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1 Introduction

In 1922, Banach established the most famous fundamental fixed point theorem (the so-
called the Banach contraction principle [1]) which has played an important role in vari-
ous fields of applied mathematical analysis. It is known that the Banach contraction prin-
ciple has been extended in many various directions by several authors (see [2-7]). An
interesting direction of research is the extension of the Banach contraction principle of
multi-valued maps, known as Nadler’s fixed point theorem [8], Mizoguchi-Takahashi’s
fixed point theorem [9]; see M Berinde and V Berinde [3], Ciri¢ [4], Reich [10], Daffer and
Kaneko [5], Rhoades [11], Rouhani and Moradi [12], Amini-Harandi [1, 7], Moradi and
Khojasteh [13], and Du [6] and references therein.

Let us recall some basic notations, definitions, and well-known results needed in this
paper. Throughout this paper, we denote by N and R, the sets of positive integers and
real numbers, respectively. Let (X, d) be a metric space. For each x € X and A C X, let
d(x,A) = infyc4 d(x,y). Denote by N'(X) the class of all nonempty subsets of X, by C(X)
the family of all nonempty closed subsets of X, and by C3(X) the family of all nonempty,
closed, and bounded subsets of X. A function H : CB(X) x CB(X) — [0, 00) defined by

H(A,B) = max{supD(x,A), sup D(x, B)}

x€B xe€A

is said to be the Hausdorft metric on CB(X) induced by d on X where D(x, A) = inf{d(x, y) :
y € A} for each A € CB(X). A point v in X is a fixed point of a map T if v = Tv (when
T:X — X is a single-valued map) or v € Tv (when T : X — N(X) is a multi-valued map).
The set of fixed points of T is denoted by F(7') and the set of common fixed points of two
multi-valued mappings T, S is denoted by F(7, S).
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Definition 1 [7, Du] A function ¢ : [0,00) — [0,1) is said to be an M7 -function (or R-
function) if limsup,_,,+ ¢(s) <1 for all £ € [0, 00).

It is evident that if ¢ : [0,00) — [0, 1) is a non-decreasing function or a non-increasing
function, then ¢ is an MT -function. So the set of MT -functions is a rich class.

In 1989, Mizoguchi and Takahashi [9] proved a famous generalization of Nadler’s fixed
point theorem which gives a partial answer to Reich’s problem [14].
Theorem 1 [9, Mizoguchi and Takahashi] Let (X,d) be a complete metric space, ¢ :

[0,00) — [0,1) be a MT -function and T : X — CB(X) be a multi-valued map. Assume
that

H(Tx, Ty) < ¢(d(x,9))d(x,),

forallx,y € X. Then F(T) #0.

A mapping T : X — X is said to be a weak contraction if there exists 0 < « <1 such that
d(Tx, Ty) < aM(x,y), )

for all x,y € X, where

(x, Ty) + d(y, Tx) } )

M(x,y) := max{d(x,y), d(x, Tx), d(y, Ty), d 7

Two multi-valued mappings T, S : X — CB(X) are called generalized weak contractions if

there exists 0 < o < 1 such that
H(Tx,Sy) < aMrs(x,9), 3)

where

(4)

Mrs(x,y) = max{d(x, ), D(x, Tx), D(y, ), 2 (5, Sy) + DO, T%) }

2

Also two mappings T, S : X — CB(X) are called generalized ¢-weak contractive if there
exists a map ¢ : [0, +00) —> [0, +00) with ¢(0) = 0 and ¢(¢) > 0 for all £ > 0 such that

H(Tx,Sy) < Mr,s(x,y) — o(Mr,s(x,)) (5)

forall x,y € X.

The concepts of weak and ¢-weak contractive mappings were defined by Daffer and
Kaneko [5] in 1995.

In 2010 Rouhani and Moradi [12] introduced an extension of Daffer and Kaneko’s result
for two multi-valued weak contraction mappings of a complete metric space X into CB(X)
without assuming x > d(x, Tx) to be Ls.c.
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Theorem 2 Let (X, d) be a complete metric space. Suppose that T, S : X — CB(X) are con-
traction mappings in the sense that, for some 0 <« <1,

H(Tx,Sy) < aMrs(x,y), (6)

forall x,y € X (i.e., weak contractions). Then there exists a point xy € X such that x € Tx

and xo € Sxg.

The paper is organized as follows. In Section 2, we first introduce the Generalized
Mizoguchi-Takahashi’s Contraction (GMT for short) as an extension of Mizoguchi and
Takahashi’s type and of work by Daffer and Kaneko. Section 3 is dedicated to the study
of some new fixed point theorems, which generalize and improve Mizoguchi-Takahashi’s
fixed point theorem, Nadler’s fixed point theorem, and some well-known results. Further-
more, we give a partial answer to the conjecture introduced by Rouhani and Moradi (see
[12, Theorem 4.1 and Section 5]). Consequently, some of our results in this paper are orig-

inal in the literature, and we obtain many results in the literature as special cases.

2 Main result
In this section, we first explain the concept of GMT contraction (see also [9, 15]).

Definition 2 A function ¢ : R x R — Ris called a GMT function if the following conditions
hold:

(1) 0<(t,s)<1foralls,t>0;
(92) for any bounded sequence {¢,} C (0,+00) and any non-increasing sequence {s,,} C

(0, +00), we have

limsup 9 (¢, ,,) < 1.

n—00

We denote the set of all GMT functions by GﬂTTR).
Here, we give simple examples of manageable functions.

Example 1 [15, Example B] Let ¢ : [0,00) — [0,1) be an MT -function, then 9 (t,s) = ¢(s)
is a GMT-function.

Example 2 Let g(x) = @ for all x > —9. Define

T oox

o, l<t<s,
DHt,s) =45
g(s), otherwise.

It is clear that 0 < ©(¢,s) < 1. Also for any bounded sequence {t,} C (0, +00) and any non-
increasing sequence {s,} C (0, +00), if 1 < t, < s,,, then lim,_, . 5, = inf,,en S, = a for some
a € [0, +00). We have

ty i Sy a

lim sup #(¢,, s,,) = limsu <1l =
i (6 ) n%oops$,+1_n—>oos,21+l a’+1
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Otherwise, ¥(z,s) = g(s) and since g is continuous, we get

limsup 9 (¢,,8,) = lim g(s,) =g(a) <1,
n—0oQ

which means that (¢#2) holds. Hence 9 € Gm).

Definition 3 Let (X, d) be a metric space. The mapping T : X — CB(X) is called a WGMT-

—

contraction if there exists # € GMT(R) such that
H(Tx, Ty) < 0 (H(Tx, Ty), Mr(x,)) Mr(x,) 7)
for each x,y € X.

Theorem 3 Let (X,d) be a complete metric space and let T,S : X — CB(X) and suppose
there exists ¥ € GMT(R) such that

H(Tx, Sy) < 0 (H(Tx, Sy), Mr,s(x,)) Mrs(x, ) (8)

foreach x,y € X. Then T, S have a common fixed point.

Proof Let xg € X be arbitrary and x; € Sxy. Since Tx; # ¥ choose x, € Tx;. If x; = x, we
have nothing to prove, because

D(xy, S. D(x,, T
MT,S(xlrx2):maX{d(xlrx2):D(xlyTxl):D(xZ:SxZ); Ga1, Sx2) + Dixz xl)}.

2

Thus M7 s(x1,%5) = D(x,Sx7). If D(x5,Sx5) = 0, then x, € Sx, and x, € Tx; = Tx; and so
xy is the common fixed point of T, S. Hence without loss of generality, we can assume
that M7 g(x1,x7) > 0. Also if H(Tx1,Sx;) = 0, then Tx; = Sx, and since x; = x, we have
xp € Tx) = Tx, and x, € Tx; = Sx, and again x; is the common fixed point of T, S. Thus we
can assume that H(Tx;, Sx,) > 0. Therefore, by any choice of x;, x, we can assume that

o Mrs(x1,%) >0,

o H(Tx1,S8x;) > 0.
Taking

1
- -1 Tx;, S.
“ (w(H(Txl,sz),MT,s(xl,xz» )H( 1, 83)

(note that €; > 0), there exists x3 € Sx, such that x3 # x, such that

d(x3, %) < H(Tx1,5%2) + €

B "H(Txl,sz)
\/ﬂ(H(Txl,sz),MT,s(xbxz)) '

By the above argument, we can assume that
o Mrs(x2,%3) >0,
o H(Tx,,Sx3) > 0.
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Choose x4 € Tx3. Taking

1
€y = ( —I)H(Tx3,5x4)
VO (H(Txs, Sxa), Mr,5(%3,%4))
(note that €; > 0), there exists x5 € Sx4 such that x5 # x4 and

d(x5,x4) < H(Tx3,S5%4) + €2

_ 'H(Txg,Sx4)
O (H(Txs, Sxa), Mr,5(x3,%4))

By induction, if xax_1, %2k, %2x41 € X is known to satisfy xox € Txox_1, ¥2x41 € Sxok, H(Txok_2,
Sxar-1) > 0, M1 s(X2x-2, %2k-1) > 0, and

A%k, Xok41) < H(Txog-1, Sxox) + €51

H(Txok-1, Sxox)

) O H (T 1, Sxa), Mr,s (i1, %01)) ©
then, by taking
€k = ( ! - 1>H(Tx2k, Sx2k+1),
VO H(Txok, Taokear), M,s (%o, %251))
one can obtain X3 € Sxo.2 With xox,3 # ¥2x42 such that
d(X2k+2, %2k+3) < H(Tx2k11, SX2k42) + €
H(Txoks1, SX2k42) (10)

B VO H(Toog 1, Sxogra), Mr,s (o1, %2 12))

Hence by induction, we can establish a sequence {xy,,1} in X satisfying, for each n € N,
o Xoni1 € Sxop,
o H(Tx21-2,S%20-1) > 0,
o Mrs(x21-2,%24-1) > 0,

and
d(me x2n+1) < H(TxZn—lx SxZn) + €41
_ 7'l(TxZn—ly SxZn) (11)
VO H(Txap-1, Sx20), M1,5 (%201, %21)) '
By (7), we have
H(Txon1,San) < O (H(Tx2n-1, Son)s M1,s(Kan-1, %20) ) M1,5 (K21, X21)- 12)

By combining (11) and (12), we get

A%, X2ns1) < \/19 (H(Tx2n-1, S%2n)s M,5(2-1, %20) ) M 1,5 (%201, %20). (13)
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By repeating the above argument (replacing S by T') one can easily verified that

A(X2n42) X2n41) < \/17 (H(Txon, Sx2n41)s M1,5 (X2 X241) ) M 1,5 (K20 %2141 (14)
Note that
d(xZn—lx xZn) < MT,S (x2n—1; x2n)

= max{d(xznbxzn),D(xznb Txon-1), D(X2, Sx24),

D(x2, Tx2p-1) + D(%2-1, S%2) }
2

IA

max { d(xZn—lx xZn): d(x2n+1 ) x2n),

d(x2n—1) x2n+1)
2

IA

d n» n—. d n» n+
maX{d(xzn—bxzn),d(xzmbxzn), Ceam 2201) + Ao %2 1)}

2
= max{d(mexanl), d(x2n+1yx2n)}

= d(x2n-1,%24)  (by (13)). (15)
Also
d(x2n+1 ) xZn) < MT,S(x2V1+11 x2n)

= max { d(x2n+1, x2n)’ D(x2n+1: Txon41 )r D(me Sx2n),

D(x2y, Tx2p41) + D241, SX211) }
2

d(me x2n+2) }

=< max{d(x2n+1:x2n): A(Xon+1, X2n42)5 9

IA

d
max { A(%2-1,%21), A(X20141, X2n),

(%20 X2me1) + A(X41, X2142) }
2

= max{d(me Xone1)s A(X2415 X2n42) }

= d(x2n+lr x2n) (bY (14)) (16)

It means that d(x2,_1,%24) = M1,5(X2,-1,%2,) and Mr (%2441, %21) = d(X2041,%2,). Hence for
each n € N we have

s %n11) <9 (H (T Sn1), s 20)) s %), (17)
which means that the sequence {d(x;_1,%,)}nen is strictly decreasing in (0, +00). So
y = lim d(x,,%,.1) = inf d(x,,,%,,1) > 0 exists.
n—00 neN

By (12) and (15), we have

H(Txy, Sxp1) < d(x,-1,%,) forallmeN,
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which means that {# (7%, Sx,-1)}sen is a bounded sequence. By (¢2), we have

lim sup & (’H(Tx,,, Sxu-1), d(xy,_l,x,,)) <1 (18)

n—0o0

Now, we claim y = 0. Suppose y > 0. Then, by (18) and taking the limsup in both sides of
(13), we get

y < \/lim sup19(7-[(Txn_1,5xn),d(xn-l»xn)))’ <Y,

n—0o0

a contradiction. Hence we prove

n—00

lim d(x,,%,.1) = in’g d(x,,%,41) = 0. 19)
ne

To complete the proof it suffices to show that {x,},cn is a Cauchy sequence in X.
For eachn e N, let

P i= [0 (H(T1, S20), d 1, 5).
Then p, € (0,1) for all n € N. By (13), we obtain

Ad(X, %n41) < Pd(x,-1,%,) forall m € N. (20)
From (18), we have limsup,,_, ., p» <1, so there exist ¢ € [0,1) and #g € N, such that

on <c forall n e Nwithn> nyg. (21)

For any n > ny, since p, € (0,1) for all n € N and ¢ € [0,1), taking into account (20) and
(21), we conclude that

d(xm xn+1) < pnd(xn—l» xn)

R

< PnPn-1Pn-2 """ Pnq d(x0,%1)

< "0 d(xo, x1).

hn +1

Put o, = T(Zd(xo,xﬂ, n € N. For m,n € N with m > n > ny, we have from the last in-

equality
m-1
d(xnrxm) = Z d(x/,x,»+1) <Oy
j=n

Since ¢ € [0,1), lim,,_, o @, = 0 and hence

lim sup{d(x,,,xm) > n} =0.

n—00


http://www.fixedpointtheoryandapplications.com/content/2014/1/195

Javahernia et al. Fixed Point Theory and Applications 2014, 2014:195 Page 8 of 12
http://www.fixedpointtheoryandapplications.com/content/2014/1/195

So {x,} is a Cauchy sequence in X and converges to x* € X. If
S= {ne N:x, :x*}

and #(S) = oo where i(S) is the cardinal number of S, then x,,,; € Tx, = Tx* and we have
x* € Tx*. If 4(S) < co one deduces that there exists £ € N such that x,, # x for all n € N with
n > £. It means that H(7x,, Sx*) > 0 and d(x,,,x*) > 0 for each # > £. Hence H(Tx,, Sx*) > 0

and M7y s(x,,x*) > 0 for each n > ¢ and so

D(x,,+1, Tx*) < H(Tx,,,Sx*)
< 19(’H(Txn,Sx*),MT,g(x,,,x*))MT,g(xn,x*)

<MT,5(xn,x*). (22)

Suppose that D(Tx*,x*) > 0, then

MT,g(x,,,x*) = max{d(x,,,x*),D(Tx*,x*),D(x,,,Sx,,), Dl T57) + D(Sx, %) }

2
D(xm Tx*) + d(xn+17 x*)
2

S max{d(xn’x*)’D(Tx*’x*)’d(xn}xn+l)i }' (23)

By (23) one can choose v € N such that Mt s(x,,x*) = D(Tx*,x*) for each n > v. Now by

taking « = max{v, £}, for each n > k we have

D(%41, Tx*) < H(Sxn, Tx™)
< O (H(Sxn Tx*), D(Tx*, x*) ) D(Tx*, 5*)
D(Tx*,x%). (24)

For each n € N, let

o =9 (H(S, T*), D( T, 7)),
Then p, € (0,1) for all n € N. By (24), we obtain

D(%p41, Tx*) < H(Sxn, Tx*) < 1,D(Tx",x*) < D(Tx*,5*) foralln > «. (25)
Since H(Sx,, Tx*) < D(Tx*,x*) we have {H(Sx,,, Tx*)} is bounded and {D(Tx*,x*)} is a fixed
sequence. From (12), we have limsup,,_, ., A, <1, so there exist » € [0,1) and ny € N, such
that

A, <r forall n e Nwithn> n,. (26)

Taking the limit in both sides of (25) we have

D(x*, Tx") < rD(Tx*,x*). (27)
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Thus r > 1 and this is a contradiction. So we have D(x*, Tx*) = 0 and then x* € Tx*. The
same argument can be applied for S and one can easily verify that x* € Sx* and so T, S

have a common fixed point x* € X. g
In the following, an example is given covering our result.

Example 3 Suppose that X =[0,1] U {4} and let T, S : X — CB(X) be defined as follows:

Tx = [O,f:| and Sy:{z}.
4 4

Suppose that

L, telo1],
pt)=12
3¢5,

and 9 (t,s) =1— @ for all t,s > 0. For any bounded sequence {¢,} C (0, +o0) and any non-

increasing sequence {s,} C (0, +00), we have

limsup 9 (¢,,s,) = limsup (1 - (p(S,,)) <L
s

n—00 n—00 n

First suppose 0 <x <1land 0 <y <1, then

H(Tx, Sy) = max{ % - 2 ,%}
1 y
< _ _ _Z
_zmax{ly x|, |y 4‘}
1
S —MT,S(ny’)

2
= 9 (H(Tx, Sy), M1,5(x,)) Mr,s(x, ).

In the other case, suppose x =4 and 0 <y <1, then

H(Tx, Sy) = max{

z_l',z}
4 4
<

1
Z 4—v,
_4mu{ ¥, 9}
1
4

IA

MT,S(xry)
= ﬁ(H(Tx) Sy)rMT,S(x:y))MT,S(x,y)'
Other cases are easily verified as the above arguments. Henceforth, T is a WGMT-

contraction and enjoys all conditions of Theorem 3. Also, 7, S have a common fixed

point {0}.
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3 Consequences
Here we deduce some of the known and unknown results by Theorem 3.

Corollary 1 Let (X,d) be a complete metric space and T,S : X — CB(X) be two multi-
valued mappings such that

H(Tx, Sy) < aMrs(x,y) forallx,ye X,
where o € [0,1). Then T, S have at least a common fixed point in X.

Proof 1t suffices to take ¥ (t,s) = « and apply Theorem 3. O

Corollary 2 Let (X,d) be a complete metric space and T,S : X — CB(X) be two multi-
valued mappings such that

H(Tx, Sy) < o(Mr,s(x,9))Mrsx,y) forallx,y € X,
where ¢ : [0, +00) — [0,1) be an MT -function, then T has a fixed point in X.
Proof 1Tt suffices to take ¥ (¢,s) = ¢(s) and apply Theorem 3. d

Corollary 3 [13, Generalized weak contraction] Let (X, d) be a complete metric space and
T,S: X — CB(X) be two multi-valued mappings such that

H(Tx,Sy) < go(MT,g(x,y)) forallx,y € X,

where ¢ : [0, +00) — [0,1) be a function such that ¢(s) < s and limsup,__ . O 1, Then T

s

has a fixed point in X.

Proof It suffices to take ¥ (t,s) = @ and apply Theorem 3. O

4 A partial answer to a known conjecture
In 2010, Rouhani and Moradi [12] proved the following theorem.

Corollary 4 Let (X,d) be a complete metric space and let T : X — X and S : X — CB(X)
be two mappings such that, for all x,y € X,

H({Tx}, Sy) < Mrs(x,y) — p(Mrs(x,))  forallx,y € X

(i.e. generalized @-weak contractions) where ¢ : [0,+00) — [0, +00) is l.s.c. with ¢(0) = 0,
(t) <t and ¢(t) > 0 for all t > 0. Then there exists a unique point x € X such that Tx =x €
Sx.

Motivated by the above the authors extended Rhoades’s theorem by assuming ¢ to be
only Ls.c., as well as Zhang and Song’s [16] theorem to the case where one of the map-
pings is multi-valued. They also asserted the following: ‘Future directions to be pursued
in the context of this research include the investigation of the case where both mappings
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in Zhang and Song’s theorem are multi-valued. By research in the literature such as [1, 7]
and specially [16] (see [16, Problem 3.2]) one deduces the following problem, a conjecture

in the literature.

Problem (A) Let (X, d) be a complete metric space and let 7, S : X — CB(X) be two map-
pings such that, for all x,y € X,

H(Tx,Sy) < Mrs(x,y) — (p(MT,g(x,y)), forallx,y e X

(i.e. generalized ¢-weak contractions) where ¢ : [0, +00) — [0, +00) is Ls.c. with ¢(0) = 0,
@(t) <t and ¢(t) > 0, for all £ > 0. Then do T and S have a common fixed point?

Definition 4 We say that ¢ : [0,+00) — [0,+00) is a weak Ls.c. function if for each

bounded sequence {¢,} C (0, 00),
liminfg(t,) > 0.
n— 00
The collection of all weak Ls.c. functions is denoted by Wi (R).

In the following theorem a partial solution to Problem (A) is given as an application of
Theorem 3.

Corollary 5 Let (X, d) be a complete metric space and let T,S : X — CB(X) be two map-
pings such that, for all x,y € X,

H(Tx, Sy) < Mrs(x,y) — o(Mrsx,y)) forallx,yeX

(i.e. generalized p-weak contractions) where ¢ : [0, +00) — [0, +00), with ¢(0) =0, ¢(¢) < t
and ¢ € Wisc(R). Then Fix(T,S) # .

Proof Define ¥ (t,s) = (1 - @), for all ¢,5 > 0. Since for each bounded sequence {t,} C

(0, 00), liminf,_, o @(£,) > 0, thus liminf,_, o, %ﬂ”) > 0. Thus,

L, L,
limsup(l— wi n)> = 1—1iminf(p( ) <L

11— 00 n n—0o0 n

It means that ¢ € Gm). Also

H(Tx, Sy) < & (Mr,5(x,9), (d(x,9)))Mrs(x, ).

Applying Theorem 3 yields Fix(T,S) # 9. O
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