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1 Introduction and formulations

Let H be a real Hilbert space with the inner product (:,-) and the norm || - ||, let C be a
nonempty closed convex subset of H and P¢ be the metric projection of H onto C. Let
S:C — H be a nonlinear mapping on C. We denote by Fix(S) the set of fixed points of S
and by R the set of all real numbers. A mapping V is called strongly positive on H if there
exists a constant y € (0,1] such that

(Va,x) > 7llxl1?, VxeH. (1.1)

A mapping S : C — H is called L-Lipschitz continuous if there exists a constant L > 0 such
that

1Sx—Syll <Lllx—yll, VYxyeC.

In particular, S is called a nonexpansive mapping if L = 1 and A is called a contraction if
Lelo,1).

Let ¢ : C — R be a real-valued function, A : H — H be a nonlinear mapping and ©® :
C x C — R be a bifunction. Peng and Yao [1] introduced the following generalized mixed
equilibrium problem (GMEP) of finding x € C such that

O,y +¢(y) — ) + (Ax,y —x) =0, VyeC. (1.2)
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We denote the set of solutions of GMEP (1.2) by GMEP(®, ¢, A). GMEP (1.2) is very gen-
eral in the sense that it includes, as special cases, optimization problems, variational in-
equalities, minimax problems, Nash equilibrium problems in noncooperative games and
others.

Throughout this paper, we assume as in [1] that ® : C x C — R is a bifunction satisfying
conditions (H1)-(H4) and ¢ : C — R is a lower semicontinuous and convex function with
restriction (H5), where

(H1) ©(x,x) =0 forallx € C;

(H2) ® is monotone, i.e., O(x,y) + O(y,x) < 0 for any x,y € C;

(H3) © is upper-hemicontinuous, i.e., for each x,y,z € C,

limsup O (tz + (1 - t)x,y) < O(x,y);

t—0*

(H4) O(x,-) is convex and lower semicontinuous for each x € C;
(H5) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such
that for any z € C \ D,,

1
O(z,5x) + 0(yx) — @(2) + ;(yx —z,z-x) <0.

Given a positive number r > 0, let S£®.w) : H — C be a solution set of the auxiliary mixed
equilibrium problem, that is, for each x € H,

5199 ) := {y €C:0(1,2) +9(2) - () + %(K/(ﬂ ~K'@),z-y)=0,Vz¢ C}'

In particular, whenever K (x) = 1|x|%, Vx € H, 59 is rewritten as T\%¥).

Let ®;,0, : C x C — R be two bifunctions and A;,A; : C — H be two nonlinear map-
pings. Consider the following system of generalized equilibrium problems (SGEP): find
(x*,9*) € C x C such that

O (x*,x) + (Ay*,x —x*) + vil(x* -y ,x—x*) >0, VxeC, L3)
O2(y*,9) + (Aax™,y —y*) + - (9 —a*,y —y*) =0, VyeC,

where 1; > 0 and vy > 0 are two constants. It is introduced and studied in [2]. When ®; =
®, = 0, the SGEP reduces to a system of variational inequalities, which is considered and
studied in [3]. It is worth to mention that the system of variational inequalities is a tool to
solve the Nash equilibrium problem for noncooperative games.

In 2010, Ceng and Yao [2] transformed the SGEP into a fixed point problem in the fol-
lowing way.

Proposition 1.1 (see [2]) Let ©1,0;: C x C — R be two bifunctions satisfying conditions
(H1)-(H4), and let Ay : C — H be {i-inverse-strongly monotone for k = 1,2. Let vy € (0,2¢x)
for k =1,2. Then (x*,y*) € C x C is a solution of SGEP (1.3) if and only if x* is a fixed
point of the mapping G : C — C defined by G = Ty (I - v A) T 2 (I — vaA,), where y* =
szh (I — vaAz)x*. Here, we denote the fixed point set of G by SGEP(G).
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Let {T,}:°; be an infinite family of nonexpansive mappings on H and {1,}°; be a se-
quence of nonnegatlve numbers in [0,1]. For any #n > 1, define a mapping W, on H as
follows:

Un,n+1 =1,
un,n = )Vn Tn un,n+1 + (1 - )‘n)ly
un,n—l = )Ln—l Tn—l un,n + (1 - )Ln—l)l»

Ui = M Ty + (L= M), (1.4)
Uy g1 = M1 Tror Ui + (1= A,

Uyp =2 Tolly3 + (1- o)l
Wy =Uyy = MTilyg + (1 - A1

Such a mapping W, is called the W-mapping generated by T}, T;_1,..., 71 and A, A,_1,
c A
In 2011, for the case where C = H, Yao et al. [4] proposed the following hybrid iterative
algorithm:

OWn 2) + @(2) — () + 1K' (y) = K' (%), 2 — yu) = 0, Z€H,
Xnl = an(” + yf(xn ) + ﬂnxn + ((1 - ﬁn)l - an(l + /’LV)) Wnym Vl’l Z 1’

(1.5)

where f : H — H is a contraction, K : H — R is differentiable and strongly convex,
{an},{By} C (0,1) and xp,u € H are given, for finding a common element of the set
MEP(0®, ¢) and the fixed point set (-, Fix(T,) of an infinite family of nonexpansive map-
pings {T},}52; on H. They proved the strong convergence of the sequence generated by the
hybrid iterative algorithm (1.5) to a point x* € Q2 := ("2, Fix(T,,) "MEP(®, ¢) under some
appropriate conditions. This point x* also solves the followmg optimization problem:

.M 1
min = (Va, %) + §||x—u||2 — h(x), (OPO)
where /1 : H — R is the potential function of yf.

Let f : H — H be a contraction and V be a strongly positive bounded linear oper-
ator on H. Assume that ¢ : H — R is a lower semicontinuous and convex functional,
that ©®, 0,0, : H x H — R satisfy conditions (H1)-(H4), and that A, A;,A, : H — H are
inverse-strongly monotone. Let the mapping G be defined as in Proposition 1.1. Very re-
cently, Ceng et al. [5] introduced the following hybrid extragradient-like iterative algo-

rithm:

Zn = O w)(xn — 1 A%xy),

Kpa1 = Oy (U + Vf(xn )+ Buxn + Q- ﬁn)l —a,(I+puV)W,Gz,, VYn=>0,

(1.6)

for finding a common solution of GMEP (1.2), SGEP (1.3) and the fixed point prob-
lem of an infinite family of nonexpansive mappings {T,};2, on H, where {r,} C (0,00),
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{an} {Ba} € (0,1), ve € (0,28x), k =1,2, and xg,u € H are given. The authors proved the
strong convergence of the sequence generated by the hybrid iterative algorithm (1.6) to a
pointx* € := ()2, Fix(T,,) N\GMEP(®, ¢, A) N SGEP(G) under some suitable conditions.
This point x* also solves the following optimization problem:

in L
min 5 (Vax,x) + 5 I = u||” = h(x), (OP1)
where /1 : H — R is the potential function of yf.

On the other hand, let B be a single-valued mapping of C into H and R be a set-valued
mapping with domain D(R) = C. Consider the following variational inclusion [6]: find a
point x € C such that

0 € Bx + Rx. 1.7)

We denote by I(B,R) the solution set of the variational inclusion (1.7). It is known that
problem (1.7) provides a convenient framework for the unified study of optimal solutions
in many optimization-related areas including mathematical programming, complemen-
tarity problems, variational inequalities, optimal control, mathematical economics, equi-
libria and game theory, etc. Let a set-valued mapping R : D(R) C H — 2 be maximal

monotone. We define the resolvent operator Jr; : H — D(R) associated with R and A as
follows:

Jrn=I+AR), VxeH,

where A is a positive number.

In 2011, for the case where C = H, Yao et al. [7] introduced and analyzed the follow-
ing iterative algorithms for finding an element of the intersection Q := ()7, Fix(T},) N
GMEP(®, ¢, A) N I(B, R) of the solution set of GMEP (1.2), the solution set of the varia-
tional inclusion (1.7) and the fixed point set of a countable family {T’,};°; of nonexpansive
mappings: for arbitrarily given x; € H, let the sequence {x,} be generated by

O(un,y) + () = @(un) + (¥ — tp, Ax) + %(j/— Un,Un —%4) >0, Vy€eH,
Kn+l = O‘nyf(xn) + Buy + [(1- ,Bn)l —a,V] Wn]R,A(un — ABu,), Vn>1,

(1.8)

where {«,}, {8,} are two sequences in [0, 1] and W, is the W-mapping defined by (1.4). It is
proven that under appropriate conditions the sequence {x,} converges strongly to x* € €,
where x* = Po(yf(x*) + (I — V)«*) is a unique solution of the VIP:

((pf = V)at,y—x*) <0, VyeQ. (1.9)

Next, we recall some concepts. Let C be a nonempty subset of a normed space X. A map-
ping S: C — C is called uniformly Lipschitzian if there exists a constant £ > 0 such that

|8"x - S"y| < Lllx-yl, ¥n=1VxyeC.

Recently, Kim and Xu [8] introduced the concept of asymptotically k-strict pseudocon-
tractive mappings in a Hilbert space as follows.
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Definition 1.1 Let C be a nonempty subset of a Hilbert space H. A mapping S: C — C
is said to be an asymptotically k-strict pseudocontractive mapping with sequence {y,} if
there exists a constant k € [0,1) and a sequence {y,} in [0,00) with lim,_, » 3, = 0 such
that

2

||S”x—S”y||25(1+y,,)||x—y||2+k||x—5'"x—(y—S”y) , Vn>1VxyeC.

They studied weak and strong convergence theorems for this class of mappings. It is
important to note that every asymptotically k-strict pseudocontractive mapping with se-
quence {y,} isa uniformly £-Lipschitzian mapping with £ = sup({ ARV S W :n >1}. Sub-
sequently, Sahu et al. [9] considered the concept of asymptotically k-strict pseudocontrac-

tive mappings in the intermediate sense, which are not necessarily Lipschitzian.

Definition 1.2 Let C be a nonempty subset of a Hilbert space H. A mapping S: C — C is
said to be an asymptotically k-strict pseudocontractive mapping in the intermediate sense
with sequence {y,} if there exist a constant k € [0,1) and a sequence {y,,} in [0, c0) with
lim,,—, o ¥, = 0 such that

lim sup Sufé(HSHx - S”)’”Z — @+ y)llx—yl* - k|x = S"x— (y - S"y) Hz) =<o0.

n—00 x,y

Put ¢, := max{0, sup, . c([S"x = S"y|I> = (1 + yu) | = yII> = k|lx = S"x — (y = §"y)|1*)}. Then
¢, >0(Vn=>1), ¢, — 0 (n— 00) and we get the relation

872 5"y < @+ y)lis -y

+k|lx = S"x — (y - S"y) ||2+c,,, Vn>1,VYx,y e C. (1.10)

Whenever ¢, = 0 for all # > 1 in (1.10), then S is an asymptotically k-strict pseudocon-
tractive mapping with sequence {y,,}. In 2009, Sahu et al. [9] derived the weak and strong
convergence of the modified Mann iteration processes for an asymptotically k-strict pseu-
docontractive mapping in the intermediate sense with sequence {y,,}. More precisely, they
first established one weak convergence theorem for the following iterative scheme:

x=xeC chosen arbitrarily,

Xn+l = (1 - an)xn + ansnxm Yn=>1,

where 0<§ <a, <1-k-8,) 02 a,c, <ooand Y oo v, < 00; and then obtained another
strong convergence theorem for the following iterative scheme:

x1=x€C chosen arbitrarily,
In = (1= 0n)xy + 0uS" %5
Co={z€ C:llyn—2zl* < |20 - 2II> + 64},

Qu={zeC: {x,—z,x—x,) >0},

X1 = Pc,ng,% Vn>1,

where 0 <8 <a, <1-k,0,=c, +yaA, and A, = sup{||x, — z||% : z € Fix(S)} < oo.
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Motivated and inspired by the above results and the method in [10], we introduce and
analyze an iterative algorithm by the hybrid iterative method for finding a solution of the
system of generalized equilibrium problems with constraints of several problems: a gener-
alized mixed equilibrium problem, finitely many variational inclusions, and the common
fixed point problem of an asymptotically strict pseudocontractive mapping in the inter-
mediate sense and infinitely many nonexpansive mappings in a real Hilbert space. A weak
convergence theorem for the iterative algorithm will be established under mild conditions.

2 Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product and
norm are denoted by (-, -) and || - ||, respectively. Let C be a nonempty closed convex subset
of H. We use the notations x,, — x and x,, — x to indicate the weak convergence of {x,} to
x and the strong convergence of {x,} to x, respectively. Moreover, we use w,(x,) to denote

the weak w-limit set of {x,}, i.e.,
Wy (%) = {x € H : x,, — x for some subsequence {x,,} of {xn}}.

Definition 2.1 A mapping A: C — H is called
(i) monotone if

(Ax —Ay,x—y) >0, Vx,yeC;
(ii) n-strongly monotone if there exists a constant n > 0 such that
(Ax—Ay,x~y) = nllx-yl*  VayeC;
(iii) ¢-inverse-strongly monotone if there exists a constant ¢ > 0 such that
(Ax—Ay,x ~y) = {|Ax - Ay|*, Vx,y€C.
It is easy to see that the projection P¢ is 1-ism. Inverse strongly monotone (also referred

to as co-coercive) operators have been applied widely in solving practical problems in
various fields.

Definition 2.2 A differentiable function K : H — R is called:

(i) convex if
K(y)-K(x) > (K'(x),y-x), Vx,y€H,

where K’(x) is the Frechet derivative of K at x;

(ii) strongly convex if there exists a constant o > 0 such that

K@) = K@) = (K'(@),y —x) = —llx=yI*, VxyeH.

v Q

It is easy to see that if K : H — R is a differentiable strongly convex function with con-

stant o > 0, then K’ : H — H is strongly monotone with constant o > 0.
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The metric projection from H onto C is the mapping Pc : H — C which assigns to each
point x € H the unique point Pcx € C satisfying the property

llx = Pex|| = inf [|lx — y|| =: d(x, C).
yeC

Some important properties of projections are listed in the following proposition.

Proposition 2.1 ([11, p.17]) Forgivenx € H and z € C,
(i) z=Pcx o (x—2z,y-2) <0,Vy e C;
(i) z=Pcx & [lx—z|*> < |lx—ylI*> - ly — 2lI*, ¥y € C;
(iii) (Pcx — Pcy,x —y) > |Pcx — Peyl|?, Yy € H. (This implies that Pc is nonexpansive

and monotone.)

By using the technique of [12], we can readily obtain the following elementary result

where MEP(0, ¢) is the solution set of the mixed equilibrium problem [5].

Proposition 2.2 (see [5, Lemma 1 and Proposition 1]) Let C be a nonempty closed convex
subset of a real Hilbert space H, and let ¢ : C — R be a lower semicontinuous and convex
function. Let ® : C x C — R be a bifunction satisfying conditions (H1)-(H4). Assume that
(i) K:H — Risstrongly convex with constant o > 0 and the function x — (y — x,K'(x))
is weakly upper semicontinuous for each y € H;
(ii) foreach x € H and r > 0, there exists a bounded subset D, C C and y, € C such that
foranyz e C\ Dy,
1
O(z,yx) + (x) — p(2) + ;(K’(Z) - K'(x),y, —2) < 0.
Then the following hold.:
(a) foreachx € H, S99 (x) # 3
(b) S s single-valued,;
(c) S99 s nonexpansive if K' is Lipschitz continuous with constant v > 0 and

(K (1) = K'(32), w1 — 1) < (K (1) = K'(u2), 1 — ),  ¥(x1,%5) € H x H,

where u; = S£®"p)(xi)for i=1,2;
(d) foralls,t>0andxeH,
s— t<

(K'(S©9x) —K' (5{%)x), SO = SOx) < (K (S©9x) — K (), SO~ SO x);

N

(e) Fix(s{”") = MEP(®, ¢p);
(f) MEP(O, ¢) is closed and convex.

Remark 2.1 In Proposition 2.2, whenever ® : C x C — Ris a bifunction satisfying con-
ditions (H1)-(H4) and K(x) = %I|x||2, Vx € H, we have, for any x,y € H,

|S© 0 — S©Oy|* < (SO — SOy, x —y)
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(S£®’w) is firmly nonexpansive) and

s — £

810 - 519 < == [sx—x], Vs,t>0.x€H.

If, in addition, ¢ = 0, then T,((')"p) is rewritten as T?; see [2, Lemma 2.1] for more details.
We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.1 Let X be a real inner product space. Then the following inequality holds:
Il +y1% < llll* + 20p,2 +9),  Va,yeX.

Lemma 2.2 ([11, p.20]) Let H be a real Hilbert space. Then the following hold:
(@) llx—yl2 = I&l2 = llyll2 - 2(x - 3,) for all x,y € H;
(b) 12+ eyll? = Allxll? + pliyll® = hpellx = yII2 for all x,y € H and &, p € [0,1] with
A+u=1
(c) If{xn} is a sequence in H such that x, — x, it follows that

lim sup ||x, — yI|* = limsup ||, — x[* + | = y[|>, Vye€ H.

n— 00 n—0o0

We have the following crucial lemmas concerning the W-mappings defined by (1.4).

Lemma 2.3 (see [13, Lemma 3.3]) Let{T,}32, be a sequence of nonexpansive self-mappings
on H such that (2, Fix(T,,) # ¥, and let {1.,,} be a sequence in (0, b] for some b € (0,1). Then
Fix(W) = (2, Fix(T,).

Lemma 2.4 (see [14, Demiclosedness principle]) Let C be a nonempty closed convex sub-
set of a real Hilbert space H. Let T be a nonexpansive self-mapping on C. Then I — T is
demiclosed. That is, whenever {x,} is a sequence in C weakly converging to some x € C and
the sequence {(I — T)x,} strongly converges to some v, it follows that (I — T)x = y. Here I is
the identity operator of H.

Lemma 2.5 ([9, Lemma 2.6]) Let C be a nonempty subset of a Hilbert space H and S : C —
C be an asymptotically k-strict pseudocontractive mapping in the intermediate sense with
sequence {y,}. Then

1
[s75= "] = 1 (K= yl 4y (L (=) =312 + (L= K)e)
forallx,ye Candn>1.

Lemma 2.6 (Demiclosedness principle [9, Proposition 3.1]) Let C be a nonempty closed
convex subset of a Hilbert space H and S : C — C be a continuous asymptotically k-strict
pseudocontractive mapping in the intermediate sense with sequence {y,}. Then I — S is
demiclosed at zero in the sense that if {x,} is a sequence in C such that x, — x € C and
limsup,,_, . limsup,_, o Il%, — S™x,| = 0, then (I - S)x = 0.
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Recall that a Banach space X is said to satisfy the Opial condition [4] if for any given
sequence {x,} C X which converges weakly to an element x € X, the following inequality
holds:

limsup ||x, — x| <limsup ||x, —y|, VyeX,y#«x.

n—00 n—00

It is well known in [4] that every Hilbert space H satisfies the Opial condition.

Lemma 2.7 (see [15, Proposition 3.1]) Let C be a nonempty closed convex subset of a real
Hilbert space H, and let {x,} be a sequence in H. Suppose that

%51 =PI < (L+ 210 = plI> + 8, VpeCin=1,

where {A,} and {3,} are sequences of nonnegative real numbers such that Zflil Ap < 00 and
> o 8n < 00. Then {Pcx,} converges strongly in C.

3 Weak convergence theorem

In this section, we will prove weak convergence of another iterative algorithm by the hy-
brid Mann-type viscosity method for finding a solution of the system of generalized equi-
librium problems with constraints of several problems: a generalized mixed equilibrium
problem, finitely many variational inclusions, and the common fixed point problem of an
asymptotically strict pseudocontractive mapping in the intermediate sense and infinitely
many nonexpansive mappings in a real Hilbert space. This iterative algorithm is based
on the extragradient method, viscosity approximation method and Mann-type iterative
method.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let N
be an integer. Let ©, Oy, O, be three bifunctions from C x C to R satisfying (H1)-(H4)
and ¢ : C — R be a lower semicontinuous and convex functional. Let R; : C — 2" be a
maximal monotone mapping, and let A, Ay : H — H and B; : C — H be ¢ -inverse strongly
monotone, {x-inverse strongly monotone, and n;-inverse strongly monotone, respectively,
where k € {1,2} and i € {1,2,...,N}. Let S : C — C be a uniformly continuous asymptoti-
cally k-strict pseudocontractive mapping in the intermediate sense for some 0 < k <1 with
sequence {y,} C [0,00) such that Y .., y, < 00 and {c,} C [0,00) such thaty .., ¢, < 00.
Let {T,}2, be a sequence of nonexpansive mappings on H and {1} be a sequence in (0, b]
for some b € (0,1). Let V' be a y-strongly positive bounded linear operator and f : H — H
be an I-Lipschitzian mapping with yl < (1 + n)y. Let W, be the W-mapping defined by
(1.4). Assume that Q := (°°, Fix(T,) N GMEP(®, ¢, A) N SGEP(G) N ", 1(B;, R;) N Fix(S)
is nonempty, where G is defined as in Proposition 1.1. Let {r,} be a sequence in [0,2¢] and
{a,}, (B} and {8,,} be sequences in (0,1) such that Zzil a,<o00and0<k+e<6§,<d<1.
Pick any x1 € H and let {x,} be a sequence generated by the following algorithm:

tn = Sty = 1y A)xn,

Zn = JRpg g (L = ANt BN Ryt ponv10 L = AN-1uBN-1) * TRy py, (L = A1, B1) thy
ky = 68,2, +(1-6,)S8"z,,

Tne1 = (U + Y[ (x0)) + Bukin + [(1 = B — (I + V)W, Gky,  Vn > 1.

(3.1)
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Assume that the following conditions are satisfied:
(i) K:H — Ris strongly convex with constant o > 0 and its derivative K’ is Lipschitz
continuous with constant v > 0 such that the function x — (y — x, K'(x)) is weakly
upper semicontinuous for each y € H;
(ii) for each x € H, there exist a bounded subset D, C C and z, € C such that for any
y €Dy,

1 /

O, zx) + 9(zx) — 0(y) + ;(K/(y) ~K'(%),2: - y) < 0;
(iii) 0 <liminf,_ o B, <limsup,_, o Bn <1and 0 <liminf,_, 1, <limsup,_, 7, < 2¢;
(iv) vk €(0,28), k € {1,2} and {r;,} C la;, bi] C (0,2n;),Vie{1,2,...,N}.

If S99 g firmly nonexpansive, then {x,} converges weakly to w = lim,,_, o, Pox,,.

Proof First, let us show that lim,,_, « ||x, — p|| exists for any p € Q. Put
Al = TR T = XinB)JR; i1, (L = AicinBic1) - - - TRy oy, (L = A1 B1)

forallie{1,2,...,N},n>1, and Ag = I, where [ is the identity mapping on H. Then we
get z, = ANu,. Take p € Q arbitrarily. Repeating the same arguments as in the proof of
[16, Theorem 3.1], we can obtain that

| =B - an(I+uV)| <1- By - —auuy, (32)
”Mn —17||2 = ”xn —17||2 + rn(rn - 2;)||Axn —AP||2 = ”xn —P||2, (3-3)
llzn — pll < llun - pll, (3.4)

1GKs = pII? < | T2 = v2As)ky = TE2(I = va2A2)p|
w10 = 20) [ATE2( = vaAs)ky — A T2 (I - vy A5)p )
< | TE - vyAs)ky — TO(I = mAr)p |
< llky = plI* + va(vy = 285) Aok, — Aop||?
< ks = pII?, (35)
| ALy = | < 120 =PI + Ainhi — 200) | BiA w, - Bip|°, i€ {1,2,...,N}, (3.6)
R ey P R P

+2Ain ” A’;lu,, - Ai,u,, ” HB,»A‘;IM,, -Bip

, ie{l,2,..,N}. (3.7

‘We observe that

Ik = plI> = 842w —p) + (1= 8,)(S"24 —p) |*

= 8ullzn = pI* + (1= 58,0520 = p||” = 8,1 = 8,) |20 — §"2:|*
< 8ullzn =PI + (1= 8,)[(L + vz = pII* + k|| 20 = §"2 | + 1]
_8,,(1—8,,)”2,, -S"z, ||2

= [1+ 71 =8)]l1z0 =PI + A= 8,)(k = 8,) || 20 — S"2|* + (1 = 8,)c
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<@+ Yz —pl> + A= 8,0k = 8,) |20 — S"zu | + €
<@L+ y)lzn —pl* +cn. (3.8)

Set V =1 + V. Then by Lemma 2.1 we deduce from (3.2)-(3.5) and (3.8) and 0 < y/ <
(1 + p)y that

%41 = pII?

= [ty (F@n) = £ () + Balkn — p) + (1 = Bu)] — 0tx V') (W, Gy — p)
va,(u+ (vf - V)p)|°

< oty (F@) = £ @) + Bulkn = p) + (1= B - V) (Wo Gy — p) |
+ 2a,(ut + (vf = V)P, &pi1 - p)

< Loy [ Gen) = @) + Ballken = pll + | (0 = B = 0V [[1| Wo Gy = pII]°
+ 20y |u+ (vf = V)p||Ilx - pll

< [otny Uln = Pl + Bullkn = pll + (U= B — 0w — et 7)1 kis — p ]
(|t f = VIp|)* + s — p1?)

< [ + )7 1960 =PIl + Bullks = pll + (1= By — w0+ w)7) Ik — pII]”
(||t f = VIp|)* + s — p1?)

= [oa @+ )7 10 = Pl + (1= (1 + )7 ) 1w~ plI]°
(||t f = VIp|)* + lwes - p1?)

<au(L+ )7 llx —pI* + (1= au(1 + 1)) 1ku — plI>
v (|u+ f = V| + s — pI?)

< a1+ )7 llxn = plIP + (1 - au 1+ 0)7) (A + v)llzs - pII* +c4)
(||t (f = VIp|)* + lws — p1?)

<ay(L+ w7l —pI* + (1= au(@ + )7) (L + y) llxn = plI* + ¢4
vy (|lu+ f = Vp|” + ner - pI1%)

= [lxw = pII* + (1= u (1 + )7 ) vl = pI? + (1= (1 + )7 )y
v+ f = Vp|” + tner - p11%)

< L+ Y 1n =PI + € + (| + f = V)p|) + s = p11%),

which hence yields

1
n1 = pII” <1 ||xn b+ e O - Vel + e
(10 )m P L o -Vl +
o,
<[1+ @ + vwle]lxn - pII® +ang||u+(yf Vel + e (3.9)
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m < 00 (due to {a,} C (0,1) and lim, . , = 0). Since Y o) &, < 00,

Yo yn<ooand Y oo ¢, < 00, by Lemma 2.7 we have that lim,,_, « ||, — p|| exists. Thus
{x,} is bounded and so are the sequences {u,}, {z,} and {k,}.
Also, utilizing Lemmas 2.1 and 2.2(b), we obtain from (3.3)-(3.5) and (3.8) that

where ¢ =

%1 — pII*
= [otn (et + v () = VWouGha) + Bulkn = p) + (L= Bu)(WoGhin - p)||*
< || Balkn =) + (1= B)(WaGhkis = p)||* + 2e0altt + 1 () = V WruGins %11 — p)
= Bullkn = pII* + (1 = B) | WGy = I = Bu(L = Bu) 1k = Wi Ghiy >
+ 20ty |1t + v (%) = VWG | 96001 — Pl
< Bullku = pII* + (1 = Bu)llku = pII* = Bu(1 = Bu)llku — W, Gk
+ 20ty |1t + Y f (%) = VWG | 6001 = Pl
= |1k = pII* = Bu(L = Bk = WGk ll* + 20 | + yf (%) = VW, Gk | 601 —
< @+ ya)llzn—pI* + cn = Bull = Bu) ki — Wi Ghir >
+ 20, ||+ yf (%) = VWG| 1001 - pll
< @+ vl =PI + cn = Bu@ = Bu) ki — WG|

+ 20{,,”u +yf(x,) — VW, Gk, ” |21 — Pl (3.10)
which leads to

ﬂn(l - ﬂn)”kn - WnGknllz
< 1% = pI* = 1%ns1 = pI* + Yullw — pII* + ca

+ 20[,, Hu + Vf(xn) - ‘_/WnGkn H ||xn+1 —P”

Since lim,, o o, = 0, lim,_, o ¥, = 0 and lim,,_, », ¢, = 0O, it follows from the existence of
lim,_, « ||, — p|| and condition (iii) that

lim ||k, - W,,Gk,|| = 0. (3.11)
Hn—0Q
Note that
X1 — K = a,,(u + Vf(xn) - VWnGkn) + (1 - )W, Gk, — ki),
which yields

%1 = Kull < | vt + v ) = VW, G | + (1= ) | W Gy — Kl
=au “M +yf(xn) - VW,Gky “ + | W, Gk, — kil

So, from (3.11) and lim,,—, o, &, = 0, we get

lim ||x,.1 — ku|| = 0. (3.12)
n— 00
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In the meantime, we conclude from (3.3), (3.4), (3.8) and (3.10) that

%1 = pII>
< ki =PI = Bl = Bl ks = WG l® + 200, |11 + yf (6) = VW, Gl | %11 -
< ki =PI + 20t 16 + v (60) = VWG | 6001 pl
< U+ Yllzn - pI? + A= 8,)(Kk = 8,) |20 — Sz, | + ca
+ 20|+ yf () = VW, Gk | 12001 — Pl
< (U + y) 1960 = pIP + (= 8,)(k = 8,) |20 — 872 |* + €

+ 20t || 1 + v f (n) = VW Gk || %1 = I,
which together with 0 < k + € <§,, <d <1 implies that
(1 -d)e|zn— Sz | 2
< (1=8:)(u— K] 2n - 8"z
< 1% = pI* = 1%ne1 = 21 + alloew — 11> + cn

+ 20t ||t + v f (n) = VW Gk || %21 — -

Consequently, from lim,_, o &, = 0, lim,— o ¥, = 0, lim, . ¢, = 0 and the existence of
limy,— o [l = plI, we get

lim |z, — $"z4|| = 0. (3.13)
Since k, — z, = (1 - 6,))(S"z, — z,), from (3.13) we have
lim ||k, —z,] = 0. (3.14)
n—0oQ
Combining (3.3), (3.4), (3.8) and (3.10), we have

%041 = pII*
< Nk = pI* + 200 || + v () = VW, Gk | 1001 — Pl
< lzu = PII* + Vullzu = PII* + €u + 200 | ts + v (60) = VW, Ghin | I1%51 — P
< Nttw =PI + Yullzu =PI + cn + 200 |t + 7. (%) = VWG | 5001 — Pl
< 1% =PI + 7u(r = 20) | A% = ApII* + yullen — pII* + cs

+ 20t || 1 + v f (x0) = VW Gk || %1 — I,
which implies
(28 = 1,) | A%y, —AP||2

2 2 2
< xn = pI° = l%ps1 = PI" + Vullxn = pII° + ¢y

+ 20t || 1 + v f (n) = VW Gk || %21 — -
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Since lim,,_, o &, = 0, lim,,_, o, ¥, = 0 and lim,,_, » ¢, = 0, from condition (iii) and the exis-

tence of lim,,_, » ||x, — p|| we get
lim ||Ax, — Ap|| = 0. (3.15)
n— o

Repeating the same arguments as those of (3.17) in the proof of [16, Theorem 3.1], we can
get

lttn = pI> < 1126 = pII* = 126 = 4 |1* + 27| Ay — Apll 1%, = 1. (3.16)

Combining (3.8), (3.10) and (3.16), we have

%1 = PII* < Nk = PII® + 200l + yf (0) = VW Gin | 161 = Pl
<\zu = PII* + Vullza — pI* + cu + 20t |ts + v () = VW, Ghir | 1%31 = Pl
< Nt = PI* + Vullxn =PI+ + 200 |16 + v () = VW, Gy | 1041 — P
< 1% = pII* = N0 = wall® + 2741l A%y — APl 1% = thull + Vill%n — PII* + Cu

+2ay, “u +yf(xn) - VWnGkn “ 141 = pII,
which implies
16 = s> < 6 =PI = a1 = 1 + 27| A% — APl — st + Yl — pI> + ¢,
+ 20|14 + v f (%) = VWG | 6001 = P

Since lim,_, o @, = 0, lim,,_, o ¥, = 0 and lim,,_, c ¢, = 0, from (3.15) and the existence of
lim,,—, ||, — p|l we obtain

lim [|%, — ]| = O. (3.17)
n—0oQ
Combining (3.6), (3.8) and (3.10), we have

%1 = PII* <k = PII* + 20t || 16 + v (%) = VW, G| 1011 — P
< llzu = pI” + Yullzu = PI* + cu + 20| 1t + yf () = VW, G || 19601 = Pl
< | ALt —p||* + valln — pI* + ¢
+ 200, |1 + v f () = VW, Gk | 6001 — Pl
< 16 = PI% + AinCris = 200) | B a0 = Bip |

+ Yl = pII* + cu + 20|t + yf (%) = VW, Gy | 01 - pll,
where i € {1,2,...,N}, which implies
i-1 2
Ain(20; = Min) | BiN 1y — Bip |

2 2 2
< xn = pII° = 1%ne1 =PI + Vullxn — PN + cn

+2ay ”u +yf(xn) - ‘_/WnGkn ” l%ni1 = pII.
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Since lim,, &, = 0, lim, . ¥, = 0 and lim,_,» ¢, = 0, from {A;,} C [a;,b;] C (0,2n,),

i€{1,2,...,N} and the existence of lim,_, «, ||x,, — p|| we obtain

lim |BiAL'u, -Bip| =0, ie{l,2,....N}. (3.18)

n—00

Combining (3.7), (3.8) and (3.10), we get

e — Pl
< llkn = plI* + 200, | + yf (x,) = VW, G || 12,01 = pl
< lzu = pII* + Vullzu = PII* + €u + 20, |t + v £ (0) = VW, Ghin | 11231 — P
< | ALt = p||* + yalln =PI + €+ 20|11 + 7 () = VWGl | 01 - p
< Wt =PI = [ A 0 — At |+ 20| A 11— Al | | Bi A 11~ Bip |

+ Vull%n =PI + € + 200 |1 + v f () = VW, Ghin | 1621 = P,
which implies

||Ai:1un - Ailun ||2
< tn = PP = 1nsr =PI + 22 ]| AL 10 — Abyia|| | B 4 — Bip |

+ Vull%w = pII® + ¢ + 20t |1t + yf (%) = VW,Gkis | 16021 = Pl

Since lim,_, o @, = 0, lim,,_, o ¥, = 0 and lim,,_, », ¢, = 0, from (3.18) and the existence of

lim,,—,  ||%, — p|| we obtain

lim | A} w, — ALun| =0, i€{1,2,...,N} (3.19)

n—00

By (3.19), we have

240 = Zull = | At — A uy |
< | Ay = A | + | Ajstn = At || + -+ + | AN s — A 1

—0 asn— 0. (3.20)

From (3.17) and (3.20), we have

||xn _Zn” = ”xn - Mn” + ”un _Zn”

— 0 asn— oo. (3.21)
By (3.14) and (3.21), we obtain

”kn _xn” = ”kn _Zn” + ”Zn _xn”

—0 asun— oo, (3.22)
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which together with (3.12) and (3.22) implies that

%01 = Xnll < %41 = Knll + 1K — %

—0 asun— oo. (3.23)

On the other hand, we observe that

”Zn+1 - Zn” = ||Zn+1 _xn+1|| + ||xn+l _xn” + ”xn - ZVI”'
By (3.21) and (3.23), we have

lim {|z41 — 24l = 0. (324)

n— o0
We note that

”Zn - Szn” = ”Zn - Zn+1|| + ||Zn+1 - Sn+lzn+1 || + “SVHIZVH—I - Snﬂzn || + ||Sn+lzn - Szn ||
From (3.13), (3.24), Lemma 2.5 and the uniform continuity of S, we obtain

lim ||z, — Szl = 0. (3.25)

n— o0

On the other hand, for simplicity, we write p = Tﬁgz (I=vA)p, v, = TgZ (I = vyAz)k, and
v, = Gk, = Tfl)l (I = viAy)v, for all > 1. Then

p=Gp= Té?l (I-vA)p = Tfl)l (- V1A1)T22 (I = v A3)p.

We now show that lim,_,« |Gk, — k|| = 0, i.e., lim,_ s ||V, — ky|| = 0. As a matter of
fact, utilizing the arguments similar to those of (3.29) in the proof of [16, Theorem 3.1],
we deduce from (3.1)-(3.5) and (3.8) that for p € Q,

i1 - p1I°
< ey (FGon) £ 0)) + Bulk = p) + (A = B = tu V) (WG = p) |
+ 2a,{u + (vf = V)p, %pi1 — p)
< au(L+ )7 100 =PI + Bullkn = pI* + (1= Bu = cu 1+ W)7) 7 - pII®
+ 20| u+ (vf = Vip |y - pl
+ (1= Bn—an(l+ w)7)

x [v2(v2 = 282) 1 A2k = Aspll* + vi(v1 = 28) 1Ay, — A1p11%], (3.26)
which immediately leads to
(1= By — (L + 1)7)[v2(282 = v2)|Asky = Asp |l + v1(281 — 1) | Arv, — A
< Ntn =PI = 1ni1 = PIP + Vulldn — pI? + € + 20|t + (vf = Vp|| %01 — P

2
< 1% = 2ns 1 (160 = I + %1 = PI) + Valln =PI + €

+ 20, |+ (vf = V)p|| %00 - plI.


http://www.fixedpointtheoryandapplications.com/content/2014/1/164

Latif et al. Fixed Point Theory and Applications 2014, 2014:164 Page 17 of 22
http://www.fixedpointtheoryandapplications.com/content/2014/1/164

Since lim,,, oo @, = 0, lim,,— oo ¥ = 0, lim,,, oo ¢, = 0 and limsup,,_, ., B, < 1, we conclude
from (3.23) and condition (iv) that

lim ||Ask, —Aspll =0 and  lim [|A1v, — Aip| = 0. (3.27)
n— o0 n— 00

Utilizing the arguments similar to those of (3.31) and (3.32) in the proof of [16, Theo-
rem 3.1], we can obtain

v = Bl < 1k = pII* = || (ki = v1) = (0 = B)|*

+205((ky = Vi) = (p = D), Aok — Asp) — V3 | Ak, — Asp%, (3.28)
and

19 = pII* < 1y = pII* = | (v = ) + (0 = )|
+ 201 [ A1y, — APl | (v = 7) + (0 = D) |- (3.29)

Consequently, from (3.3), (3.4), (3.8), (3.26) and (3.28) it follows that

1 — oI

<@+ 07 120 =PI + Bullkn = plI* + (1= Bu = (L + w)7) 17 - pII?
+ 20, |[u+ (vf = V)p| 1% - pll

< o+ )7 1% = plI* + Bullkn = plI* + (1= Bu = (L + w)7) v = B
+ 20, |u+ (vf = V)p| %0 - p

< oy + 107 12— plI* + Bullk - pII?
+ (1= Bu—a,(1+p1)y)
x [k = pI? = |k = i) = (0= B)|* + 202 | (ks = v2) = (0 = )| 142k — Aspl]
+ 20, |u+ (vf = V)p|[I|%0 - pll

< a1+ W7 10— plI* + (1= ot + 10)7) Ik — pII2
~ (1= Bu—on0+ 10)7) | ks = vi) - (- )|
+ 20| (ky = v) = (p = P) | A2k — Aop|
+ 20, |+ (vf = V)p| 1% - pll

< a,(1+ @7 lx, —plIP + (1= au @+ 7)) (A + v llzn = plI* +c4)
~ (1= By =@+ 07| (k= vi) - 0 - )|
+ 20| (ks = va) = (p = P) | 142k — Aop|
+ 20, |u+ (vf = V)p|[I|%01 - pll

<au(L+ w7l —pI* + (1= an(@ + 1)7) (A + v lxn — pII* + )
~ (1= Bu— e+ w)7) |k = va) - (0 - D[
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+2vy ”(kn —va) = (p _ij)” A2k, — Aapl|
+ 2w+ (vf = V)p[lnas - p
= (1 + yn)”xn —P||2 +Cn— (1 - ,Bn _an(l + /J“)J;) || (kn - Vn) - (p _13) ”2

+ 203 || (K = vi) = (p = D)|| | A2k — Aop| + 20|16 + (vf = Vp|| %01 - plI,
which hence leads to

(1= Bu— @+ w)7) |k = va) — (0 - D[
< %0 =PI = %1 = PII” + Vulln = P11 +
+ 20| (ky = v) = (p = P) | A2k, — Aapll + 200, |1t + (vf = V)p %1
< 160 = %t | (11 = Pl + 1601 = P1I) + Vulln = pI* + s

+21 “ (kn = Vi) — (p—P) ” lAsk, — Aopll + 2y, “u + (yf - V)P” [l41 = pII.

Since lim,,_, oo = 0, lim,,—, 00 ¥ = 0, lim,, .o ¢, = 0 and limsup,_, B, < 1, from (3.23)

and (3.27) we have
Jim |(k ~va) = (2= B)| = 0. (3.30)

Furthermore, from (3.3), (3.4), (3.8), (3.26) and (3.29) it follows that

1 — oI
< ay(L+ W7 100 = plI* + Ballkn = pI* + (1= Bu = ctu @ + )7 17 - pII?
+ 20, |u+ (vf = V)p|[II%0 - pll
< a1+ @)y 1% = pII* + Bullkn - pII?
+ (1= Bn— a1+ w)y)
x (1 =PI = | W= ) + 0 = D)) + 2011 A1vs — Ai 1 | (v = ) + (2 - D) ]
+ 20, |u+ (vf = V)p|[I|%01 - pll
<au(L+ Wyl —plI* + (1= au(l + w)7) k- plI*
— (1= Bu— @+ W)7) | = 7) + (0 - D)
+ 20| A1v, = APl | v = ) + 0 = D) || + 20| e+ (vf = Vp |61 - Pl
<@+ W7l —plI* + 1= au(@+ w)7) (A + y)llzn = pI* +cu)
— (1= Bu—anl+1)7) | (vu = V) + (p - P)

+2v1[|Arv, — Apl| ”(Vn ~Vn) +(p—p) ” + 20 ”u +(vf - ‘_/)}7” 641 = Pl

I

<au(L+ w7l —pI* + (1= an(@ + 1)7) (A + v lxn = P11 + 1)
- (1 —Bn— (1 + ,U,));) ” (Vu =)+ (p _ﬁ)nz

+ 201 |A1v = APl | (v = V) + (0 = D)|| + 20t | e + (vf = V)| %001 - P
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< (L + ) lln —P||2 +Cn— (1 = Bn— (1 + :u')];)” (Vi = V) + (p_ﬁ)nz

+2v1[|Av, — A1p| ”(Vn —Vu) +(p—p) ” + 20 ”u + (Vf - ‘_/)P” lns1 = pII,
which hence yields

(1= Bu = a0+ w)7) | = V) + 0 = D)
< 1% = pI* = [%ns1 =PI + Vulltn = pII* + cs
+ 201 A1V, = Aupl | v = V) + (= D) || + 20 [t + (vf = Vp | %01 - I
< Mt — %t [ (120 = Pl + (%001 = 21) + Valln = pI* +

+ 21)1 ”Alvn _Ali)” H (Vn - 17}1) + (P _i?)” + 2(1,1 ”Lt + (Vf - ‘_/)PH ”xn+l —P”

Since lim,,_, oo ¢ = 0, lim,,_, o0 ¥ = 0, lim,, .o ¢, = 0 and limsup,_, B, < 1, from (3.23)

and (3.27) we have
lim [|(v =) + (0 - p) | = 0. (331)
Note that

Ik =Vl < ” (kn—va) = (p _13)“ + ” (Vi = V) + (p = D) ”

Hence from (3.30) and (3.31) we get
lim [k, — ]l = lim |k, — Gky|| = 0, (3.32)
n—00 n—0o0

which together with (3.11) and (3.32) implies that

Ik = Wikall < llky — WGk |l + | WGk, — Wik ||
= ”kn - WnGkn” + ”Gkn _kn”

—0 asun— oo. (3.33)
Also, observe that
Ik — Wkinll < ke — Wikinll + | Wk — Wkiy |l
From (3.33), [17, Remark 2.3] and the boundedness of {k,} we immediately obtain
lim |k, — Wk,| = 0. (3.34)
n— o0
Since {x,} is bounded, there exists a subsequence {x,,} of {x,} which converges weakly
to w. From (3.21) and (3.22), we have that z,, — w and k,, — w. From (3.17), (3.19), (3.21),
we have that u,, — w, A%u,,,. - W, z,, =~ wand k,, = w, where m € {1,2,...,N}. Since §

is uniformly continuous, by (3.25) we get lim,_.« [z, — $"z,|| = 0 for any m > 1. Hence
from Lemma 2.4 we obtain w € Fix(S). In the meantime, utilizing Lemma 2.4, we deduce
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from k,, — w, (3.32) and (3.34) that w € SGEP(G) and w € Fix(W) = (2, Fix(T}) (due
to Lemma 2.3). Utilizing similar arguments to those in the proof of [16, Theorem 3.1],
we can derive w € GMEP(G, ¢, A) N ﬂfil I(B;, R;). Consequently, w € Q. This shows that
wy(x,) C Q.

Next let us show that w,(x,) is a single-point set. As a matter of fact, let {%n;} be another
subsequence of {x,} such that x,, — w. Then we get w' € Q. If w #w/, from the Opial
condition, we have

lim [lx, —wl = lim [, — w] < lim ||x,, — /|
n— 00 11— 00 11— 00
= lim [, =W/ = lim |, — /|
n—00 j—00 U
< lim ||x,, —w| = lim |x, —w].
j—00 U n—>00

This attains a contradiction. So we have w = w'. Put w,, = Pqox,. Since w € , we have
(%4 — Wy, w,, —w) > 0. By Lemma 2.7, we have that {w,} converges strongly to some w € Q.
Since {x,} converges weakly to w, we have

(w—w,w—-w)>0.
Therefore we obtain w = w = lim,,_, o, Pox,,. This completes the proof. O

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let ©,
Oy, © be three bifunctions from C x C to R satisfying (H1)-(H4) and ¢ : C — R be a lower
semicontinuous and convex functional. Let R; : C — 2M be a maximal monotone mapping,
and let A,Ay: H — H and B; : C — H be ¢ -inverse strongly monotone, {i-inverse strongly
monotone and n;-inverse strongly monotone, respectively, for k =1,2 and i =1,2. Let S :
C — C be a uniformly continuous asymptotically k-strict pseudocontractive mapping in
the intermediate sense for some 0 < k < 1 with sequence {y,} C [0,00) such thaty -, Yu <
oo and {c,} C [0,00) such that Y .., c, < 00. Let {T,,}2, be a sequence of nonexpansive
mappings on H and {A,} be a sequence in (0, b] for some b € (0,1). Let V be a y-strongly
positive bounded linear operator and f : H — H be an I-Lipschitzian mapping with yl <
(1 + wu)y. Let W, be the W-mapping defined by (1.4). Assume that Q := (oo, Fix(T,) N
GMEP(O, ¢, A) N SGEP(G) N 1(By, Ry) N 1(By, Ry) N Fix(S) is nonempty, where G is defined
as in Proposition 1.1. Let {r,} be a sequence in [0,2¢] and {«,}, {B,} and {8,} be sequences
in (0,1) such that ", oy <00 and 0 < k + € <38, <d <1. Pick any x, € H and let {x,} be
a sequence generated by the following algorithm:

iy = S, = 1, A),

Zn = IRy iy I = A B2)Ry oy, (I = A Bty

ky = 68,2, +(1-6,)S8"z,,

xpi1 = (e + Y (6n)) + Bukin + [(1 = Bu)] — an(I + nV)IW, Gky,  Vn > 1.

(3.35)

Assume that the following conditions are satisfied:
(i) K:H — Ris strongly convex with constant o > 0 and its derivative K’ is Lipschitz
continuous with constant v > 0 such that the function x — (y — x, K'(x)) is weakly
upper semicontinuous for each'y € H;


http://www.fixedpointtheoryandapplications.com/content/2014/1/164

Latif et al. Fixed Point Theory and Applications 2014, 2014:164 Page 21 of 22
http://www.fixedpointtheoryandapplications.com/content/2014/1/164

(ii) for each x € H, there exist a bounded subset D, C C and z, € C such that for any
y ¢ Dy,
1 / !
O, zx) + ¢(zx) - 9(y) + ;(K ) - K'(x), 22 — ) < 0;
(iii) 0 <liminf,_ B, <limsup,_ . Bn <1and 0 <liminf,_, 1, <limsup,_, 7, <2¢;

(iv) vk €(0,2¢k) and {ri,} C lai,b;) C (0,2n;) fork=1,2 and i =1,2.
If S99 s firmly nonexpansive, then {x,} converges weakly to w = lim,,_, o, Pox,,.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
0, B1, O, be three bifunctions from C x C to R satisfying (H1)-(H4) and ¢ : C — R be
a lower semicontinuous and convex functional. Let R : C — 2" be a maximal monotone
mapping, and let A, Ay : H — H and B : C — H be {-inverse strongly monotone, {-inverse
strongly monotone and n-inverse strongly monotone, respectively, fork =1,2. Let S : C — C
be a uniformly continuous asymptotically k-strict pseudocontractive mapping in the in-
termediate sense for some 0 < k < 1 with sequence {y,} C [0,00) such that Y ., yu < 00
and {c,} C [0,00) such that y .2, c, < 0. Let V be a y-strongly positive bounded linear
operator and f : H — H be an I-Lipschitzian mapping with yl < (1 + )y . Assume that
Q := GMEP(B, ¢,A) N SGEP(G) N I(B, R) N Fix(S) is nonempty, where G is defined as in
Proposition 1.1. Let {r,} be a sequence in [0,2¢] and {«o,}, {B,} and {8,} be sequences in
(0,1) such that Y - ay <00 and 0 <k + € <8, <d < 1. Pick any x; € H and let {x,} be a
sequence generated by the following algorithm:

Uy = SOOI = 1,A)x,,

Zn = JR pu (I = 0nB)thy,

ki = 8pz + (1 = 8,)S"zy,

Fn1 = (e + Y[ (%)) + Bk + [(1 = B)] — (I + uV)]Gky, V> 1.

(3.36)

Assume that the following conditions are satisfied:
(i) K:H — R s strongly convex with constant o > 0 and its derivative K’ is Lipschitz
continuous with constant v > 0 such that the function x — (y —x,K'(x)) is weakly
upper semicontinuous for each 'y € H;
(ii) for each x € H, there exist a bounded subset D, C C and z, € C such that for any

y ¢ Dy,

©012.) + 9l ~90) + - {K'0) ~ K22~} <O

(iii) 0 <liminf,_ s B, <limsup,_, o, Bx <1and 0 <liminf,_, - r, <limsup,_, 7, < 2¢;
(iv) vk €(0,2¢) and {p,} C [a,b] C (0,2n) for k =1,2.
If S§®"p) is firmly nonexpansive, then {x,} converges weakly to w = lim,_, oo Pox,.
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