(1 - 1) te

+ % ‘ [d(xzml»z) +d(z,%0042) + d(x2n+1;x2n+2)]~ (2.19)
Since {x,} converges to z and since A>"*! — 0 and by (2.10) d(x2,,41,¥2.42) — 6 as n — 00,
the right hand side of the inequality (2.19) converges to 6 as n — oo. Therefore, from (pg)
in Lemma 1.7 and (2.19) we can choose a natural number 7, such that d(z, y2,:1) < ¢ for all
n > ny, where c € E with 6 < c is arbitrary. By (i) in Definition 1.6 we conclude that {y,}
converges to z. Since y,,41 € Sz and Sz is closed, we get z € Sz.

Analogously, we can get z € Tz. So, we proved that z is a common fixed point of T
and S. O

If we take S = T in Theorem 2.3, then we obtain the following fixed point theorem in
complete non-normal cone metric spaces.

Theorem 2.4 Let (X,d) be a complete cone metric space over a solid non-normal cone
and let A be a family of nonempty, closed, and bounded subsets of X. Suppose that there
exists an H-cone metric H : A x A — E induced by d and suppose that T : X — A is a cone
generalized multivalued contraction. Then T has a fixed point.

From Theorem 2.4 we can obtain Theorem 3.1 of Arshad and Ahmad [22] and Theo-
rem 3.1 of Wardowski [19].

Now we shall present an example where Theorem 2.4 can be applied, but the theorem
of Arshad and Ahmad [22] (Theorem 1.11) and the theorem of Wardowski [19] cannot be
applied.

Example 2.5 Let X =[0,1] and let E = C4([0,1]), P C E and the norm | - || be as in Exam-
ple 1.3. Define d : X x X — E by

dxy) ) = lx -yl - ¢,

where 0 < ¢t < 1. Then d is a cone metric on X. Let Abea family of all nonempty, closed,
bounded subsets of X and let the mapping T : X — A be defined by

[0,§ for0 <x<1,
T(x)=

[0, 5

'35 forx=1.
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Let H: A x A — E be defined by
H(A,B)(t) = H(A,B) -¢' forA,BeA,
where H is the usual Hausdorff metric on X induced by the metric d(x,y) = |x — y|.

Now we can show that T satisfies all conditions of Theorem 2.4 with A = %
(1) If0 <x,y<1and x #y, then we have

H(T (), T(y))() = H([o, ;—C] [o, %D el =

Thus T satisfies the contractive condition (D1) in Definition 1.12 with A = 1/2.
(2) If 0 <x<1and y =1, then we have

x )

1
373 e < Elx—yl -€" = Ad(x,y)(1).

H(T(x), T(1))(t) < ; 2

for all u € [0,1/8] = T'(1). Therefore, in this case T satisfies the contractive condition
(D2) in Definition 1.12 with A = 1/2.
From (1) and (2) we see that the mapping T satisfies all of the conditions of Theorem 2.4
and has a fixed point x = 0.
Now we shall show that in this example the theorems of Arshad and Ahmad [22] and
Wardowski [19], as well as other theorems known in the literature, cannot be applied. Let

y:Iand%<x<1.Then

2 1

- et > |1—x| e =dx,1)(¢).

H(TG), TW)H) = |2 —=|-¢' > .et>1_g

1
8

Wl R

Clearly, there does not exist A < 1 such that H(T'(x), T'(1))(¢) < A-d(x,1)(¢). Therefore, The-
orem 3.1 of Arshad and Ahmad [22] (Theorem 1.11) and Theorem 3.1 of Wardowski [19]

cannot be applied in this example.

In a cone P of an ordered Hausdorff topological vector space (E,P), from a,b € P it
does not need to follow that (1/2)(a + b) < a nor (1/2)(a + b) < b. Thus in addition to the
conditions (C1)-(C4) of Theorem 2.3 we can consider the condition

(C5) H(Tx,Sy) < A - w for each fixed u € Tx and v € Sy.

The following theorem is a generalization of Theorem 2.3.

Theorem 2.6 Let (X,d) be a complete cone metric space over a solid non-normal cone, let
Abea family of non-empty, closed, and bounded subsets of X and let there exists an H-cone
metric H: A x A — E induced by d. Suppose that T,S : X — A are two cone multivalued
mappings and suppose that there is ) € (0,1) such that, for all x,y € X, at least one of the
conditions (C1)-(C5) holds. Then T and S have a common fixed point.

We shall omit the proof of this theorem since it is similar to the proof of Theorem 2.3.
By using Theorem 2.3 and Theorem 2.6 we can obtain corollaries which are generaliza-

tions of the well-known metric fixed point theorems of Kannan [26], Reich [27], Chatterjea

Page 10 of 12
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[28] and Ciri¢ [25] to non-normal cone metric spaces. For example, the following corol-
lary is a cone multivalued version of Kannan’s fixed point theorem, and it easily follows
from Theorem 2.6.

Corollary 2.7 Let (X,d) be a complete cone metric space over a solid non-normal cone, let
A be a family of non-empty, closed, and bounded subsets of X and let there exists an H-cone
metric H: A x A — E induced by d. Suppose that T,S : X — A are two cone multivalued
mappings and suppose that there is y € (0,1/2) such that, for all x,y € X, the mappings T
and S satisfy the condition

H(Tx,Sy) < y(d(x, u) +d(y, v))

foreach u € Tx and for each v € Sy. Then T and S have a common fixed point.
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