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Abstract

In this paper, we introduce and analyze a general iterative algorithm for finding a
common solution of a combination of variational inequality problems, a combination
of equilibria problem, and a hierarchical fixed point problem in the setting of real
Hilbert space. Under appropriate conditions we derive the strong convergence
results for this method. Several special cases are also discussed. Preliminary numerical
experiments are included to verify the theoretical assertions of the proposed method.
The results presented in this paper extend and improve some well-known results in
the literature.
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1 Introduction

Let H be a real Hilbert space, whose inner product and norm are denoted by (-, -) and || - ||
Let C be a nonempty closed convex subset of H. Let F; : C x C — R be a bifunction, the
equilibrium problem is to find x € C such that

Fi(x,y) >0, VyeC, (L1)

which was considered and investigated by Blum and Oettli [1]. The solution set of (1.1)
is denoted by EP(F;). Equilibrium problems theory provides us with a unified, natural,
innovative, and general framework to study a wide class of problems arising in finance,
economics, network analysis, transportation, elasticity, and optimization. This theory has
witnessed an explosive growth in theoretical advances and applications across all disci-
plines of pure and applied sciences; see [2—11].

If Fi(u,v) = (Au,v — u), where A : C — H is a nonlinear operator, then problem (1.1) is

equivalent to finding a vector u € C such that

(v—u,Au) >0, VveC, (1.2)
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which is known as the classical variational inequality. The solution of (1.2) is denoted by
VI(C,A). It is easy to observe that

u* eVI(C,A) < u"= Pc[u* - ,oAu*], where p > 0.

Variational inequalities are being used as a mathematical programming tool in modeling a
large class of problems arising in various branches of pure and applied sciences. In recent
years, variational inequalities have been generalized and extended novel and new tech-
niques in several directions. We now have a variety of techniques to suggest and analyze
various iterative algorithms for solving variational inequalities and related optimization
problems; see [1-33].

Fori=1,2,...,N, let F; : C x C — R be bifunctions and 4; € (0,1) with Zﬁl a; = 1.
Define the mapping YN, a;F; : C x C — R. The combination of equilibria problem is to
find x € C such that

N
Y aiFi(xy) =0, VyeC, (1.3)
i=1

which was considered and investigated by Suwannaut and Kangtunyakarn [12]. The set of
solutions (1.3) is denoted by

N N
EP(Z a,ﬂ«) =(\EPE).
i=1

i=1

If F;=F,Vi=1,2,...,N, then the combination of equilibria problem (1.3) reduces to the
equilibrium problem (1.1).

Fori=1,2,...,N,let A; be astrongly positive linear bounded operator on a Hilbert space
H with coefficient p; > 0 and b; € (0,1) with Zﬁl b; = 1. The combination of variational
inequality problems is to find x € C such that

N
<Z biAx,y —x> >0, VyeC. (1.4)

i=1

If A; = A, Vi=12,...,N, then the combination of variational inequality problems (1.4)
reduces to the variational inequality problem (1.2).

We introduce the following definitions, which are useful in the following analysis.

Definition 1.1 The mapping 7T': C — H is said to be

(a) monotone if
(Ix—Ty,x—y) >0, Vx,yeC;
(b) strongly monotone if there exists o > 0 such that

(Tx - Ty, x-y) Zalx—yl?, VxyeC;
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(c) strongly positive linear bounded if there exists & > 0 such that
(Tx,x) = x>, VxeC;
(d) nonexpansive if
ITx - Tyll < llx=yll, Vx,yeC
(e) k-Lipschitz continuous if there exists a constant k > 0 such that
ITx - Tyl <klx-yl, Vx,yeC;
(f) a contraction on C if there exists a constant 0 < k < 1 such that
ITx - Tyll <kllx-yll, Vx,yeC.
It is easy to observe that every «-inverse-strongly monotone 7 is monotone and Lips-

chitz continuous. It is well known that every nonexpansive operator T : H — H satisfies,
for all (x,y) € H x H, the inequality

((x=T@) - (y-TH)), T6) - T()) < §|| (T -#) - (TG) )| (15)
and therefore, we get, for all (x,y) € H x Fix(T),

(= T@),y-T@) < = | T -x|”. (1.6)

N

The fixed point problem for the mapping T is to find x € C such that
Tx = x. 1.7)

We denote by F(T') the set of solutions of (1.7). It is well known that F(T) is closed and
convex, and Pp(T) is well defined.

Let S: C — H be a nonexpansive mapping. The following problem is called a hierarchi-
cal fixed point problem: Find x € F(T) such that

(x—Sx,y—x) >0, VyeF(T). (1.8)

It is well known that the hierarchical fixed point problem (1.8) links with some mono-
tone variational inequalities and convex programming problems; see [13]. Various meth-
ods have been proposed to solve the hierarchical fixed point problem; see [14—21]. By
combining Korpelevich’s extragradient method and the viscosity approximation method,
Ceng et al. [22] introduced and analyzed implicit and explicit iterative schemes for com-
puting a common element of the set of fixed points of a nonexpansive mapping and the
set of solutions of the variational inequality for an «-inverse-strongly monotone mapping
in a Hilbert space. Under suitable assumptions, they proved the strong convergence of the
sequences generated by the proposed schemes.
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In 2010, Yao et al. [13] introduced the following strong convergence iterative algorithm
to solve problem (1.8):

Vi = BnSxn + (1= Bn)%ns

Xnl = PC[anf(xn) +(1-ay) Tyn]’ Vn >0,

(1.9)

where f: C — H is a contraction mapping and {«,} and {8,} are two sequences in (0,1).
Under some certain restrictions on the parameters, Yao et al. proved that the sequence
{x,,} generated by (1.9) converges strongly to z € F(T), which is the unique solution of the
following variational inequality:

((I -flz,y - z) >0, VyeF(T). (1.10)
In 2011, Ceng et al. [23] investigated the following iterative method:

nn1 = PefanpU(xy) + (= auptF)(T(y2))],  ¥n =0, (1.11)
where U is a Lipschitzian mapping, and F is a Lipschitzian and strongly monotone map-
ping. They proved that under some approximate assumptions on the operators and pa-

rameters, the sequence {x,} generated by (1.11) converges strongly to the unique solution
of the variational inequality

(pU(2) — uF(2),x—2) >0, VxeFix(T). (1.12)

Very recently, in 2013, Wang and Xu [24] investigated an iterative method for a hierarchi-
cal fixed point problem by

Yn = BnSxy + (1 - ﬁn)xm

Xnir = Pc[anpU(x,) + (- auuF)(T(y,)], ¥n >0,

(1.13)

where S: C — C is a nonexpansive mapping. They proved that under some approximate
assumptions on the operators and parameters, the sequence {x,} generated by (1.13) con-
verges strongly to the unique solution of the variational inequality (1.12).

In this paper, motivated by the work of Ceng et al. [23, 26], Yao et al. [13], Wang and Xu
[24], Bnouhachem [15, 25] and by the recent work going in this direction, we give an iter-
ative method for finding the approximate element of the common set of solutions of (1.3),
(1.4), and (1.8) in a real Hilbert space. We establish a strong convergence theorem based
on this method. We would like to mention that our proposed method is quite general and
flexible and includes many known results for solving of variational inequality problems,
equilibrium problems, and hierarchical fixed point problems; see, e.g., [13, 16, 18, 23, 25,

27] and relevant references cited therein.

2 Preliminaries
In this section, we list some fundamental lemmas that are useful in the consequent anal-
ysis. The first lemma provides some basic properties of projection onto C.
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Lemma 2.1 Let P¢ denote the projection of H onto C. Then we have the following inequal-
ities:
(z—Pclz],Pclz] -v) >0, VzeH,veC; (2.1)
2
(u —v,Pclu] - Pc[v]) > HPC[u] — Pc[v] H , Yu,veH, (2.2)
|Pclu] = Pc| < llu—vl, Vu,veH; (2.3)

|u-Pclal|? < Iz - ull? - |z - Pclzl|,

VzeH,ueC. (2.4)

Assumption 2.1 [1] Let F; : C x C — R be a bifunction satisfying the following assump-

tions:

(A1) Fi(x,x)=0,Vx € C;

(Az)

(A3) foreachx,y,z € C, limyo Fi(tz + (1 - )x,y) < Fi(x,9);
(Aq)

F; is monotone, i.e., Fi(x,y) + Fi(y,x) <0, Vx,y € C;
for each x € C, y — Fy(x,y) is convex and lower semicontinuous.

Lemma 2.2 [2] Let C be a nonempty closed convex subset of H. Let F; : C x C — R satisfy
(A1)-(A4). Assume that for r > 0 and Vx € H, define a mapping T, : H — C as follows:

1
T,(x) = {ze C:Fzy)+-(y-zz-x)>0,Vye C}.
r

Then the following hold:
(i) T, is nonempty and single-valued,;

(i) T, is firmly nonexpansive, i.e.;
| T,(x) - T.0) | < (T,0) - T, () x—y), VxyeH;

(iii) F(T,) = EP(F1);
(iv) EP(Fy) is closed and convex.

Lemma 2.3 [12] Let C be a nonempty closed convex subset of a real Hilbert space H. For
i=1,2,...,N, let F;: C x C — R be bifunctions satisfying (A;)-(A4) with ﬂf\il EP(F;) # 0.
Then Zfil a;F; satisfies (A1)-(A4) and

N N
Fix(T;) = EP (Z a,'F,') = ﬂ EP(F)),
i=1 i=1

where a; € (0,1) fori=1,2,...,N and Zﬁil a;=1.

Lemma 2.4 [28] Let C be a nonempty closed convex subset of a real Hilbert space H.

If T : C — C is a nonexpansive mapping with Fix(T) # {, then the mapping I — T is
demiclosed at 0, i.e., if {x,} is a sequence in C weakly converging to x, and if {(I — T)x,}
converges strongly to 0, then (I — T)x = 0.
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Lemma 2.5 [23] Let U : C — H be a t-Lipschitzian mapping, and let F : C — H be a
k-Lipschitzian and n-strongly monotone mapping, then for 0 < pt < un, uF — pU is un —
pt-strongly monotone, i.e.,

((WF = pU)x = (WF - pU)y,x —y) = (un - pT)lx =y  Vx,yeC.

Lemma 2.6 [29] Suppose that ) € (0,1) and v > 0. Let F : C — H be a k-Lipschitzian and
n-strongly monotone operator. In association with a nonexpansive mapping T : C — C,
define the mapping T* : C — H by

T*x = Tx — \uFT(x), VxeC.

Then T* is a contraction provided u < i—;’, that is,
|T"% - T*y|| < @ =2v)llx-yll, VxyeC,

where v =1— /1 - u(2n — wk?).

Lemma 2.7 [30] Assume that {a,} is a sequence of nonnegative real numbers such that
api1 < (1= vp)ay + 8y,

where {v,} is a sequence in (0,1) and §,, is a sequence such that
1) 302 vn =005
(2) limsup,_, . 8,/vy <0 0ry 21 18,] < 00.

Then lim,_, o a,, = 0.

Lemma 2.8 [31] Let C be a closed convex subset of H. Let {x,,} be a bounded sequence in H.
Assume that

(i) the weak w-limit set wy,(x,) C C where wy,(x,) = {x : x,,, = x};

(ii) foreach z € C,lim,_, o ||, — 2|| exists.
Then {x,} is weakly convergent to a point in C.

Lemma 2.9 [12] Let C be a nonempty closed convex subset of a real Hilbert space H. For
everyi=1,2,...,N, let A; be a strongly positive linear bounded operator on a Hilbert space
(0,1) with Zf\il b; = 1. Then the following properties hold:
G) 1 -2 N A <1-Ap and |1 -1 YN, biA|| is a nonexpansive mapping for
every 0 < A < ||A;|1 (i=1,2,...,N).
(i) VI(C, >N, bA) = NN, VI(C, A)).

3 The proposed method and some properties
In this section, we suggest and analyze our method for finding common solutions of the
combination of equilibria problem (1.3), the combination of variational inequality prob-
lems (1.4), and the hierarchical fixed point problem (1.8).

Let C be a nonempty closed convex subset of a real Hilbert space H. Fori =1,2,...,N,
let F; : C x C — R be bifunctions satisfying (A;)-(A4), let A; be a strongly positive linear
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bounded operator on a Hilbert space H with coefficient p; > 0 and p = min;_; 5 x 0;, and
let S,T : C — C be nonexpansive mappings such that F(T) N ﬂf\il EP(F;) N ﬂf\il VI(C
A;) #9. Let F: C — C be a k-Lipschitzian mapping and be n-strongly monotone, and let
U : C — C be a t-Lipschitzian mapping.

Algorithm 3.1 For an arbitrarily given xy € C, let the iterative sequences {u,}, {x.}, {¥u},
and {z,} be generated by

Yo aiFi(n,y) + =y =,y = %,) 2 0, Vye G

Zn = Peltty = 2n YN biA i );

Vn = BuSxn + (1= Bp)thy;

Xns1 = VYnxn + (L= yu)PclanpU(x,) + (I — ayuF)(T(ys))], Vn>0.

(3.1)

Suppose that the parameters satisfy 0 < < 22,0 < pt < v,wherev =1—./1 — u(2n — pnk?).

>,
Also {y,}, {a,}, {B.}, and {r,} are sequencesk in (0, 1) satisfying the following conditions:

(a) O<a<y,<b<l,

(b) lim, o, =0and Y o) a, = 00,

() limys 00(Bu/ay) = 0,

@ Y=Y bi-1,

(€ o2y len1 —aul <00, 3 0% (Vo1 — Vul <00, and 377 Byt — Bl < 00,

(f) liminf, oo, >0and Y o7 |ru1 — 1| < 00,

() limyoory=0and Y 7 [Au1 — Ayl < 00.

Iffori=1,2,...,N, F; = F and A; = A, then Algorithm 3.1 reduces to Algorithm 3.2 for
finding the common solutions of equilibrium problem (1.1), variational inequality problem
(1.2) and the hierarchical fixed point problem (1.8).

Algorithm 3.2 For an arbitrarily given xy € C arbitrarily, let the iterative sequences {u,},
{x4}, {yn}, and {z,} be generated by

F'(t,y) + =y = thy thy = %,) 20, VyeC;

zy = Pcluy — AuAuy);

Vn = BuSxu + (1= Bu)zu;

Xni1 = VYnxn + (L= yu)PclanpU(x,) + (I — ayuF)(T (y4))], VYn=0.

Suppose that the parameters satisfy 0 < u < 74,0 < pt < v,wherev =1—/1 - u(2n — uk?).

2,
Also {y,}, {au}, {Ba}, and {r,} are sequencesk in (0, 1) satisfying the following conditions:

(@) O<a<y,<b<l,

(b) lim,, o, =0and Y o) a, = 00,

(c) lim,_ o (Bu/ay) =0,

(d) D02 lotnr =l <00, 302 [Vt = vl < 00, and 3002 By — Bul < 00,

(e) liminf, o7, >0and > o) |71 — 1l < 00,

(f) limy—oory =0and > 2 [Ayo1 — Ayl < 00.

Remark 3.1 Our method can be viewed as an extension and improvement for some well-

known results, for example the following.
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« If y, = 0, the proposed method is an extension and improvement of the method of
Wang and Xu [24] and Bnouhachem [25] for finding the approximate element of the
common set of solutions of a combination of variational inequality problems, a
combination of equilibria problem and a hierarchical fixed point problem in a real
Hilbert space.

« If we have the Lipschitzian mapping U =f, F =1, p = ¢ =1, and y,, = 0, we obtain an
extension and improvement of the method of Yao et al. [13] for finding the
approximate element of the common set of solutions of a combination of variational
inequality problems, a combination of equilibria problem and a hierarchical fixed
point problem in a real Hilbert space.

« The contractive mapping f with a coefficient & € [0,1) in other papers [13, 27, 29] is
extended to the cases of the Lipschitzian mapping U with a coefficient constant
y €[0,00).

This shows that Algorithm 3.1 is quite general and unifying.

Lemma 3.1 Let x* € F(T) N ﬂﬁl EP(F;) N ﬂf\il VI(C,A;). Then {x,}, {u,}, {z,}, and {y,}
are bounded.

Proof Let x* € F(T)N ﬂf\il EP(F;) N ﬂf\il VI(C, A;); we have x* = T, (x*). It follows from
Lemmas 2.2 and 2.3 that u,, = T,,,(x,,). Since T}, is nonexpansive mapping, we have

ot = 7| < o0 = a7 (3.2)
Since lim,,_, o A, = 0, without loss of generality, we may assume that 0 < A, < [|4;||™}, Vi >

O0andi=1,2,...,N,by Lemma 2.9, the mapping [ — A, Zﬁl b;A; is nonexpansive mapping,

and we have

N N
”z,, —x* H = | Pc |:u,, — A ZbiAiu,,:| - Pc [x* — Ay Z biA,'x*:| ‘
i=1 i=1
N N
< (1 —An ZblA,> Uy, — <1 —An Z b,'A,')x*
i=1 i=1
< [ -7
< [l =" (3.3)

We define V, = a,pU(x,) + (I — a,uF)(T(y,)). Next, we prove that the sequence {x,} is
bounded, and without loss of generality we can assume that 8, < «,, for all # > 1. From
(3.1), we have

g = = [y (en = #%) + =y (PelVi] - Pe[27])|
< V2w = 2| + U= y) | npU ) + (I =yt F)(T () — ¥
< Yul%n = "] + (= v) (| o U G6) = wF (x7) |
+ [ (I = e uF) (T () = (I = ctuuE)T (x*) | )

= Vol = | + (L= ) (e | U Gxa) = pU(x*) + (0U = )" |

Page 8 of 29


http://www.fixedpointtheoryandapplications.com/content/2014/1/163

Bnouhachem Fixed Point Theory and Applications 2014, 2014:163 Page 9 of 29
http://www.fixedpointtheoryandapplications.com/content/2014/1/163

+ |t = awt EY(T () = (I = aunF)T (x) | )
< Yl 2w = 2| + A = y) (cnpt |20 — 27|
+ || (pU = pF)x* | + (1= )|y, — %))
= Yo% — %] + (1 = y) (@ |00 — 5" || + ]| (0U — F)x*||
+ (L= 0t0) | BuSxn + (1= Bu)zw — 7))
< Vul|on =" + 2wpT@ = yi) [0 — 2| + €u(1 = y2) || (0U — wF)x*||
+ (L= ) (L= ) (B || Stn = Sx*|| + B || Sa* = x* | + A = B) | 20 — 2" )
< Vul|%n =" | + npT@ = yi) [0 =& | + a1 = y) || (0U — wF)x*||
+ (1= ) = ¥) (B || Sn = Sa*|| + B || Sx* = ™ || + A = Bu) |20 — ¥ )
< Vu|oen = %] + upt (L= y) |20 — 2" | + €n(L = ) || (0U — wF)x* |
+ (1= o)A = y) (Bu | 00 = 2" || + Bul| S = &*|| + 1 = Bu) | 20 — 2" )
= (1= (v = p1)A = y)) |0 — 5| + 0l = y) | (U — uF)x*||
+ (1= ) (1= y) B Sa* — 2"
< (1-anv-p)A=yn)|xn -5
+an(L = v) | (U = WF)x* || + Bu(1 = ) | Sx* — x|
< (1= au(v—p7)A - y)) | 20 — ¥
+ (1= ) (| (U = wE)x* || + || Sx* = x*||)
= (1= au(v = p) 1= y)) [l2n — 27|

a,(1- Vn)(v - pT)
o plo o),

2D (ot b+ s -]

(o - b + 5w -°1) |

< max{”xn—x* ,—
V—pT

where the third inequality follows from Lemma 2.6 and the fifth inequality follows from

(3.3). By induction on 7, we obtain ||x,, —&*|| < max{|lxg —x* ||, = (|| (oU — wF)x* || + ||Sx* —

V—pT
x*|)}, for n > 0 and xy € C. Hence, {x,} is bounded and consequently, we deduce that {u,},
{zu}, {vu}, {yn}) {SCe)}, {T (%)}, {F(T()/n))}r and {U(x,)} are bounded. g

Lemma 3.2 Let x* € F(T)N ﬂf\il EP(F;) N ﬂﬁl VI(C, A;) and {x,} be the sequence gener-
ated by Algorithm 3.1. Then we have:
(@) limy—oo |y — %4l = 0.

(b) The weak w-limit set wy,(x,,) C F(T) (Wy(x,) = {2 : 2, — x}).

Proof From the nonexpansivity of the mapping I — 1, Zf\il b;A; and P¢, we have

N N

(un —An Z biAiun> - (Mn—l — An-l Z biAiMn-1>
i-1 i1
N N

(un - )Vn Z biAiun> - (un—l - )\n Z biAiun—l)
i-1 i-1

”Zn - Zn—l” =<
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N
— (A= Ayo1) Z biAu,

i=1

N N
(un - )\n Z biAiun) - (”nl - )\n Z biAi”nl)
i=1

=
i=1
N
+ |)‘-n - )\n—ll ZbiAiun—l
i=1
N
< ot = tha | + 1o = A || Y bi it |. (3.4)
i=1
Next, we estimate that
”yn —Vn-1 ” = ||/3n5xr1 + (1 - ﬂn)zn - (ﬁn—lsxn—l + (1 - ﬂn—l)zn—l) ||
= ”,Bn(an = Sxp1) + (Bu = Buo1)Sxu1
+ (1 - ﬂn)(zn - Zn—l) + (Isn—l - ﬁn)zn—l H
< ,Bn”xn _xn—ln + (1 - ﬂn)”zn - Zn—l”
+1Bn = Bual (15501 [l + llzn-al).- (3.5)
It follows from (3.4) and (3.5) that
N
yn = Ynall < Bullxy —xp1ll + (1- B Nty — 1 || + 1Ay — Ay | ZbiAiun—l }
i=1
+ |,Bn - ,Bn—l|(||5xn—l|| + ”Zn—l”)- (3.6)
On the other hand, u, = T}, (x,) and u,,_; = T}, _, (x,,_1), we obtain
N 1
> aiFi(ny) + =y — thyyty —x,) 20, VyeC (3.7)
i=1 "
and
N
1
Y @iF (1)) + —— (= ty1, thys —%,1) 20, VyeC. (3.8)
. p-1
i=1
Taking y = u,,; in (3.7) and y = u, in (3.8), we get
N
1
Z aiFi(un: un—l) + — <Mn—l — Uy, Uy — xn) > 0 (39)
T
i=1
and
N
D @ (1, ) + —— (g = Uy 1, U1 = %1) = 0. (3.10)
. rp-
i=1
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Adding (3.9) and (3.10) and using the monotonicity of Zﬁl a;F;, we have

Up-1 —Xp-1 Uy —Xn
>0,

<un — Un-1, -
In-1 T'n

which implies that

7,
0< <un — Uty —— (1 = Xn1) — (thy — xn)>
Fn-1

T T
= \Up1 = Up, Uy — Uy + | 1- " U1 = %+ -1
n-1 n-1

T'n T'n 2
= \Up-1— Up, 1- Up-1—Xn + r—xn—l - ”un — Up-1 ”

p-1 n-1

T
= <un—1 — Uy, (1 - )(un—l —Xp-1) + (K1 — xn)> —lun — un—1”2

Ty

T'n
< lotnoy = ually 1= =

n-1

2
”Mn—l _xn—lll + ”xn—l - xn”} - ”un - urkl”
and then

'n
”Mn—l - Mn” = '1 - ”Mn—l _xn—1|| + ”xn—l _xn”'

Tn-1

Without loss of generality, let us assume that there exists a real number x such that r,, >
x > 0 for all positive integers n. Then we get

1
”Mn—l - Mn” = ”xn—l _xn” + ; |rn—1 - rn| ”un—l _xn—IH- (311)
It follows from (3.6) and (3.11) that

1
lyn = Yn-1ll < Bullxn = xpall + (1- Bn) { [l = 21l + ; |7 = P11 = X1 |l

N

Z biAuy,

i=1

+ |}‘n - )\n—1|

} + 1B = Bual (1%l + 121 )

1
= ||%n =X || + (1_,3;'1){ ;lrn = 11| |t — Xl

N

Z biAu,

i=1

+ |)"n - )Vn—1|

} +1Bn = Bucal (1Sx1 | + zua ). (3.12)
Next, we estimate that

” (ann +(1- Vn)PC[Vn]) - (Vn—lxn—l +(1- Vn—l)PC[Vn—l]) ”
”Vn(xn = %p-1) + (Vi = V1)1 + (1 = Vn)(PC[Vn] - PC[Vn—l])

= (Yn = Yu-1)Pc[Vid]

141 = %
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< Vull®n =%l + [Vn — Vn—1|(||xn—1|| + ”PC[Vn—l] ”)
+ (1= y) | PclVil = Pc[Via] |- (3.13)

Applying Lemma 2.6 to get

1PVl = Pe[ Vil | < [lenp (U (6n) = U(x1)) + (0t — 0tu—1) p U (301)
+ (I = aptF)(T ) = I =t F)T (Y1)
+ (I =yt F)(T5p-1)) = U = i uF) (T () |
< Pty = Kl + (1= )|y = Yua ll

+ loty =l (| U D + [RE(TG0) ) (3.14)
From (3.12) and (3.14)), we have
”PC[Vn] = Pc[Vy] ” < 0 pT||%n = Xy |

1
+ (l_an‘))<”xn —Xpall + ;|rn = Tl [ttt — X1 |l

)

+ 1B = Bual (1%l + N2 )

+ oy _Ofn—1|(||pu(xn—l)H + ”MF(T()/M—I)) ||)

N

Z biAu,

i=1

+ |)\n - )"n—1|

1
= (1 -(v- pf)an)”xn —xp |l + ;|rn = Fpalll o1 = x|l

N

+[An = Apal ZbiAiun—l + 1B = Buaa | (1551 [l + 120 1)
i=1
+ lay _an—1|(||pu(xn—l)H + ”MF(T()/VI—I)) ”) (3.15)

Substituting (3.15) into (3.13), we get

1
1 = %]l < (1 - -pr)1- Vn)an) locn — 2pall + ; 170 = Fual 81 — %y |

N

Z biAu,

i=1

+ [An = Ap-il +1Bn = Bual (1811l + [ 251 l)

+ oty — (| U@ | + | LE(T 00 |)
+1¥n = Yut | (I | + | PelVaal|)
(

= (1 - =-pr)1- )’n)an) %y — 2l

1
+M<;|rn_rn—l| + |)\n_)"n—l| + |/3n_/3n—1|

+ o — o | + |y — yn—1|)~ (3.16)

Page 12 of 29
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Here
N

ZbA Uy_1

i=1

,sup(IIan 1l + llzgall),

M = max ] sup || #,_1 — %,_1||,sup
n>1 n>1

)osup (sl + ||Pc[vn_1]||)}.

sup([| oG- + | F(TGn-)

It follows by conditions (a)-(b), (e)-(g) of Algorithm 3.1 and Lemma 2.7 that

lim %41 — x4 = 0.
Since x,.,1 — %, = (1 — ) (Pc[Vy] — %), we obtain
lim || Pc[V,] - %[ =0 (317)
n—0o0

Next, we show that lim,,_, o ||, — %, || = 0. Since T, is firmly nonexpansive, we have

s =" = | T5, @) - T, (") |
< (u,, —x*,x, —x*)

1
= Sl =[P o = = ot =" = (=) ).

Hence, we get

ot = > < 200 = %> = 2t — 112
From (3.3) and the inequality above, we have

<PC[Vn] _x*:PC[Vn] _x*)

[Petviy - =
&)+ (V= &%, Pc[ V] - x%)

= (Pc[Val = Vi, PclV,] -
< (o (U (xy) = wF(x")) + I = ctuuF)(T ()
=B T()), PVl -
= (otwp (U(xy) — U (x¥)), Pc[ V] - x¥)
v an(pU (") = HE(x), Pe[Vi] - )
+(U = autF)(T(yn)) — (I = ctutF)(T (%)), Pc[Via] — x*)
< aupt |2y — x| | PVl = &% + an(pU (x*) = wF (x*), Pc[Vii]

+ (1 —oyv) “yn -x* ” ||PC[Vn] —x ||

< ST (o [+ [PtV -2 )
+ an(pU(x*) - ,uF(x*),Pc[Vn] - x*>

By P+ etV )
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- (I-au(v-p1)) ”PC[Vn] g ”2 N O‘nzpf Hxn e “2

- 2
+ou(pU (x*) — uF (%), Pc[Vy] - &%)
S Bl -+ 0= e )
e R R
FopU(e) ~ (), Pelvi) -x) + TP e
N P P ) (3.18)

2

which implies that

f2 o FnPT g k2

[Petval =" < 1+a,(v-p1) e =]

L2 e

’ 1+an(V—pt)(pu(x ) = KE(x*), Pc[Va] = )
e E

1+an(v—,01') "

(1 -a,v)(1-B,)

P A 4

1+an(V—pt)

A T

< Tr oo —p7) o — x|

(e =1 = ot =}

2a, . ) *
" m(pu(x ) = WF(x*), Pc[Vi] - &%)

_x*”Z_M”u —x,|?
1+a,(v—pt) = = "

Hence,

1 -a,v)(1 -8, )
= x4l

1+a,(v-p1)

a,pT 2
T ¥ X
_1+oz,,(v—pf)|| " ”
2a,

+ m(pU(x*) _ MF(x*),Pc[V,,] _x*>

1-
po s, |7 = = etV -
oy PT |2 (1—0[”]))ﬁn o2
T T 15l
20,

+ m(pU(x*) _ MF(x*),Pc[Vn] _x*>

+ ([Joen = &% + | PclVil = 2*[)) | Pl Vil = 4]
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Since lim,,_, o |Pc[Vy] — %4l = 0, &, — 0, B, — 0, we obtain

lim ||, —x,| =0.
Hn— 00

(3.19)

By (2.2) and the nonexpansivity of the mapping I — A, Zf\il biA;, we get

2

2~ =

N N
PC |:u,, - )"n Z b,'A,u,,i| - PC |:x* - )\n Z b,»A,»x*:|

i=1 i=1

N N
< <Zn - x*, (I/tn - )‘-n ZbiAiun) - (x* - )‘-n ZbLALx*)>
i=1

i=1

1 N N
=3 ||zn —x"‘”2 + (I—AaniAi)u,, - (I—AanL
i=1 i=1
N N
N, —x* =2, (Z biAiu, — Zb,Am*) — (za —x%)
i=1 i=1
1
< Sz -2+ -2
N N 2
— |\ Uy —Zy — )"n <Z b,»A,»u,, - Z b,A,»x*) }
i=1 i=1
1 |2 |2 2
A A T e

N N
+ 2An<un — Zn, Zb,«Aiun - ZbLA,x*>}
i=1 i=1

IA

1
i1+ - -

N N
+ 20l = zall| D bihitty = Y biAix®

i=1 i=1

}

N

Hence

|20 = 2||” < tn = 2| * = Nt = 2ull? + 2200 18 — 20

i=1

< [n =) * = Nt = 2ull? + 20 28 — 2

i=1

A,)x*

Z bl‘A,’I/tn - Z biAix*
N N
ZbiAiu,, — Z b,'A,-x*

2

|

N

i=1

’

i=1

where the second inequality follows from (3.2). From (3.18), and the inequality above, we

have

1-oa,(v-
2
+ou(pU(x*) — uF (%), Pc[Vy] - &%)

oPT

[PtV - < P pe v, - x|+

[ = 7]

2

Page 15 of 29
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1- n
o s
< 1 —an(; - pT1)) ”PC[Vn] oy HZ + anzpf Hxn e HZ

+ a,q(pU(x*) - MF(x*),PC[Vn] —x*)

(1 - O[,,U)
2

N R (e

N N
Z biAiuy’ — Z biAix*

i=1 i=1

2
- ”un _Zn” +2)‘n”un _Zn”

)

which implies that

APt

[Petvil [ < s — [

1+a,(v-p1)
20{” * * *
+ m(pl[(x )—,bLF(x ),PC[VV,] —-X )

(1 - anv)ﬂn
1+a,(v-p1)

1 -a,)1-B,) " 2
m[uxn_" |~ = llttn — zal

(1 - O‘nv),Bn
1+a,(v-p1)

2 "

N N
Z biAiLln - Z biA,»x*

i=1 i=1

+ 20|ty =zl

oupT

|2 "]

= o =" [[*+

1+a,(v-p1)
20,

s —on) PUE) = HE )PVl =) + [l =7

+M{—nun—%“2

1+a,(v-p1)

N N
Z biAiun - Z binx*

i=1 i=1

+ 20l ety — za ||

}.

Hence,

I-a,v)1-B,)

2
Uy, —2
1 (U ) || n n”

a,pT

< *H2+ (l_an‘))ﬂn
1+a,(v-p1)

1+a,(v-p1) ”an * ”

e -

2 n * * *
+ Wi_pt)(pl,[(x )—MF(X ),PC[Vn] —-X )

o S B VAR

(I-a,v)1-B,)
7 P

201y — 2
1+an(v_m){ allitn =z

N N
Z b,‘A,’Ltn — Z biAix*
i=1 i=1

|
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Pt

< *”2_'_ (1—0[,,1))/3,,
1+a,(v-p1)

—x* 2
1+a,(v-p1) ||an * ”

(B

20{” * * *
+ m(pl,[(x )—,LLF(?C )1PC[Vn] - X )

(I =] + [PV =5 DI PelVil -]

N N
Z biAiMn - Z b,»A,»x*

i=1 i=1

+ 2)¥n||un - Zn”

Since lim,,_, oo |1Pc[Vyu] = %4l = 0, a0, — 0, B, — 0, and lim,,_, o A,, = 0, we obtain
lim ||u, —z,|| = 0. (3.20)
n— o0

It follows from (3.19) and (3.20) that
lim ||x, —z,| = 0. (3.21)
n—oQ

Since T'(x,) € C, we have

%0 = T@)|| < %0 = Xusa | + |0001 — T |

= n = X |l + || v (0 = T)) + A= y) (Pc[Vi] = T(x)) |

< %0 = Xt Il + Vi | 0 — Tn) |
+ (L= )| an (U (xn) = E(T(yn))) + T (o) = Txa) |

< %0 = Fnar | + Vi |260 — T () |
+ n(1 = y) | pU ) = WE (T @) | + A= y) lyn — 2a

= llo6n = Xns1ll + V|| % — T@n) || + 0tn = y) | pU 1) = wE (T () |
+ (L= )| BuSxn + (A = Bu)zn — %4

< 1% = Xt | + V[0 = TCen) | + n(L = ) | U () = (T () |

+ :371(1 — YISy — x4l + (1- B = v)llzn — xull,

which implies that

“xn - T(x4) “ = 160 = Xnsa || + oty ||le(xn) - ILF(T()/;«)) ”

1_)/71
+ Bull Sy — x4l + A = B 2w — %l

Since lim,,, oo %41 — %4l = 0, @, — 0, B, — 0, and ol (x,) - MF(TO/n))” and ||Sx, — x|
are bounded, and lim,,_, , ||z, — %, || = 0, we obtain

lim ||xn - T(xn)“ =0.
n—00

Since {x,} is bounded, without loss of generality we can assume that x,, — x* € C. It follows
from Lemma 2.4 that x* € F(T). Therefore w,,(x,) C F(T). O
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Theorem 3.1 The sequence {x,} generated by Algorithm 3.1 converges strongly to z, which
is the unique solution of the variational inequality

N N
(pU(2) - uF(z),x-2) <0, VxeF(T)N[ |EP(E)[ | VI(C,A,). (322)
i=1 i=1

Proof Since {x,} is bounded x, — w and from Lemma 3.2, we have w € F(T). Next, we
show that w € ﬂf\il EP(F;). Since u,, = T}, (x,), we have
N 1
ZaiFi(un:y)+ r_(y_unrun_xVI) 207 VyEC
n

i=1

It follows from the monotonicity of Zf\il a;F; that

N
1
— Y — Uy, Uy — %) zzﬂiFi()/xun); VyeC
Tn i=1
and
Uy, — X, N
<y =ty A% > > aiFiyun), VyeC. (3.23)
"k i=1

Since lim,,—, || 4, — %4l = 0, and x,, — w, it is easy to observe that u,, — w. For any 0 <
t<landyeC,lety, =ty+(1-t)w, and let us have y, € C. Then from (3.23), we obtain

uy,k —xnk
0> —<yt — Uy

N

N
> + aiFi(yb I/lnk). (3.24)
i=1

Since u,, — w, it follows from (3.24) that

N
0> aiFily,w). (3.25)

i=1

Since Zf\il a;F; satisfies (A1)-(Ay), it follows from (3.25) that

N N N
0= aFoy) <ty aiFyy) + 1-1) Y  aFiy,w)
i=1

i=1 i=1

N
<ty aFi(uny), (3.26)
i=1
which implies that Zf\il aiFi(y;,y) > 0. Letting ¢t — 0,, we have

N
Y aiFi(w,y) =0, VyeC,
i=1

therefore, w € EP(Zﬁ1 a;F;) = ﬂﬁl EP(F)).
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Furthermore, we show that w € ﬂf\il VI(C,A;). Let

Ty = ZZ1 b;A;v+Ncv, YveC,
e otherwise,

where Ncv:={w e H: (w,v—u) > 0,Yu € C} is the normal cone to C at ve C. Then T
is maximal monotone and 0 € Tv if and only if v € VI(C, Zf\il b;A;) (see [33]). Let G(T)
denote the graph of T, and let (v,u) € G(T); since u — Zfil b;A;v € Ncv and z, € C, we
have

N
<v — Zpth— ZbiAiv> > 0. (3.27)

i=1

It follows from z,, = Pc[u, — A, Zﬁl b;A;u,] and v € C that

N
<V —ZpyZp — (un - )\n Z biAiun>> > 0
i=1

N
<v - Zy, Z"; Hn + ZbiAiu,,> > 0.

i=1

and

Therefore, from (3.27) and strongly positivity of Zf\il b;A;, we have

N
(V—zp,u) > <V — Zu;s Z biA,-v>

i=1
N T — U N

> <V — Zngr Z b,’AiV> - <V — Zngr T + Z biAiu,,k>
i=1 k i=1
N N N N

= <v — Zuys Z biAv - Z b,'A,»zy,k> + <v - Zuys Z biAiz, — Z b,'A,»u,,k>
i=1 i=1 i=1 i=1

Zny — Uny
)"’lk

N N N
= <v — Zngs Z biA;(v - an)> + <v - Zu;s Z biAizy, — Z biAiu,,k>

i=1 i=1 i=1

an - unk
—(y- an’ [ S\
Ay

N N z u
g~ g
> (Vv —2zu, E biAizy, — E biAity, ) - <V—znk, — >
i=1 i=1

1k

Since lim,,_, o |44 — 24|l = 0 and u,, — w, it is easy to observe that z,, — w. Hence, we

obtain (v — w,u) > 0. Since T is maximal monotone, we have w € T710, and hence, w €

Page 19 of 29
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VI(C, Zﬁl bA;) = ﬂf\il VI(C,A;). Thus we have

N N
we F(T)N ﬂ EP(E;) N ﬂ VI(C, A;).
i=1 i=1

Observe that the constants satisfy 0 < pt < v and

k>n < K=>n
— 1-2un+pik*>1-2un+un?

— J1-u(2n-pk?)=1-un

& un=>1-,/1-p(2n-puk?)

— unzv,

therefore, from Lemma 2.5, the operator uF — pU is un — pt strongly monotone, and
we get the uniqueness of the solution of the variational inequality (3.22) and denote it by
ze F(T)NNY, EP(F) Y, VI(C, A,).

Next, we claim that limsup,_, . (oU(z) — uF(2),x, —z) < 0. Since {x,} is bounded, there
exists a subsequence {x,, } of {x,} such that

lim sup(,oLI(z) — uwF(z),x, — z) =lim sup(,oL[(z) — WF(2), %, — z)

n—>00 k— o0

= (pU(z) — uF(z),w—2) < 0.
By (3.17), we deduce

lim sup(,oLI(z) — wF(z),Pc[V,] - z)

n—0o0

<limsup(pU(z) — uF(2), Pc[Vy] - x4) + limsup(pU(2) — uF(2), %, — 2)

n—00 n—00

<lim sup(pLI(z) — WF(z),x, — z) <0.

n—00

Next, we show that x,, — z. Note that

|PclVal - 2| = (PclVil - 2, PclV,] - 2)
= (Pc[Va] = Vi, Pc[ Vil = 2) + (Vi — 2, Pc[Vi] - 2)
< {an(pU(xn) = uF(2)) + (I = auuF) (T (yn))
- (I - aypuF)(T(2)), Pc[V,] - 2)
= (@np (U(xn) — U(2)), Pc[Vi] — 2) + aupU(2) — uF(2), Pc[V,] - 2)
+(( = auuF)(T(n)) — (U = 0uuF)(T(2)), PclV,] - 2)
< &yt [y — 2|l | Pc[Va] - 2|| + au(pU(2) — 1F(2), Pc[ V3] - 2)

+ (L= ) llyn — 2l | Pc[Va] - 2|
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< auptllxn — 2l | PclVil - 2| + au(pU(2) = uF(2), Pc[ V] - 2)
+ (L= V) {BullSxn — Szl + Bl Sz — 2|
+ (L= Bu)llzn -zl } || Pc[Va] - 2|
< aupt [y — 2|l | Pc[Vil = 2|| + au(pU(2) — 1F(2), Pc[ V3] - 2)
+ (L= V) {Bullxn — zll + Bull Sz - ]|
+ (1= B)llxn — 2l } | Pc[Va] - 2|
(1= an(v = p7))llxs = 2ll | Pc[ V2] - 2|

+au(pU(z) — uF(2), Pc[ V] - 2)

+ (L= ayv)Ball Sz —zll | Pc[Va] - 2|
1-a,(v-pT)
2
+ay(pU(2) = pF(2), Pc[ V] - 2)

(I — 21 + | PclVi] - 2|)

+ (L= anv)BallSz = 2l | Pc[ Vil - 2

’

which implies that

- 1-a,(v-pt)

2
Xy —2

||PC[V}’I] _Z”2

20,
¥ m(pum — 1E (@), Pl V] - 2)

2(1 - anv),Bn

m”SZ—Z” ||PC[Vn] —Z”

< (1-au(v - p1)) %, — 2l

20, (v — pT) { 1

- (oU(2) — uF(2), Pc[ V2] - 2)

l+a,(v—p1)|Vv-p

1- n n
, d-anv)bn ||Sz—z||||PC[V,,]—z”}.
au(v = p1)

From (3.1) and the inequality above, we get

%1 = 212 < yullon — 202 + (L= )| Pe(Vi) - 2|

< Vull%n = 2lI* + (1= u(v = p7)) A = y) 1% — 21|

20,(1 - yn)(v - pT)
1+a,(v-p1)

(1_anu)ﬂn

a,(v - p7)

= (1 —a,(v—p1)(1- Vn)) ll, — Z||2

20,1 -y)v—-p1) [ 1
1+a,(v-p1) {v—pr

{ L (pU(e) - (@), Pel Vi) - )
V—-pT

1Sz — 21l | PelV,] —zu}

(pU(2) = uF(2), PclV,] - 2)

(1 - anv),Bn
+ -

B o2 PetVi) -] |
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Let

Uy = (1= y,)(v - pT)

and
an:za;(l_m(u—p’){ " pU() - HE(@), PelV,) - 2)
tan(v=-p7)  v-pT
e A Pelvi 2] }
an(\)—pt)
We have
Yaros
n=1
and
| (1—ayv)By
hmsup{ (pU(z) - uF(2), Pc[V,] - 2) + ———=1ISz = 2| [ Pe[ Vi) — 2] } <o.
n—oo |(V—pPT an(])_pt)

It follows that

o0

. 8y
ZU” =00 and limsup— <O0.
] n—oo Uy

Thus all the conditions of Lemma 2.7 are satisfied. Hence we deduce that x,, — z. This
completes the proof. O

4 Applications
To verify the theoretical assertions, we consider the following examples.

_1

n
8(n+1)’ and Tn =50

Example 4.1 Let o, = 3=, Vu = 32, Bu = 5, hn = -z

We have

1 1
lim @, == lim — =0

n—00 3 nsocopm
and
o0 00
1 1
D o= 3 > PR
n=1 n=1

Condition (c) is satisfied. We compute

1 1 1 1
Oyl — 0Oy = = - )=
- 3\n-1 =n 3n(n-1)
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It is easy to show Y 07 |1 — @] < 00. Similarly, we can show Y 7, |,-1 — ¥4l < 00 and
> 1Buo1 — Bul < 00. The sequences {a,}, {,} and {B,} satisfy condition (e). We have

=1

liminfr, = liminf
Hn— 00 n—-oc 1+

and

o]

0
Z|rn—1_rn| = Z
n=1

n=1

n-—1 n

Then the sequence {r,} satisfies condition (f),

Z|)‘1n—1_)‘n|22__

— —~ 8n 8(n+1)
_1%1 1
"8 n n+l

n=1

1
<-.
-8

Then the sequence {A,} satisfies condition (g).
Let R be the set of real numbers, and let the mapping T : R — R be defined by

T(x) = ’2—“ VxeR,

let the mapping F : R — R be defined by

2%+ 3
F(x) = x7+ , VxeR,

let the mapping S: R — R be defined by
S =2, VxeR,
3
let the mapping U : R — R be defined by

L[(x)z1 , VxeR,

x
4
and, fori=1,2,...,N, let the mapping A; : R — R be defined by

A,x:%, VxeR
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and b; = % + ﬁ, and let the mapping F; : R x R — R be defined by

Fi(xy) =i(-3%" +xy +2%), V(x,y) e RxR

2 1
and a; = 5t N

Itis easy to show that T and S are nonexpansive mappings, F is a 1-Lipschitzian mapping
and 1-strongly monotone, U is a 1-Lipschitzian, A; is a strongly positive linear bounded

operator, and the F; satisfy (A;)-(A4). It is clear that

N N
F(T) N ()EP(F) N[ VI(C,A;) = {0}.

i=1 i=1
By the definition of F;, we have

N

1
0< ZaiFi(un,y) + — Y — Uy, Uy — %)
i=1 Tn

1
- (-3 1y +26) + - ) = ),

where o = Zfil(% + Aﬁ)i. Then

0<ory (—3ufl + Uy + 2y2) + (yu,, — YXy — ufl + u,,xn)

=207, + (Ot + Uy — X,)y — SGr,,ui - ufl + UpXy.

Let B(y) = 207,)% + (0 Tylhy + ty — %)y — 30 1,U2 — u> + upx,. B(y) is a quadratic function

2 2

of y with coefficient a = 20r,, b = o r,u, + u,, — x,, ¢ = =30 r,u;, — u;, + u,x,. We determine

the discriminant A of B as follows:

A = b* - dac

= (0 Tuy + Uy — %) — 8071, (—30rnuf, - uﬁ + u,,xn)

2 2 2.2.2 2
= u, +100r,u;, + 250 “u, r;, — 2x,u, — 100x,u,1, + X,

= (Uy + 50 Uyry)? — 2%, (U + 50 Upry) + 52

n

= (U + 50 Uy — x,)°.

We have B(y) > 0, Vy € R. If it has at most one solution in R, then A = 0, we obtain

sy = —2 (4.1)

“1+50r,

For every n > 1, from (4.1), we rewrite (3.1) as follows:

_ Xn _ N o ixp
Zn = 13507, Zi:l b; 16(n+1)(1+507y,)’
X, 1 .
In = 55 + (L= 75)20
yn+3

1
Xnnn = g+ (L= 3 (P55 + 5 = Woagy ).
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Table 1 The values of {up}, {z,}, {yn}, and {x,} with initial value x; =40

Algorithm 3.1 Algorithm 3.2
uUn Zp Yn Xn un Zn Yn Xn
n=1 8421503 7218431 13333333 40.000000 11.428571 10.000000 13.333333  40.000000
n=2 3.885140 3.052610 3.642264  23.309524 5379121 4.370536 4.795449  23.309524
n=3 1.085370 0.775264 0.835318 7.190160 1.604140 1.203105 1252615 7619663
n=4 0.220346 0.141651 0.147471 1.542332 0.357438 0.245739 0.251207 1.787190
n=>5 0.034921 0.019955 0.020470 0.253162 0.063694 0.039809 0.040368 0.329084
n=6 0.004160 0.002080 0.002118 0.030902 0.008976 0.005049 0.005099 0.047445
n=7 0.000057 0.000025 0.000025 0.000433 0.000591 0.000296 0.000298 0.003179
n=8 -0.000348 -0.000124 -0.000126 -0.002665 -0.000430 -0.000188 -0.000189 -0.002341
n=9 -0.000338 -0.000096 -0.000098 -0.002617 —-0.000478 -0.000179 -0.000180 -0.002627
n=10 -0.000298 -0.000064 -0.000065 -0.002333 -0.000428 -0.000134 -0.000134 -0.002373
Table 2 The values of {un}, {z,}, {yn} and {x,} with initial value x; =-40
Algorithm 3.1 Algorithm 3.2
Un Zp Yn Xn un Zn Yn Xn
n=1 -8421503 -7218431 -13.333333 -40.000000 -11.428571 -10.000000 -13.333333 -40.000000
n=2 -3.888542 -3.055283 -3.645453 -23329932 5383830 -4.374362 -4.799647 -23.329932
n=3 -1.088631 -0.777594 -0837828 7211768 -1.608768 -1206576 -1.256229 -7.641647
n=4 -0222630 -0.143120 -0.149000 -1.558322 -0360740 -0.248009 -0.253528 -1.803701
n=5 -0036521 -0.020869 -0.021408 -0264761 -0.066018 -0.041261 -0.041841 -0.341094
n=6 -0005362 -0.002681 -0.002730 -0.039833 -0.010719 -0.006029 -0.006089 -0.056658
n=7 -0001018 -0.000436 -0.000442 -0.007695 -0.001979 -0.000990 -0.000997 -0.010638
n=8 -0.000452 -0.000161 -0.000163 -0.003463 -0.000722 -0.000316 -0.000318 -0.003931
n=9 -0000346 -0.000099 -0.000100 -0.002685 -0.000507 -0.000190 -0.000191 -0.002787
n=10 -0.000299 -0.000064 -0.000065 -0.002338 -0.000430 -0.000135 -0.000135 -0.002387
40 40
AY - - Un AY - - un
351" z 351 z
\ n AY n
30t ‘\ Y] 30f ‘\ Yn
AY - _X" \ - -x"
- - - 25p
- AY - \
& 20p v & 20r ‘
>E M s \
& 15f % F 15¢ %
= \ = \
10+ * 10~ A}
N~ N \\ \\ \~
5F- 3% R ~ R 5L Sy ~ R
ol B S N N S SR S ol B R S
-5 i i . -5 - i
1 2 3 4 5 6 7 8 9 10 2 3 4 5 6 7 8 9 10

Algorithm 3.2.

Figure 1 The convergence of {u,}, {z,}, {yn}, and {x,} with initial value x; = 40 for Algorithm 3.1 and

In all the tests we take p = % and u = % In our example, n = %, k=1,t= % It is easy to

show that the parameters satisfy 0 < u <

2
k_zy

0 < pt<v,wherev=1-/1-pu2n-uk?).

All codes were written in Matlab, the values of {u,}, {z,}, {y»}, and {x,} with different n

are reported in Tables 1 and 2.

Remark 4.1 Tables 1 and 2, and Figures 1 and 2 show that the sequences {u,}, {z,}, {y.}
and {x,} converge to 0, where {0} = F(T) N ﬂﬁl EP(F;) N ﬂﬁl VI(C,A)).
Tables 1 and 2 show that the convergence of Algorithm 3.1 is faster than Algorithm 3.2.
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5 T 5
-==u -==u
n n
0 L e b e e e et e o e z, 0 e z,
Fid o LA
4 . Y, z . Y,
-5p ] . " -5 27 . "
. . -——X / . ---X
p I3 # ’
-10 ’ 10 % ’
<= 1 == 2
o o
S 150 ;! 5 -15 )
> U > ’
NE —20F + N 20 U
:c ,I 3: ,I
—25} i - -25 i
1 1
-30 U -30 1
1 1
1 1
-351, -85
I I
-40 -40
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
n n

Figure 2 The convergence of {unh}, {zn}, {yn}, and {x,} with initial value x; = -40 for Algorithm 3.1 and
Algorithm 3.2.

Example 4.2 In this example we take the same mappings and parameters as in Exam-

ple 4.1 except T and F;.
Let T:[1,70] — [1,70] be defined by

2x+5
T(x) = o Vx € [1,70],

and fori=1,2,...,N, let the mapping F; : [1,70] x [1,70] — R be defined by

Fi(x,y) =ily—x)(y +2x-3), V(xy)€[1,70] x [1,70],

and g; = % + ﬁ It is clear that
N N
F(T) N ()EP(F) N[ VI(C,4;) = {1}.
i=1 i=1

By the definition of F;, we have

o
A

a 1
< @iF it y) + (Y = Uy Uy — %)
T

i=1

oy —u,)(y + 2u, —3) + rl(y —uy)(u, —x,),

N ,
where w = Y1, 2 + 2xi. Then

o
A

< @Fp(y = )y + 21ty — 3) + (Yihy — Yk — Uy + Uiy

OFyY* + (WFthy + Uy — X — 307,y + 30,14, — ufl - 2wrnufl + UpXy.

Let A(y) = wryy? + (@ruthy + Uy — X, — 3r,)y + 30r,u, — ufl - Zwrnuf, + Upxy. A(y) is a
quadratic function of y with coefficient a = wr,, b = wr,u, + u, — x,, — 3wr,, ¢ = 3wr,u, —

uft - 2a)r,,ui + Uyx,. We determine the discriminant A of A as follows:

A = b* - dac

= (WFylhy + Uy — % — 3007,)° — bty (Ba)rnun - ufl - Za)r,,ufl + unxn)
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2M2

02,2 2.2 2 2 2
=9w°r;, — bwryu, — 18w r,u, + u, + 6wr,u, + Ywr,u,

+ 6wy — 2y — 6OT UKy + X

= (U, — By + 3wl,ry — %,)°.

We have A(y) > 0, Vy € R. If it has at most one solution in R, then A = 0, we obtain

Uy =

X, + 3wry,
1+3wr,

For every n > 1, we rewrite (3.1) as follows:

N .
Zy = P[1,70](un - Zi:l bi%);

Yn = % +(1_ nia)zn;

Xnl = ;_ry’; + (1 - ﬁ)P[IJO] (p% * 7

2yn+5

_ ., Ynt3l )

147n

(4.2)

Remark 4.2 Table 3 and Figure 3 show that the sequences {u,}, {z,}, {y»}, and {x,} con-

verge to 1, where {1} = F(T) N ﬂf\il EP(F;) N ﬂf\il VI(C,A)).

Table 3 shows that the convergence of Algorithm 3.1 is faster than Algorithm 3.2.

Table 3 The values of {un}, {zn}, {yn}, and {x,} with initial value x; = 40

Algorithm 3.1 Algorithm 3.2
un Zn Yn Xn Un Zp Yn Xn
n=1 14565222 12484476 13.333333  40.000000 16.600000 14.525000 13.333333  40.000000
n=2 7.061065 5547979 5780054 22213719 8071240  6.557882 6663719 22213719
n=3 2.655057 1.896469 1916476 7.309903 2.998732 2.249049 2258293 7495879
n=4 1.315259 1.000000  0.996151 2.261036 1403685 1.000000  0.996732 2.372530
n=>5 1.038213 1.000000 0.995087 1.157630 1.049019 1.000000 0.995124 1.171566
n=6 1.003740 1.000000  0.996938 1.015763 1.004804 1.000000  0.996940 1.017157
n=7 1.000307 1.000000 0.998058 1.001314 1.000394 1.000000 0.998058 1.001430
n=8 1.000022 1.000000  0.998698 1.000094 1.000028 1.000000  0.998698 1.000102
n=9 1.000001 1.000000 0.999086 1.000006 1.000002 1.000000 0.999086 1.000006
n=10 1.000000 1.000000  0.999333 1.000000 1.000000 1.000000  0.999333 1.000000
40 40
\ - ==y v - ==y
sty z, 14 sspY 2,14
\ A \ A
301 Y - = =% 30+ - - =X,
\ \
A} AY
== 25 A 4 x& 25} v ]
'g \ E \
q A N» A
& 201 \ 1 =2 \ g
s \ = \
N \ N \
55 15§ \ 4 5515k \ 1
. A} AN \
. \ A \
10 ¥y v 1 101 \ 1 4
b Y \ A S N \
51 B < M N < 4 s5F N N > ~ < 4
0 L L == w-.-"-w'-'-'-"""F""'F""—F""— 0 L L = ‘\:: - ———r———— T
1 2 3 4 5 7 8 9 10 1 2 3 4 5 7 8 9 10
Figure 3 The convergence of {u,}, {z,}, {yn}, and {x,} with initial values x; = 40 for Algorithm 3.1 and
Algorithm 3.2.
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5 Conclusions

In this paper, we suggest and analyze an iterative method for finding the approximate el-
ement of the common set of solutions of (1.3), (1.4), and (1.8) in real Hilbert space, which
can be viewed as a refinement and improvement of some existing methods for solving
a variational inequality problem, an equilibrium problem, and a hierarchical fixed point
problem. Some existing methods (e.g. [13, 16, 18, 23, 25, 27]) can be viewed as special cases
of Algorithm 3.1. Therefore, the new algorithm is expected to be widely applicable. In hi-
erarchical fixed point problem (1.8), if S =1 — (oU — F), then we can get the variational
inequality (3.22).

In (3.22), if U = 0 then we get the variational inequality

N N
(F),x-2)=0, VxeF(T)n[ \EPE)( |VI(C A),
i=1 i=1

which just is the variational inequality studied by Suzuki [29] extending the common set of
solutions of a combination of variational inequality problems, a combination of equilibria
problem, and a hierarchical fixed point problem.
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