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Abstract
In this paper, the concept of weak α-contraction type maps is introduced, and some
new fixed point theorems for these maps are established. An example to illustrate the
main result is given.
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1 Introduction and preliminaries
Banach’s contraction principle [] is one of very important theorems in nonlinear analysis.
Its significance lies in its vast applicability in a number of branches of mathematics. A lot
of authors (see [–] and references therein) gave generalizations and extensions of it in
many directions.
Alber and Guerre-Delabriere [] introduced the notion of weakly contractive maps in

Hilbert spaces and proved that any weakly contractive map defined on complete Hilbert
spaces has a unique fixed point. Rhoades [] reintroduced the notion of weakly contrac-
tive maps in the setting of metric spaces and proved that any weakly contractive map de-
fined on complete metric spaces has a unique fixed point. Since then, many authors ([, ,
–] and reference therein) study fixed point results for weak contraction type maps.
The authors of [] showed that fixed point generalizations to partial metric spaces can

be obtained from the corresponding results inmetric spaces, and they obtained fixed point
results for weakly contractive type maps in partial metric spaces.
Especially, Harjani and Sadarangani [] extended the result of Rhoades [] to the case

of partially ordered metric spaces.
Recently, Samet et al. [] introduced the concept of α-ψ-contractive maps in metric

spaces and obtained some fixed point results for these maps.
Afterward, the authors of [] introduced the notion of α-ψ-quasi-contractive maps and

obtained some fixed point results. The authors of [] proved some approximate fixed
point theorems, by introducing the notion of generalized α-contractive maps. The au-
thors of [] gave some coupled fixed point results for α-ψ-contractive type maps and
gave the sufficient condition for the existence of a unique coupled fixed point for α-ψ-
contractive type maps. Recently, the authors of [] gave applications of the result of []
to the existence and uniqueness of a solution for the nonlinear fractional differential equa-
tions.
On the other hand, the authors of [] obtained a generalization of the results of []

to the case of multifunctions, by introducing the notions of α∗-admissible multifunctions
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and α∗-ψ-contractive multifunctions. Also, the authors of [] gave a generalization of
the results of [] to the case of multifunctions, by introducing the notions of property
(Cα), α-admissible multifunctions and α-ψ-Ćirić-contractive multifunctions.
Very recently, Cho [] introduced the notion of weakly α-contractive maps in metric

spaces and proved a fixed point theorem for these maps.
In [], the following theorem, which is a generalization of the results of Rhoades []

and Harjani and Sadarangani [], is proved.

Theorem . Let (X,d) be a complete metric space, α : X ×X →R+ be a function, and let
T : X → X be a map. Suppose that the following are satisfied:
() T is a weakly α-contractive map, i.e.

α(x, y)d(Tx,Ty)≤ d(x, y) – η
(
d(x, y)

)

for all x, y ∈ X , where η : [,∞)→ [,∞) is a nondecreasing function such that η is
positive on (,∞), η() =  and limt→∞ η(t) =∞;

() for each x, y, z ∈ X , α(x, y)≥  and α(y, z) ≥  implies α(x, z)≥ ;
() T is α-admissible, i.e. α(x, y)≥  implies α(Tx,Ty)≥ ;
() there exists x ∈ X such that α(x,Tx)≥ ;
() either T is continuous or limn→∞ infα(Tnx,x) >  for any cluster point x of {Tnx}.
Then T has a fixed point in X . Further if, for all x, y ∈ X, there exists z ∈ X such that

α(x, z)≥  and α(y, z) ≥ , then T has a unique fixed point.

In this paper, we introduce the concept of weakly α-contractive type maps in metric
spaces and establish some new fixed point theorems for these maps. We have generaliza-
tions of the results in the literature.
We denote by � the family of all functions ψ :R

+ → R+ such that

(ψ) ψ is nondecreasing and continuous in each coordinate;
(ψ) ψ(t, t, t, t)≤ t for all t > ;
(ψ) ψ(t, t, t, t) =  if and only if t = t = t = t = .

From now on, let η :R+ →R+ be a nondecreasing function such that
() η(t) >  for all t > ;
() η() = .

Lemma . Let (X,d) be a metric space, α : X ×X →R+ be a function, and let T : X → X
be a map. If conditions (), () and () of Theorem . are satisfied, then we have

α
(
Tix,Tjx

) ≥ 

for all i, j ∈N∪ {} (i < j).

Let (X,d) be a cone metric space, and α : X ×X → [,∞) be a function.
We say that X satisfies condition (B) [] whenever, for each sequence {xn} in X with

α(xn,xn+) ≥  for all n ∈N and limn→∞ xn = x, we have α(xn,x)≥  for all n ∈N.
Also, we say that X satisfies condition (Cα) [] whenever, for each sequence {xn} in X

with α(xn,xn+) ≥  for all n ∈ N and limn→∞ xn = x, there exists a subsequence {xn(k)} of
{xn} such that α(xn(k),x)≥  for all k ∈N.
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Lemma . Let (X,d) be ametric space, and α : X×X → [,∞) be a function.We consider
the following conditions:

() if {xn} is a sequence in X such that α(xn,xn+) ≥  for all n, then
limn→∞ supα(xn,x) ≥  for any cluster point x of {xn};

() X satisfies condition (Cα);
() X satisfies condition (B).
Then () implies (), and () implies ().

2 Fixed points
Let (X,d) be a metric space, and let α : X ×X → [,∞) be a function and ψ ∈ � . A map-
ping T : X → X is called weak α-contractive type if, for all x, y ∈ X,

α(x, y)d(Tx,Ty)≤ q(x, y) – η
(
q(x, y)

)
, (.)

where q(x, y) = ψ(d(x, y),d(x,Tx),d(y,Ty),  {d(x,Ty) + d(y,Tx)}).

Theorem . Let (X,d) be a complete metric space. Suppose that a weak α-contractive
type map T : X → X satisfies the following:
() there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥  (i < j);
() either T is continuous or

lim
n→∞ supα

(
Tnx,x

) ≥  (.)

for any cluster point x of {Tnx}.
Then T has a fixed point in X .

Proof Let x ∈ X be such thatα(Tix,Tjx) ≥  for all i, j ∈N∪{} (i < j). Define a sequence
{xn} ⊂ X by xn+ = Txn for n ∈N∪ {}.
If xn = xn+ for some n ∈N∪ {}, then xn is a fixed point of T , and the proof is finished.
Assume that xn 
= xn+ for all n ∈N∪ {}.
From (.) we have

d(xn,xn+) = d(Txn–,Txn)≤ α(xn–,xn)d(Txn–,Txn)

≤ q(xn–,xn) – η
(
q(xn–,xn)

)
. (.)

Here,

q(xn–,xn) = ψ

(
d(xn–,xn),d(xn–,Txn–),d(xn,Txn),



{
d(xn,Txn–) + d(xn–,Txn)

})

= ψ

(
d(xn,xn–),d(xn–,xn),d(xn,xn+),



d(xn–,xn+)

)
. (.)

Since d(xn–,xn) > , we have q(xn–,xn) >  and so η(q(xn–,xn)) > .
Thus, from (.) we have

d(xn,xn+) < q(xn–,xn)

≤ ψ

(
d(xn–,xn),d(xn–,xn),d(xn,xn+),



{
d(xn–,xn) + d(xn,xn+)

})
. (.)
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If d(xn–,xn) ≤ d(xn,xn+) for some n ∈N, then

d(xn,xn+) < ψ

(
d(xn–,xn),d(xn–,xn),d(xn,xn+),



{
d(xn–,xn) + d(xn,xn+)

})

≤ ψ
(
d(xn,xn+),d(xn,xn+),d(xn,xn+),d(xn,xn+)

) ≤ d(xn,xn+),

which is a contradiction.
Hence, d(xn,xn+) < d(xn–,xn) for all n ∈ N. So the sequence {d(xn–,xn)} is de-

creasing. Thus, there exists r ≥  such that limn→∞ d(xn–,xn) = r. Since q(xn–,xn) ≤
ψ(d(xn,xn–),d(xn–,xn),d(xn,xn+),  {d(xn–,xn) + d(xn,xn+)}), we obtain limn→∞ q(xn–,
xn)≤ ψ(r, r, r, r).
On the other hand, since d(xn,xn+) ≥ r for all n ∈N, we obtain

η
(
q(xn–,xn)

)
= η

(
ψ

(
d(xn,xn–),d(xn–,xn),d(xn,xn+),



d(xn–,xn+)

))

≥ η
(
ψ(r, r, r, )

)
.

Hence, limn→∞ η(q(xn–,xn)) ≥ η(ψ(r, r, r, )).
Letting n→ ∞ in (.), we have

r ≤ lim
n→∞q(xn–,xn) – lim

n→∞η
(
q(xn–,xn)

)

≤ ψ(r, r, r, r) – η
(
ψ(r, r, r, )

) ≤ r – η
(
ψ(r, r, r, )

)
,

which implies η(ψ(r, r, r, )) = , and so ψ(r, r, r, ) = . By (ψ), r = . Thus,

lim
n→∞d(xn,xn+) = . (.)

We now show that {xn} is a Cauchy sequence.
On the contrary, assume that {xn} is not a Cauchy sequence.
Then there exists ε >  for which we can find subsequences {xm(k)} and {xn(k)} of {xn}

such that m(k) is the smallest index for which

m(k) > n(k) > k, d(xm(k),xn(k)) ≥ ε and d(xm(k)–,xn(k)) < ε.

From the above inequalities, ε ≤ d(xm(k),xn(k)) ≤ d(xm(k),xm(k)–) + d(xm(k)–,xn(k)) <
d(xm(k),xm(k)–) + ε.
By taking k → ∞ in the above inequality and using (.), we have

lim
k→∞

d(xm(k),xn(k)) = ε. (.)

By using (.), (.), and the triangle inequality, we obtain

lim
k→∞

d(xm(k)–,xn(k)–) = ε,

lim
k→∞

d(xm(k)–,xn(k)) = ε, (.)

lim
k→∞

d(xm(k),xn(k)–) = ε.
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From (.) we have

d(xn(k),xm(k)) = d(Txn(k)–,Txm(k)–)

≤ α(xn(k)–,xm(k)–)d(Txn(k)–,Txm(k)–)

≤ q(xn(k)–,xm(k)–) – η
(
q(xn(k)–,xm(k)–)

)
, (.)

where

q(xn(k)–,xm(k)–) = ψ

(
d(xn(k)–,xm(k)–),d(xn(k)–,xn(k)),d(xm(k)–,xm(k)),



{
d(xn(k),xm(k)–) + d(xn(k)–,xm(k))

})
.

Since d(xm(k)–,xn(k)–) > 
ε, d(xm(k)–,xn(k)) > 

ε and d(xm(k),xn(k)–) > 
ε for sufficiently

large n, we obtain

lim
k→∞

η
(
q(xn(k)–,xm(k)–)

) ≥ η

(
ψ

(


ε, , ,



ε

))
.

Letting k → ∞ in the above inequality (.), we have

ε ≤ ψ(ε, , , ε) – lim
k→∞

η
(
q(xn(k)–,xm(k)–)

) ≤ ε – η

(
ψ

(


ε, , ,



ε

))
,

which implies η(ψ( ε, , ,

ε)) = , and so ψ( ε, , ,


ε) = . By (ψ), ε = , which is a

contradiction. Hence, {xn} is a Cauchy sequence. It follows from the completeness of X
that there exists x∗ ∈ X such that limn→∞ xn = x∗.
If T is continuous, then d(x∗,Tx∗) = limn→∞ d(x∗,Txn) = limn→∞ d(x∗,xn+) = . Hence,

x∗ = Tx∗.
Assume that condition (.) holds.
Then limn→∞ supα(xn,x∗) ≥ .
Since η and ψ are nondecreasing, we have

η
(
q(xn,x∗)

)
= η

(
ψ

(
d(xn,x∗),d(xn,xn+),d(x∗,Tx∗),



{
d(xn,Tx∗) + d(x∗,xn+)

}))

≥ η
(
ψ

(
,,d(x∗,Tx∗), 

))
for all n ∈N.

Thus, limn→∞ η(q(xn,x∗)) ≥ η(ψ(, ,d(x∗,Tx∗), )). Since limn→∞ q(xn,x∗) = ψ(, ,d(x∗,
Tx∗), d(x∗,Tx∗)), from (.) we obtain

α(xn,x∗)d(xn+,Tx∗) = α(xn,x∗)d(Txn,Tx∗) ≤ q(xn,x∗) – η
(
q(xn,x∗)

)
. (.)

By taking the limit supremum in the above inequality (.), we have

d(x∗,Tx∗) ≤ ψ

(
,,d(x∗,Tx∗),



d(x∗,Tx∗)

)
– η

(
ψ

(
,,d(x∗,Tx∗), 

))

≤ d(x∗,Tx∗) – η
(
ψ

(
,,d(x∗,Tx∗), 

))
,
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which implies η(ψ(, ,d(x∗,Tx∗), )) = , and so ψ(, ,d(x∗,Tx∗), ) = . By (ψ), d(x∗,
Tx∗) = , and hence, x∗ = Tx∗. �

In Theorem ., if we take ψ(t, t, t, t) = max{t, t, t, t}, then we have the following
result.

Corollary . Let (X,d) be a complete metric space, and let α : X×X → R+ be a function.
Suppose that a map T : X → X satisfies the following:
() α(x, y)d(Tx,Ty)≤M(x, y) – η(M(x, y)) for all x, y ∈ X , where

M(x, y) =max{d(x, y),d(x,Tx),d(y,Ty),  {d(x,Ty) + d(y,Tx)}};
() there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥  (i < j);
() either T is continuous or

lim
n→∞ supα

(
Tnx,x

) ≥ 

for any cluster point x of {Tnx}.
Then T has a fixed point in X .

If we take φ(t) = t – η(t) for all t ≥ , then we have the following result.

Corollary . Let (X,d) be a complete metric space, and let α : X×X →R+ be a function.
Suppose that a map T : X → X satisfies the following:
() α(x, y)d(Tx,Ty)≤ φ(q(x, y)), where φ :R+ → R+ is a nondecreasing function such

that φ() =  and φ(t) < t for all t > ;
() there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥  (i < j);
() either T is continuous or

lim
n→∞ supα

(
Tnx,x

) ≥ 

for any cluster point x of {Tnx}.
Then T has a fixed point in X .

Corollary . Let (X,d) be a complete metric space, and let α : X×X →R+ be a function.
Suppose that a map T : X → X satisfies the following:
() α(x, y)d(Tx,Ty)≤ φ(M(x, y));
() there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥  (i < j);
() either T is continuous or

lim
n→∞ supα

(
Tnx,x

) ≥ 

for any cluster point x of {Tnx}.
Then T has a fixed point in X .

Remark . () If we have α(x, y) =  for all x, y ∈ X in Corollary ., Corollary . becomes
Corollary . of [].
() Corollary . is a generalization of Theorem . of [].

http://www.fixedpointtheoryandapplications.com/content/2014/1/175
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Theorem . Let (X,d) be a complete metric space, and let α : X ×X →R+ be a function.
Suppose that a map T : X → X satisfies the following:
() α(x, y)d(Tx,Ty)≤ ϕ(d(x, y)) – η(ϕ(d(x, y))), where ϕ :R+ →R+ is a nondecreasing

and continuous function such that ϕ(t) =  if and only if t =  and ϕ(t) < t for all
t > ;

() there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥  (i < j);
() either T is continuous or

lim
n→∞ supα

(
Tnx,x

)
>  (.)

for any cluster point x of {Tnx}.
Then T has a fixed point in X .

Proof Let x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥  (i < j). Let xn = Txn– for all
n ∈ N. By similar argument with the proof of Theorem ., we see that {xn} is a Cauchy
sequence. Let limn→∞ xn = x∗ ∈ X.
If T is continuous, then limn→∞ xn+ = Tx∗. Hence, x∗ = Tx∗.
Suppose that condition (.) is satisfied.
Then p := limn→∞ supα(xn,x∗) > . Thus, from () we have

α(xn,x∗)d(xn+,Tx∗) = α(xn,x∗)d(Txn,Tx∗)

≤ ϕ
(
d(xn,x∗)

)
– η

(
ϕ
(
d(xn,x∗)

))
≤ ϕ

(
d(xn,x∗)

)
.

By taking the limit supremum in the above inequality, we obtain

pd(x∗,Tx∗) ≤ lim
n→∞ϕ

(
d(xn,x∗)

)
= ϕ() = .

Since p > , d(x∗,Tx∗) = . Thus, x∗ = Tx∗. �

Remark . () In Theorem ., if we replace condition (.) by

lim
n→∞ infα

(
Tnx,x

) ≥ 

for any cluster point x of {Tnx}, then the conclusion holds.
() If we replace condition (.) in Theorem . by

lim
n→∞ infα

(
Tnx,x

)
> 

for any cluster point x of {Tnx}, then the conclusion holds.

Remark . By taking ϕ(t) = t for all t ≥  and using Remark .(), Theorem . reduces
to Theorem . of [].

If we take ϕ(t) = t and φ(t) = t – η(t) for all t ≥ , then we have the following result.
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Corollary . Let (X,d) be a complete metric space, and let α : X×X →R+ be a function.
Suppose that a map T : X → X satisfies the following:
() α(x, y)d(Tx,Ty)≤ φ(d(x, y)), where φ :R+ →R+ is a nondecreasing function such

that φ(t) =  if and only if t =  and φ(t) < t for all t > ;
() there exists x ∈ X such that α(Tix,Tjx) ≥  for all i, j ≥  (i < j);
() either T is continuous or

lim
n→∞ supα

(
Tnx,x

)
> 

for any cluster point x of {Tnx}.
Then T has a fixed point in X .

Remark . Corollary . is a generalization of Theorem . and Theorem . of [].

We give an example to illustrate Theorem ..

Example . Let X = [,∞), and let d(x, y) = |x – y| for all x, y ∈ X. Let ψ(t, t, t, t) =
max{t, t, t, t} for all t, t, t, t ≥ .
We define a mapping T : X → X by

Tx =

⎧⎨
⎩


x (≤ x ≤ ),

x (x > ).

Then T is not a generalized weak contraction (for the definition of generalized weak
contraction; see []). In fact, d(T,T) = 

 >

 = q(, ) > q(, ) – η(q(, )) for all η ∈ � ,

where q(, ) =max{d(, ),d(,T),d(,T),  {d(,T) + d(,T)}}.
We define a function α : X ×X → [,∞) by

α(x, y) =

⎧⎨
⎩
 (≤ x, y≤ ),

 otherwise.

Obviously, condition () of Theorem . is satisfied with x = . Condition () of Theo-
rem . is satisfied with Tnx = 

n . It is easy to see that T is a weak α-contractive type map
with η(t) = 

 t for all t ≥ .
Thus, all hypotheses of Theorem . are satisfied, and T has a fixed point x∗ = .

3 Common fixed points
Let (X,d) be a metric space, and let S,T : X → X be maps. Then:
() S and T are called weakly commuting [] if

d(STx,TSx)≤ d(Sx,Tx)

for all x ∈ X ;
() S and T are called compatible [] if

lim
n→∞d(STxn,TSxn) = ,

whenever {xn} is a sequence such that limn→∞ Sxn = limn→∞ Txn = x for some x ∈ X ;

http://www.fixedpointtheoryandapplications.com/content/2014/1/175
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() S and T are called weakly compatible [] (or pointwise R-weakly commuting []) if

STx = TSx,

whenever Sx = Tx.
Note that commutativity implies weak commutativity, weak commutativity implies

compatibility, and compatibility implies weak compatibility.
To prove the following commonfixed point results, we use Lemma . and the technique

in [].

Theorem . Let (X,d) be a complete metric space, and let α : X ×X → R+ be a function.
Let S,T : X → X be maps such that T(X) ⊂ S(X) and α(Sx,Sy)≤ α(x, y) for all x, y ∈ X.
Suppose that the following are satisfied:
() there exists ψ ∈ � such that, for all x, y ∈ X ,

α(x, y)d(Tx,Ty)≤ q(Sx,Sy) – η
(
q(Sx,Sy)

)
, (.)

where q(Sx,Sy) =ψ(d(Sx,Sy),d(Sx,Tx),d(Sy,Ty),  {d(Sx,Ty) + d(Sy,Tx)});
() there exists x ∈ X such that Txn = Sxn+ for all n ∈N∪ {} and α(Txi,Txj)≥  for all

i, j ∈N∪ {} (i < j);
() either T is continuous or

lim
n→∞ supα(Txn,x) ≥ 

for any cluster point x of {Txn}.
If S(X) is a complete subspace of X, then S and T have a coincidence point.
Moreover, suppose that for all coincidence point z of S and T

α(Tz, z) ≥ . (.)

If S and T are weakly compatible, then S and T have a common fixed point in X .

Proof By Lemma . of [], there exists a subset Y ofX such that S(Y ) = S(X) and S : Y →
X is one-to-one.
Define a map A : S(Y ) → S(Y ) by A(Sx) = Tx. Then A is well defined, because A is one-

to-one.
From (.) we have

α(Sx,Sy)d
(
A(Sx),A(Sy)

)
= α(x, y)d(Tx,Ty)

≤ q(Sx,Sy) – η
(
q(Sx,Sy)

)
for all Sx,Sy ∈ S(Y ).

Hence, A is a weak α-contractive type map on S(X).
Let x ∈ X be fixed.
Since T(X) ⊂ S(X), we can find a sequence {xn} of points in X such that Txn = Sxn+ for

all n ∈ N ∪ {}. Then we have An(Sx) = Txn– for all n ∈ N. Thus, α(Ai(Sx),Aj(Sx)) =
α(Txi–,Txj–)≥  for all i, j ∈ N (i < j).

http://www.fixedpointtheoryandapplications.com/content/2014/1/175
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If T is continuous, then so is A.
Also, limn→∞ supα(An(Sx),x) = limn→∞ supα(Txn–,x) for any x ∈ X.
Thus, condition () implies either that A is continuous or that

lim
n→∞ supα

(
An(Sx),x

) ≥ 

for all cluster points x of {An(Sx)}.
By Theorem ., A has a fixed point in S(X). That is, there exists x̄ ∈ X such that A(Sx̄) =

Sx̄. By definition of A, Sx̄ = Tx̄. Thus, x̄ is a coincidence point of S and T .
We now show the existence of common fixed points of S and T with their weak com-

patibility.
Suppose that (.) holds and that S and T are weakly compatible.
Let z = Sx̄ = Tx̄. Then Sz = Tz. Since α(z, x̄) = α(Tx̄, x̄) ≥ , from (.) we have

d(Tz, z) = d(Tz,Tx̄)

≤ α(z, x̄)d(Tz,Tx̄)

≤ q(Sz,Sx̄) – η
(
q(Sz,Sx̄)

)
,

where q(Sz,Sx̄) = ψ(d(Sz,Sx̄),d(Tz,Tz),d(z, z),  {d(Tz, z) + d(z,Tz)}) = ψ(d(Tz, z), , ,
d(Tz, z)).
Thus, we have d(Tz, z) ≤ d(Tz, z) – η(ψ(d(Tz, z), , ,d(Tz, z))), which implies η(ψ(d(Tz,

z), , ,d(Tz, z))) = , and so ψ(d(Tz, z), , ,d(Tz, z)) = . Hence, d(Tz, z) =  or z = Tz.
Thus, z = Sz = Tz, and z is a common fixed point. �

Theorem . Let (X,d) be a complete metric space, and let α : X ×X →R+ be a function.
Let S,T : X → X be maps such that T(X) ⊂ S(X) and α(Sx,Sy)≤ α(x, y) for all x, y ∈ X.
Suppose that the following are satisfied:
() α(x, y)d(Tx,Ty)≤ ϕ(d(Sx,Sy)) – η(ϕ(d(Sx,Sy))), where ϕ :R+ →R+ is a

nondecreasing and continuous function such that ϕ(t) =  if and only if t =  and
ϕ(t) < t for all t > ;

() there exists x ∈ X such that Txn = Sxn+ for all n ∈N∪ {} and α(Txi,Txj)≥  for all
i, j ∈N∪ {} (i < j);

() either T is continuous or

lim
n→∞ supα(Txn,x) > 

for any cluster point x of {Txn}.
If S(X) is a complete subspace of X, then S and T have a coincidence point in X.
Moreover, suppose that for all coincidence point z of S and T

α(Tz, z) ≥ .

If S and T are weakly compatible, then S and T have a common fixed point in X .

Proof Let A be the map on S(X) defined as in the proof of Theorem ..
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Then from () we have

α(Sx,Sy)d
(
A(Sx),A(Sy)

)
α(x, y)d(Tx,Ty)

≤ ϕ
(
d(Sx,Sy)

)
– η

(
ϕ
(
d(Sx,Sy)

))
for all Sx,Sy ∈ S(X).

As in the proof of Theorem ., An(Sx) = Txn– for all n ∈ N ∪ {}. Thus, α(Ai(Sx),
Aj(Sx)) = α(Txi–,Txj–)≥  for all i, j ∈ N (i < j).
Condition () implies either that A is continuous or that

lim
n→∞ supα

(
An(Sx),x

)
> 

for all cluster points x of {An(Sx)}.
By Theorem ., A has a fixed point in S(X), i.e. there exists x̄ ∈ X such that A(Sx̄) = Sx̄,

and so Sx̄ = Tx̄. Thus x̄ is a coincidence point of S and T .
Suppose that (.) holds and that S and T are weakly compatible.
Let z = Sx̄ = Tx̄. Then Sz = Tz. Since α(z, x̄) = α(Tx̄, x̄) ≥ , from condition () we have

d(Tz, z) = d(Tz,Tx̄)

≤ α(z, x̄)d(Tz,Tx̄)

≤ ϕ
(
d(Sz,Sx̄)

)
– η(ϕ

(
d(Sz,Sx̄)

)
= ϕ

(
d(Tz, z)

)
– η

(
ϕ
(
d(Tz, z)

))
.

If d(Tz, z) > , then d(Tz, z) < d(Tz, z) – η(ϕ(d(Tz, z))), which is a contradiction. Hence,
d(Tz, z) = , or z = Tz. Thus, z = Sz = Tz, and z is a common fixed point. �
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