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Abstract

In this paper, we prove some PPF dependent fixed point theorems in the Razumikhin
class for some rational type contractive mappings involving a..-admissible mappings
where the domain and range of the mappings are not the same. As applications of
these results, we derive some PPF dependent fixed point theorems for these
nonself-contractions whenever the range space is endowed with a graph. Our results
extend and generalize some results in the literature.
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1 Introduction
The fixed point theory in Banach spaces plays an important role and is useful in mathemat-
ics. In fact, fixed point theory can be applied for solving equilibrium problems, variational
inequalities and optimization problems. In particular, a very powerful tool is the Banach
fixed point theorem, which was generalized and extended in various directions (see [1—
37]). In 1977, Bernfeld et al. [2] introduced the concept of PPF dependent fixed point or
the fixed point with PPF dependence which is a fixed point for mappings that have dif-
ferent domains and ranges. They also proved the existence of PPF dependent fixed point
theorems in the Razumikhin class for Banach type contraction mappings. Very recently,
some authors established the existence and uniqueness of PPF dependent fixed point for
different types of contractive mappings and generalized some results of Bernfeld et al. [2]
(see [1, 4, 12, 15, 20], and [33]).

In order to generalize the Banach contraction principle, Geraghty [9] proved the follow-

ing theorem.

Theorem 1 (Geraghty [9]) Let (X,d) be a complete metric space and T : X — X be an
operator. Suppose that there exists 8 : [0, +00) — [0,1) satisfying the condition

Bt,) — 1 implies t, — 0, asn— +00.
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If T satisfies the following inequality:
d(Tx, Ty) < ﬁ(d(x,y))d(x,y) forallx,y e X, (1.1)

then T has a unique fixed point.

Throughout this paper, let (E, || - ||£) be a Banach space, I denotes a closed interval [a, b]
in R and Ey = C(I, E) denotes the set of all continuous E-valued functions on I equipped

with the supremum norm || - ||, defined by
Iplley = sup (@) -
tel

For a fixed element ¢ € I, the Razumikhin or minimal class of functions in Ej is defined
by

Re={o €Eo:lIplle, = | 6(0)] ;).

Clearly, every constant function from I to E is a member of R.. It is easy to see that the
class R, is algebraically closed with respect to difference, i.e., ¢ — & € R, when ¢,& € R..
Also the class R, is topologically closed if it is closed with respect to the topology on E,

generated by the norm || - ||g,.

Definition 1 ([2]) A mapping ¢ € Ej is said to be a PPF dependent fixed point or a fixed
point with PPF dependence of mapping T : Ey — E if T'¢ = ¢(c) for some c € I.

Definition 2 ([2]) The mapping T : Ey — E is called a Banach type contraction if there
exists k € [0,1) such that

1T¢ - TElE <kl —E&llE,
for all ¢,& € Ey.

Samet in 2012 introduced the concepts of « -1/ -contractive and «-admissible mappings.
Karapinar and Samet generalized these notions to obtain other fixed point results. Many
authors generalized these notions to obtain fixed point results (see [18, 19, 21-23], and
(32]).

Samet et al. [31], defined the notion of o-admissible mappings as follows:

Definition 3 ([31]) Let T be a self-mapping on X and « : X x X — [0, 00) be a function.
We say that T is an «-admissible mapping if

xyeX, axy)>1 = o(lx, Ty) >1

Definition 4 ([17]) Letf: X — X and o : X x X — [0, +00). We say that f is a triangular
a-admissible mapping if

(T1) a(x,y)>1implies a(fx,fy) >1,x,y € X,

(T2) {W‘Z) =1 implies a(x,y) > 1, %,7,z € X.

a(zy) =1
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The concept of a.-admissible mapping was introduced by Agarwal et al. in 2013 (see [1]).

Definition 5 ([1]) Letcel, T:Ey — E,and « : E x E — [0,00). We say T is an ¢ -admis-
sible mapping if for ¢, £ € E

a(p(c)E@) =1 = a(T$,TE)>1. 1.2)

Definition 6 ([4]) Letcel, T:Ey — E,and o : E X E — [0,00). We say T is a triangular
a.-admissible mapping if

(T1) a(e(c),&(c)) =1 implies a(Tp, TE) > 1,

(T2) alé(c), ulc)) =1 and a(u(c),£(c)) > 1 implies a(¢(c),&(c)) > 1
for ¢,&, 1 € Ey.

Lemmal ([4]) Let T : Ey — E be a triangular o -admissible mapping. Define the sequence
{p,} in the following way:

T¢n—1 = ¢n(c)
foralln e N, where ¢pg € R, is such that a(po(c), To) > 1. Then
o (Pu(c), dm(c)) =1 forall m,n € N withm < n.

2 Main results
Let F denotes the class of all functions S : [0, +o0) — [0,1) satisfying the following con-
dition:

B(t,) =1 implies ¢,— 0, asn— +o0. (2.1)

Definition 7 Let T: Ey — E be a nonself-mapping and « : E x E — [0, 00) be a function.
We say T is a rational Geraghty contraction of type I if there exist 8 € 7 and ¢ € I such
that

a(p(), To)a(&(c), TE) T — TElle < B(M(4(c),&(c)))M(p(c),£(c))
for all ¢, & € Ey, where

l¢(c) - Tollells(c) - T |le
1+1¢ - £llg

l¢(c) = Tollell(c) - T lle }
L+T¢-TE|e '

’

M($(0)£(0)) = max{ 16— £l

Theorem 2 Let T:Ey — E and o : E X E — [0,00) be two mappings satisfying the follow-
ing assertions:
(a) there exists ¢ € I such that R, is topologically closed and algebraically closed with
respect to difference,
(b) T is an a.-admissible,
(c) T is a rational Geraghty contractive mapping of type I,
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(d) if {¢u} is a sequence in Ey such that ¢, — ¢ as n — oo and a(p,(c), To,) > 1, then
a(p(c), To) >1forallneN,
(e) there exists ¢pg € R, such that a(po(c), Teg) > 1.
Then T has a unique PPF dependent fixed point ¢* € R .. Moreover, for a fixed ¢o € R.,
if the sequence {¢p,} of iterates of T is defined by T¢,_1 = ¢u(c) for all n € N, then {¢,}
converges to ¢* € R..

Proof Let ¢ is a point in R, C Ey such that a(¢po(c), T¢o) > 1. Since T'¢g € E, there exists
x1 € E such that T¢y = x1. Choose ¢; € R, such that x; = ¢(c). Since ¢; € R, C Ey and, by
hypothesis, we get T¢; € E. This implies that there exists x, € E such that T¢; = x,. Thus,
we can choose ¢, € R, such that x; = ¢ (c). Continuing this process, by induction, we can
build the sequence {¢,} in R, C Ey such that T¢,_; = ¢,(c) for all n € N. It follows from
the fact that R, is algebraically closed with respect to difference

[ @nt = Bullgy = || @n-1(c) — du(0)||, forallmeN.

Since T is a.-admissible and a(¢o(c), $1(c)) = a(do(c), Teo) > 1, we deduce that

a(p1(c), Tor) = a(To, Thy) > 1.

By continuing this process, we get a(¢p,-1(c), T¢,-1) > 1 for all n € N. Since T is a rational

Geraghty contraction of type , we have

lén = uirlle, = ||¢n(c) — Puii(c) ”E =1 Tép1 - ToullE
< &(Pn1(€), Tua) @ (u(c), Tou) | Tns — Tl
< B(M(¢n-1(¢), 9(0)) M(¢n1(c), Pu(©)).- (22)

On the other hand,

M(pu1(c) pu(c)) = max{ b1 — BullEy»

¢n-1(c) = Thn-rllell@n(c) = Tulle
L+ |¢n-1 = PullEy

l$n-1(c) = Thn-1llellpn(c) — Tulle }
1+ | T¢p1— Thulle

’

= max{ lpn1— ¢n||E0;
||¢,,,_1(C) - ¢n(c)”5”¢n(c) - ¢n+1(c) ”E
1+ [l¢n-1—Pullg, '

| $n-1(c) = PullEllPu(c) — Pusrlle }
1+ ||¢n(c) - ¢n+l(c)”E

¢n (C) - ¢n+1(c) ”E}
= max{l|¢n—1 — Gnll£gs 10 — PrarllEy -

< max{||¢n-1 — Pullz,


http://www.fixedpointtheoryandapplications.com/content/2014/1/197

Zabihi and Razani Fixed Point Theory and Applications 2014, 2014:197
http://www.fixedpointtheoryandapplications.com/content/2014/1/197

If

max{l¢n-1 = Pullzgs 165 = stz } = dn = Pl

from (2.2) we have

”¢n - ¢n+1||Eo = ﬁ(”‘pn - ¢n+1||Eo) ”d’n - ¢n+1||Eo < ||¢n - ¢n+1||Eo; (2-3)

which is a contradiction. So,

max{ [ g1 = Gullegs 16 = Prsilley | = dn1 = Pulliy-

By (2.2) we conclude

”¢n - ¢n+1||Eo =< ﬁ(”({bn—l - ({bn”Eo) ||¢n—1 - ¢n||Eo < ”d)n—l - ¢n”Eo (2-4)

for all n € N. This implies that the sequence {||¢, — ¢,.1llg,} is decreasing in R,. So, it is
convergent. Suppose that there exists 7 > 0 such that lim,,_, .00 [y — Pus1llg, = . Assume
that r > 0. Taking the limit as # — +00 from (2.4) we conclude

r< ngglooﬁ(llfbn_l = bullgy )7
which implies 1 < lim,,—, 10 B([|¢u-1 — Pull£,)- SO,
n1—1>IPooﬁ(”¢n_l - ¢n||Eo) =1,

and since § € F, lim,_, ;o0 [|¢y-1 — Pxllg, = 0, which is a contradiction. Hence, r = 0. This

means
lim |l¢p,-1 = Pullgy = 0. (2.5)
H—>+00

We prove that the sequence {¢,} is a Cauchy sequence in R.. Assume that {¢,} is not a
Cauchy sequence, then

lim  |¢w — @ullg, > 0. (2.6)
,n—>+00
Since T is a rational Geraghty contraction of type I, we have

6 = Bmllzy < l1¢n = Dut gy + I Bnir = Bt g + 1 Pmar — il
< llpn = Puarllzy + @ (Dn(C) Tpn)t (G (C), Thm) I Ty = T,
+ | Bmir = bl
< ¢ = bustllgy + B(M(u(C), () M (), din (<))

+ 1Pme1 — OmllEo-

Taking the limit when m, n — oo in the above inequality and applying (2.5) we deduce

m ”({bn - ¢m ”Eo = m,lginw ﬁ (M(¢n(c)’ ({bm(c))) m,l;jglooM(d)"(c)’ ¢m(c)): (2‘7)

li
m,n— 00

Page 5 of 29
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where

”¢n - ({bm ”Eo = M(¢n(c)r ¢m(c))

¢n(c) = ThullEllPm(c) = Thmlle
1+ ”‘{bn - d’m”Eo

¢n(€) = Teullellpm(c) = TpmllE }

’

= max{ ||¢}’l - ¢m”E0)

L+ 1T¢p — Tomlle

l$n(c) = Pue1 () ENlPm(c) — Pmer(c) e
1+ dn = dumllE,

Pn(€) = Prs1 (Ol EN P (C) — Prmsr(C)llE }
1+ [|¢ni1(c) = e (©)lE

’

= maX{ 6n — Pumll£o»

||¢n - ¢n+1 ||Eo ||¢m - ¢m+1 ||Eo
1+ 10 — Pl

’

= max{ ”‘pn - ¢m”EO»

||¢n _¢n+1”50”¢m _¢m+1”Eo } (2.8)
1+ ||¢n+l - ¢m+1”Eo
Letting m, n — o0 in the above inequality and applying (2.5), we get
lim  M(¢u(c), pm(c) = 1im I — Pl (2.9)
nm,n—+00 m,n—+00

So, by (2.7) and (2.9), we have

lim sup | ¢ — @l gy < limsup B(llgn — P, ) imsup ¢ — P,

n,n—+00 n,n—+00 n,n—+00

and hence from (2.6) we get 1 <limsup,, ,_, ... B(I#n — dmllg,). This means
im B(Ign — dullzy) =1
and since 8 € F, we conclude

lim ||y — ¢ullg, = O,

m,n—+00

which is a contradiction. Consequently,

lim ||¢n - ¢m”E0 =0

m,n—>+00

and hence {¢,} is a Cauchy sequence in R, C Ey. By Completeness of Ey, we find that {¢, }
converges to a point ¢* € Ey, this means ¢,, — ¢*, as n — +00. Since R, is topologically
closed, we deduce, ¢* € R,. By condition b, we have a(¢*(c), T¢*) > 1. Now, since T is a
rational Geraghty contraction of type I, we have

|76 - 6",
< | To* - ¢ule)| ; + |#ulc) — 9" ()]
= [ T¢* ~ Tpur ||E + | bu—9* HEO
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< a(¢*(0), T$*)ot ($na(0), Thuar) | T* = Tppa |, + [ — |,
< B(M($7 (), $u1(0) ) M(8*(), - (0)).

Taking the limit as # — oo in the above inequality, we get

[T¢" - 6", = lim B(M(¢*(c), pu1(0))) lim M($"(c), pu-r(c)). (2.10)

But

lim M(¢"(c), $n1(0)) = lim max{ l¢* = bnall g,
1¢*(c) = T* l|Ellpn-1(c) = Tpur |
1+11¢* = du-rllE ’

l¢*(c) — To*|lellpu-1(c) = Thuall£ }
1+ 1To* - Tulle

= nlirgo max{ |#* = u “Eo’
l9*(c) = Tl Ellpn-1(c) = dulO) £
1+ l1¢* = du-1llg,

ll¢*(c) = T¢* el pn-1(c) = Pulc)lle }
L+ T¢* = dulo)lle

’

- i s 47~ 00
l¢*(c) = T¢"lEl pn-1 — PullEy
L+ [1¢* = dpllE,

ll¢*(c) = To* el pn-1 — PullEy } 0o
L+ [|T¢* = u(c)le '

(2.11)

Therefore, from (2.10) and (2.11), we deduce

|79 - 9@ =0,
that is,
T¢" =¢*(c),
which implies that ¢* is a PPF dependent fixed point of 7" in R .. Now, we show that T has

a unique PPF dependent fixed point in R.. Suppose on the contrary that ¢* and ¢* are
two PPF dependent fixed points of T in R, such that ¢* # ¢*. Then

[6" = ¢*[5, = |07 - 0™, = [ T¢" - To7|,
< a(¢*(0), To*)a(p*(c), Te*) | To* - Te*|

< B(M(¢*(c), ¢*(€)) M(9"(c), ¢*(c))
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where

¢*(c) = To*llell¢™(c) - Te* e
L+ 9" —¢*lE,
¢*(c) = Top*llell¢*(c) - Te* e } = 6" - "]
L+ To* - To*lle Eo’

’

M($*(0), ¢*(¢)) = max{ lo* = o*| g,

Therefore,

[#* =" lg, <897 =97l |97 = 9"l <[l @” - ",

which is a contradiction. Hence, ¢* = ¢*. Then T has a unique PPF dependent fixed point
inR,. O

Definition 8 Letw : E x E— [0,00) and T : Ey — E. We say that T is a rational Geraghty
contraction of type /I if there exist 8 € F and ¢ € I such that

a(p(c), To)a(€(0), TE) 1T - TElle < B(M(¢(c), £(0))M($(c), 4 (c))

for all ¢, & € Ey, where

M($(0)£(0) - max{ 16— &l

ll¢(c) = TPllelip(c) — TElle + 1E(c) = TElellE(c) - Tolle
L+1¢p(c) = Tolle + 15(c) - T |le

ll¢(c) = TPllelip(c) — TElle + 1E(c) — TElell§(c) - Tolle }
L+ 1¢p(c) - TE|le + 15(c) - Tdlle '

’

Theorem 3 Let T :Ey — Eand o : E x E — [0, 00) be two mappings satisfying the follow-
ing assertions:
(a) there exists ¢ € I such that R, is topologically closed and algebraically closed with
respect to difference,
(b) T is an a.-admissible,
(c) T is a rational Geraghty contractive mapping of type II,
(d) if {¢u} is a sequence in Ey such that ¢, — ¢ as n — oo and o(p,(c), To,) > 1, then
a(p(c), To) >1forallneN,
(e) there exists ¢pog € R, such that a(po(c), Teo) > 1.
Then T has a unique PPF dependent fixed point ¢* € R.. Moreover, for a fixed ¢o € R,
if the sequence {¢p,} of iterates of T is defined by T¢,1 = ¢,(c) for all n € N, then {¢,}
converges to ¢* € R.

Proof Suppose that ¢ is a point in R, C Ey such that a(¢o(c), T¢o) > 1. Since T'¢y € E,
there exists x; € E such that T'¢g = x;. Choose ¢; € R, such that x; = ¢;(c). Since ¢; €
R. C Ey and, by hypothesis, we get T¢ € E. This implies that there exists x; € E such that
T = x,. Thus, we can choose ¢, € R, such that x; = ¢(c). Continuing this process, by
induction, we can build the sequence {¢,} in R, C Ey such that T'¢,,_; = ¢,,(c) forallm € N.
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It follows from the fact that R, is algebraically closed with respect to difference

191~ bullzy = | $na(c) — $u(c)|, forall meN.

Since T is a.-admissible and a(¢g(c), $1(c)) = a(dg(c), Teg) > 1, we deduce that

a(p1(c), Tor) = a(To, Tehy) > 1.

Continuing this process, we get «(¢,-1(c), T¢,—1) > 1 for all n € N. Since T is a rational
Geraghty contraction of type II, we have
lén = uirlley = ”d)n(c) — Puii(c) ”E =1 Tep1 — ToullE
< a(pn-1(0), Tur )t (D), Tu) | T s — Thull
<8 (M(¢n—1 (€), Pn (C)))M(¢n—1 (©), bn (C)) . (2.12)

On the other hand,

M(¢n—1(c)! (]5,,(0))
= max{ ||¢n—1 - ¢n ”Eo;

I$n-1(0) = Thurllllpnri(c) = Thulle + $u(c) = Thnullellpulc) = Tt
1+ || ¢u1(c) = Tn-rlle + dn(c) — Thulle ’

I$n-1() = TurllEllPn-1(c) = Thulle + 1pn(c) — ThullelPu(c) — ThnorllE }
1+ [|¢n-1(c) = ToullE + llpu(c) = TopnrllE

= maX{ Pn-1 = PullEq>

Pn-1(c) = Pu()ENPu-1(c) = Pus1 ()£ + |Pu(c) = Pui1(O)llEllBn(c) — pnlc)llE
L+ (|¢u-1(c) = dulO)llE + | Pu(c) = Prar(c)llE

lPn-1(c) = Pu() | EllPn-1(c) = Dr1 (OlE + llPn(c) — Dr1 (OlENPulc) — Pulc)lle }
L+ [[¢pn-1(0) = h1 (O£ + llpn(c) — Pulc)llE

’

= max{ ||¢n—1 - ¢n||E0;
||¢n—1 - ¢n ”Eo ||¢n—1 - ¢n+1 ”Eo + ||¢Yl - ¢n+1 ”Eo ||¢n - ¢n ”EO
1+ ”d’n—l - ¢n||Eo + ||¢n - ¢n+1||Eo ’

lPn-1 = DullEg | Pn-1 = Pusilleg + [P0 — Pusilleg | 0n = Gl £y }
1+ |pn-1 — Puaalleg + lpn — dullEg

= 1¢n-1 = Pull -

From (2.12) we conclude

”¢n - ¢n+1||E0 < ﬂ(”({bn—l - ‘»bn”Eo) ”({bn—l - ¢n||Eo < ||¢n—1 - ¢n”Eo (2~13)

for all n € N. So, the sequence {||¢, — @,.1ll£,} is decreasing in R, and there exists r > 0
such that lim,, 100 [|$n — @u+1llE, = 7. Reviewing the proof of Theorem 2, we can show that
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r=0,ie,
lim |[/¢,_1 — Pullg, = 0. (2.14)
n—+00
Now, we prove that the sequence {¢,} is Cauchy in R.. If not, then
lim  |¢w — @ullg, > 0. (2.15)
,n—>+00
From the fact that 7 is a rational Geraghty contraction of type II, we have

60 = bmlley < 116w = uirllzg + 10ni1 = Pmarllzg + [|@mer — bmllEg
< l1bn = Dusill gy + & (Pn(c), Tn) et (¢ (), Tdun) | T = Tl
+ |1 — bumll£g
< l1bn = busillzg + B(M(n(C), P (0))) M (¢ (c), P (c))

+ ||¢m+1 - ¢m||Eo‘

Letting m, n — oo in the above inequality and applying (2.14) we deduce
im_||gy = Gmlley < Lim B(M(du(c) (<)) lim M (dulc), pm(c)), (2.16)
n,n— 00 n,n— 00 m,n— 00
where

”d’n - ¢m ||Eo
< M(¢uc), pm(c))

= max{ ||¢n - ¢m||E0:

n(€) = TullEllPn(c) = Thmlle + |m(c) = Thmll£lPm(c) = Thulle
L+ 1¢n(c) = Toulle + ¢m(c) = Tmlle '

I¢n(c) = Tnll£llPn(c) = Tmlle + 1¢m(c) = ThpmllElpm(c) — Tnlle }
L+ [1¢u(c) = TomllE + lpm(c) = Tulle

= maX{ 6n = PumllEo»

9n(C) = Prs1 ()l ENlPn(c) = D1 (Nl + |Pm(c) = PrmsrllENl P (c) — Puir ()l
L+ (|¢u(c) = @ns1 (Ol + l|Pm(c) = P ()l ’
P (c) = Pus1 () ENPn(C) = Prus1 ()l + 1P (€) = Prns1 ()| EN P (c) — Pusr ()|l }
L+ [|¢94(c) = Pns1(OlIE + [Pm(c) = P (Ol

= max{ ||¢n - ¢m||EO:

Pn = PunsillEg 1 Pn = PmaillEy + 1 Pm — Pmatllgg P — PuanllEy
1+ ||¢n - ¢n+1”Eo + ||¢m - ¢m+1||Eo

||¢n - ¢n+1”Eo ||¢n - ¢m+1||E0 + ||¢m - ¢m+1”E0 ||¢m - ¢n+1”Eo }
1+ ||¢n - ¢m+1 ”Eo + ||¢m - ¢n+1||E0

’

(2.17)

Page 10 of 29
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Letting m, n — oo in the above inequality and applying (2.14), we get

lim M($u(c)¢m(©) = Hm_ [ = dullz,- (2.18)

m,n—+00

So, from (2.16) and (2.18), we obtain

limsup (¢, — ¢ llzy < limsup B(lpn — Pmllg,) limsup ¢, — Gl

m,n—+00 m,n—+00 m,n— +00

and so by (2.15) we get, 1 <limsup,,, ..o B(I¢n — dmllg,). That is,
mil_r}}rooﬁ(”(bm - ¢n||50) =1
and since 8 € F, we deduce

lim (¢ — ¢ullg, = O,

m,n—+00

which is a contradiction. Consequently,
lim |y — Py =0
n,n—+00

and hence {¢,} is a Cauchy sequence in R, C Ey. By completeness of Ey, we find that {¢, }
converges to a point ¢* € Ey, this means that ¢,, — ¢*, as n — +00. Since R, is topolog-
ically closed, we deduce that ¢* € R,. Now, since T is a rational Geraghty contraction of
type II, we have

|7¢* - "),
< [T¢* = du@)]  + | ¢n(c) - ¢7(O) ]
=|T" = Toua|p + | 6n - 0|,
<o (¢7(0), T§™)et(@na(0), Thuar) | T9™ = T |, + |00 - 67,
< B(M($*(c), $n1(0))) M (¢(©), bns(©)).

Taking the limit as # — oo in the above inequality, we get

[ 79"~ ¢* ()| < lim B(M(¢"(c) $n1(0))) lim M(¢"(c), hu-1(c)). (2.19)

But

M(¢* (), na(c))

= max{ |¢* = dus ”Eo’

l¢*(c) = T¢*llell¢™(c) = Thulle + @n-1(c) = TPn-allel pn-1(c) = TP*|£
L+ 11¢*(c) = To*l|e + 1 pn-1(c) = Tdurll£ ’

¢*(c) = To* el ¢*(c) = Tdurlle + I|Pn-1(c) = Thn-1llellPnr(c) - TP Ile }
1+ 19*(c) = Tonlle + I pna(c) — To* e

Page 11 of 29
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= max{ |¢* = dua ”Eo’

¢*(c) = Top* el ¢ () = pul)lle + | Pn-1(c) = Pu(O) Il Pn-1(c) — TP* |
L+ llg*(c) = To*lle + | Pn-1(c) — dulc)lle ’

¢*(c) = To* el ¢ () = pu(O)lle + | Pn-1(c) = Pu(O) |l Pn-1(c) — TP* | }
L+ l19*(c) = du(O)lle + lIpn-1(c) — T* ||

- max [0~ 611 |,
l¢*(c) = T*lENP™ = dulley + 1 Pu-1 = Pulley 1 Pn-1(c) = TP* |l
L+ [l¢*(c) = To* g + lIpn-1 — PullE,

¢*(c) = To*llENP™ = Pulley + 1Pn-1 = Pullg | Pn-a(c) — T || }
L+ [|¢* = dullgy + |¢n1 — TP*[|E, '

’

(2.20)

So,

lim M<¢*(C): ¢n—1 (C)) = O;

n—00

and by (2.19) and (2.20), we conclude
|76 -5 -0,

that is,
T¢" =¢*(c),

which implies that ¢* is a PPF dependent fixed point of T in R.. Finally, we prove the
uniqueness of the PPF dependent fixed point of T in R,. Let ¢* and ¢* be two PPF depen-
dent fixed points of T in R, such that ¢* # ¢*. So, we obtain

|67 -¢"[lg, = l¢7 (@ -9,
= 79" - Te|,
< a(¢*(0), To*)a(p*(c), Te*) | To* - Te*|
< B(M(9*(0), ¢*(€))) M (9" (c), 9*(c)),

where

M($*(0), ¢*(¢)) = max{ lo* = o* g,

l¢*(c) = To*llell¢™(c) = To*lle + ll9*(c) = To*elle*(c) - T Ile
L+ [l¢p*(c) = To*|le + ll9*(c) - To*|e

¢*(c) = To*llell¢*(c) - Te*le + ll9*(c) - T llelle*(c) - T Ile }
L+ 1¢%(c) = To*le + llo*(c) - To*|le

’

= ||¢* _go* ||E0’

Therefore,

e PRI A PO | A P Tt P

Page 12 of 29
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which is a contradiction. Hence, ¢* = ¢*. Therefore, T has a unique PPF dependent fixed
point in R.. This completes the proof. d

Definition 9 Leta :E X E— [0,00) and T : Ey — E. We say that T is a rational Geraghty
contraction of type /11 if there exist 8 € F and ¢ € I such that

a(p(c), To)a(€(0), TE)I1T¢ - T lle < B(M(¢(c), £(0))M($(c),§(c))

for all ¢, & € Ey, where

l¢(c) = Tllell§(c) - TE e
L+l —&llg, + llp(c) - TElle + 16() - Thlle”

¢(c) - T&ellp(c) —§(O)lle }
1+ 1p(c) = Thlle +1E(0) = Tolle +1E(c) - TEle |

M(9(0),6(c)) = maX{ o — &l

Theorem 4 Let T :Ey — E and o : E x E — [0, 00) be two mappings satisfying the follow-
ing assertions:
(a) there exists ¢ € I such that R, is topologically closed and algebraically closed with
respect to difference,
(b) T is an a.-admissible,
(¢) T is a rational Geraghty contractive mapping of type I,
(d) if {¢u} is a sequence in Eq such that ¢, — ¢ as n — oo and o(p,(c), To,) > 1, then
a(gp(c), Tp) >1forallneN,
(e) there exists ¢pog € R, such that a(po(c), Teo) > 1.
Then T has a unique PPF dependent fixed point ¢* € R.. Moreover, for a fixed ¢y € R, if
the sequence {¢,} of iterates of T defined by T'¢,,.1 = ¢(c) for all n € N, then {¢p,} converges
to the PPF dependent fixed point of T in R..

Proof Suppose that ¢ be a point in R, C Ey such that a(¢o(c), T¢o) > 1. Since T¢po € E,
there exists x; € E such that T¢g = x;. Choose ¢; € R, such that x; = ¢;(c). Since ¢, €
R. C Ep and, by hypothesis, we get T¢; € E. This implies that there exists x, € E such
that T¢, = x,. Thus, we can choose ¢, € R, such that x; = ¢,(c). Repeating this process,
by induction, we can construct the sequence {¢,} in R, C E, such that T'¢,_; = ¢,(c) for
all 7 € N. From the fact that R, is algebraically closed with respect to difference it follows
that

Ipn1 = bullzg = |dn1(c) = (o), forallmeN.
Since T is a.-admissible and a (¢ (c), ¢1(c)) = a(po(c), Ty) > 1, we deduce
a(¢p1(c), Tor) = a(To, Tehy) > 1.

Continuing this process, we get a(¢,_1(c), T¢,_1) > 1 for all n € N. By the fact that T is a
rational Geraghty contraction of type III, we have
ldn — Prialley = ||¢n(C) - ¢n+1(c)”E =1 Tépn1 - ToullE
< &(pn-1(¢), Thn1)(bnlc), Teu) | Tur — Toulle
<8 (M(d’n—l (©), b (C)))M(¢n—l (), bn (C)) . (2.21)
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On the other hand,

M(¢n—1(c):¢n(c)) = max{ lpn1 — ¢n||E0;

pn-1(c) = TPnllellPn(c) — Toulle
L+ l¢n1 = bulley + 651(€) = Tulle + 19n(c) = Tualle’

l|¢n-1(¢) = Thullell@n-1 — Pully }
L+ |@n-1(c) = Thn-1lle + 1 9n(c) = Thulle + 1pnlc) — Thulle

= max{ ||¢n—1 - ({bn”EO;

lpn-1(c) — Pn(SllEllPu(c) — Pra(O)lle
1+ ”‘{bn—l - ¢n||Eo + ||¢,,_1(C) - ¢n+l(c)”E + ||¢n(c) - ¢n(c)”E’

||¢n—l(c) - ¢n+1(c)”E”¢n—1 - ¢n”Eo }
1+ [[@n-1(c) = Pu(O)lIE + l1Pulc) — PulO)llE + l1Pnlc) — Pu(O)llE

< maX{ Pn-1 = Pull o>

lpn-1 — ¢n||Eo(||¢n - ¢n—1||Eo + |1 — ¢n+l||Eo)
L+ 1 gnat = Bullgy + 1 Pn1 = Busilley + 1 — Bullzy

(Ipn-1 = PullEy + 10 — Prusillzg) 1 — PullEy }
1+ pn1 — Dullgy + lon — Dullgy + |0 — PritllEg

= |pn-1 — GullE,-

From (2.21) we conclude

”¢n - ¢n+1||E0 =< ﬁ(||¢n—1 - ¢n||E0) ||¢n—1 - ¢n”E0 < ”¢n—1 - ¢n||E0 (2'22)
for all » € N. This implies that the sequence {||¢, — @415, } is decreasing in R,. Then

there exists r > 0 such that lim,,_, ;o |4 — Pn+1llE, = 7. Repeating the proof of Theorem 2,
we conclude that » = 0. That is,

lim |l¢py-1 — Pullg, = 0. (2.23)
n—+00
Now, we prove that the sequence {¢,} is Cauchy in R.. If not, then
lim {|¢ = dullzy > 0. (2.24)
m,n— +00
Since T is a rational Geraghty contraction of type III, we have

60 = PmllEy < 11¢n = narllzy + 1@ne1 — Pmarllzg + [|@mer — mllEg
< N1bn = Pusi gy + @ (Pn(€), Tn) et (¢ (), Thun) I T = Tl
+ |1 — dumllgg
< B(M(¢n(0), $m(€))) M (¢ (c), Pm(c))
+ |1 — Pl -
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Making m, n — oo in the above inequality and applying (2.23) we have

m_1¢s=dullsy < lim B(M(#n(0).#n(0)) lim M(#n(0)0n(@). (225

li
m,n—> 00
Also,

”d’n - ¢m ”Eo = M(¢n(c)’ ¢m(c))
= max{ lpn — ¢m||Eor

||¢,,(C) - T¢n||£”¢m(c) - T¢m”E
1+ 1¢u(0) = pm(O)llgy + 19n(c) = ThmllE + pm(c) — Tulle’

Pn(c) = TPmllElln(c) = dmlc)llE }
1+ ||¢,,(C) - T¢n”E + ||¢m(c) - T‘{bn”E + ”¢m(c) - T¢m”E

= maX{II% = Gmll£o»

Pn(€) = D1 () EN D1 (c) — Prmsr(C)llE
1+ [19n(€) = pm(O)llgy + 6n(c) = Pmar ()|l + 1 pm(c) = Pua ()£’
$n(c) = 1 ()£l Pnlc) — Pl }
L+ (|¢u(c) = Pns1 (Ol + l|Pm(c) = Pusa ()| + 19m(c) — Pmsr(c)llE
ldn — PusillEg 1P — Grs1ll gy
L+ [1gn — dmllEy + 6 — Bmetllgg + I|dm — Puarllgy

(||¢n - ¢n+1”Eo + ”({bm - ¢n+1”Eg + ”¢m - ¢m+1||Eo)||¢n - ¢m||Eo }
1+ ||¢r1 - ¢n+1||E0 + ||¢m - ¢n+1”E0 + ”¢m - ¢m+1”E0 '

< max{ g, — ¢m||E0y

Letting m, n — oo in the above inequality and applying (2.23), we get
im M dn) = M6y = bz, (2.26)

m,n—+00

Hence, from (2.25) and (2.26), we obtain

lim sup | ¢ — @ llgy < limsup B(llgn — P, ) limsup llpn — g,

n,n—+00 n,n—+00 m,n—+00

and so by (2.24) we get 1 <limsup,, . , .o, B(#n — dllEy). That is,
lim B(Im - dulz,) =1

and since 8 € F, we deduce
lim g - dulley =0,

which is a contradiction. Consequently,

lim |y — P, =0

m,n—>+00
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and hence {¢,} is a Cauchy sequence in R, C E,y. Completeness of Ey shows that {¢,} con-
verges to a point ¢* € Ey, this means that ¢, — ¢*, as n — +00. Since R, is topologically
closed, we deduce that ¢* € R.. Now, since T is a rational Geraghty contraction of type
111, we have
|7¢" -4 @

< || T¢* - ¢u(©)| ; + |#ulc) - 9" (9]

= 70" = T+ [ &0 - 67,

< a(¢7(0), T9*)et(¢n-1(0), Tpu) | T¢* = Tuor | + | b0 = 0" |

< B(M(¢*(c), $u-1(c)) ) M(9*(c), p-1(c)).

Taking the limit as # — oo in the above inequality, we get

[7¢* =" (@) = lim B(M(¢"(c) $n1(0))) lim M(¢"(c), hu-1(c)). (2.27)

But

M0, 01©) = max |07 =11,

l¢*(c) = To*lEllpn-i(c) — Thualle
L+ 9% = utllgy + 16*(c) = Thu-ille + pn-1(c) — To* £’
l¢*(c) — Thn-1llelld™ — Pu-lle, }
1+ [l¢*(c) = To*|Ig + lpn-1(c) = TO*llg + | pur(c) = TdhurllE

= max{ |¢* = dua ”Eo’

¢ (c) = T¢* ||l Pn-1(c) — Pulc)lle
L+ 11¢* = dually + 167(0) = u(O)lle + I Pua(c) = To* |1’
¢*(c) = Pn ()£l ™ = Pu-1llEy }
L+ [1¢*(c) = To*lle + pn-1(c) = T* g + [ Pu-1(c) — du(c)lIE

- max{ 4"~ gy,
9™ (c) = To* el pn1 — Pull£,
1+ [1¢* = duotllgy + 1% — Bulley + pns(c) — Te*|IE’

9" = Pulleo 9™ — Pl
L+ 11¢%(c) = To*lle + l¢n-1(c) = TP*||E + l|Pn-1 — Pullg,

]. (2.28)
Therefore, from (2.27) and (2.28), we deduce that

|7¢* -9 @] =0,
that is,

T¢" = ¢*(c),
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which implies that ¢* is a PPF dependent fixed point of T in R.. Suppose that ¢* and ¢*
are two PPF dependent fixed points of 7" in R, such that ¢* # ¢*. So,
||¢* - ||EO = ||¢*(c) - ¢*(0) ||E = H Te*-Te" ||E
<a(¢*(c), To*)a(e*(c), Te*)| To* — T,
< B(M(*(c), ¢*(c)))M(9*(c), 9*(0)),

where

M($*(0), ¢*(¢)) = max{ lo* = o*| g,

ll¢*(c) - T llell¢*(c) - To*lle
L+ 1" = ¢*llg, + 19*(c) = To* e + ll9*(c) - Tp* e’

¢*(c) = Te™llell¢” — ¢” I, }
L+ [[¢*(c) = To*le + ll*(c) = Tp*||e + llo*(c) - To*|le

= ||¢>k _(p*”EO'

Therefore,

[¢* =" lg, <897 =997 = 97l <[l @™ =",

which is a contradiction. Hence, ¢* = ¢*. Then T has a unique PPF dependent fixed point
inR,. O

Corollary1 Let T:Ey — E and « : E x E — [0,00) be two mappings satisfying the follow-
ing assertions:
(a) there exists ¢ € I such that R, is topologically closed and algebraically closed with
respect to difference,
(b) T is an a.-admissible,
(c) assume that

a(¢(0), To)a(5(c), TE) | Tp — TE|| e < rM(¢(c),4(0))
forall ¢,& € Ey, where 0 <r<1and

ll¢(c) = Tollellé(c) - T lle
L+1¢ -&llg ’

¢(c) = Tollell(c) - TE || }
1+ T¢-TE|k

M(9(0),6(c)) = maX{ o — &l

or

M(9(0),6(c)) = maX{ ¢ —&ll£o

l¢(c) = Tllellp(c) — TElle + 11E(c) — TElell§(c) - TPlle
L+ll¢-Tole+ & - TElle ’

l¢(c) = Tollelip(c) - T& e + 116(c) — TEllelE(c) - Tk }
L+llg-T&le+ 1€ - Tolle ’
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or

M(9(0),6(c)) = maX{ ¢ —&ll£o
ll¢(c) = TRl (c) - TS e
1+l —&llg, + lp(c) = T&lle + () = Tlle”

ll¢(c) - Télellg - &g }
L+ ll¢(c) = Tolle + 15(c) = Tolle + 1£(c) - TE e )’

(d) if {¢u} is a sequence in Eq such that ¢, — ¢ as n — oo and o(p,(c), To,) > 1, then
a(p(c), To) >1forallneN,
(e) there exists ¢pg € R, such that a(po(c), Teg) > 1.
Then T has a unique PPF dependent fixed point ¢* € R..

Corollary 2 Let T:Ey — E, o : E x E — [0,00) be two mappings satisfying the following
assertions:
(a) there exists ¢ € I such that R, is topologically closed and algebraically closed with
respect to difference,
(b) T is an a.-admissible,
(c) assume that

a(p(c), To)a(£(c), TE) I Td - T& ||k
ll¢(c) = Tollells(c) - T¢lle  llglc) - TRllellé(e) - TE e

— b
=allg=sle + 1+ 6 —Ellg, T 1 Te - T
or
IT¢ - TNz < alld - &1z,
160 = TRIEI®(© - TE 1 + 16(0) = TENl6(© - Tolle
1+ 1) — Tolz + 16(c) - TEz
190 = Tolelg(e) - Té e + 15(0) - TE el - T e
1+ [6(0) — T&lz + 160 - Tl ’
or

1T¢-Téle < allg-Elg

¢c) = Tollellé(c) - TE e
L+ ll¢=&llg + o) = T& e+ 115(c) - Tolle

ve li¢(c) - T&lellg -k,
L+ ¢(c) = TRlle + 1E(c) = Tl + 15(c) - T& e

forall $,& € Ey, where a,b,c>0,0<a+b+c<landcel,
(d) if {¢pu} is a sequence in Eq such that ¢, — ¢ as n — oo and o(p,(c), T,) > 1, then
a(p(c), To) >1forallneN,
(e) there exists ¢pg € R, such that a(po(c), Teg) > 1.
Then T has a unique PPF dependent fixed point ¢* € R.. Moreover, for a fixed ¢y € R,
if the sequence {¢,} of iterates of T is defined by T¢, 1 = ¢,(c) for all n € N, then {¢,}
converges to a PPF dependent fixed point of T in R..
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Let ¥ be the family of all nondecreasing functions v : [0, 00) — [0, 00) such that
lim ¥"(t) =0
n—00
forall £ > 0.

Lemma 2 (Berinde [3], Rus [28]) Ify € ¥, then the following are satisfied:
(@) ¥(t)<tforallt>O0;
(b) ¥(0)=0.

As an example ¥ (¢) = k¢ for all £ > 0, where k € [0,1) and ,(£) = In(¢ + 1) for all £ > 0,

arein ¥,

Theorem 5 Let T :Ey — E and o : E X E — [0, 00) be two mappings satisfying the follow-
ing assertions:
(a) there exists c € I such that R, is topologically closed and algebraically closed with
respect to difference,
(b) T is a triangular o .-admissible,
(c) suppose that there exists € W such that

a(p(0).E@)IT¢ - TE e < ¥ (M(d(),6(c))), (2.29)

where

li¢(c) = TRllell(c) - TE e
L+1¢ - £llg,

l¢(c) = Tollellé(c) - TE |l }
1+T¢ - TE|e

’

M(9(0),6(c)) = maX{ ¢ —&ll£o

forall $,& € Ey,
(d) if {¢u} is a sequence in Eq such that ¢, — ¢ as n — oo and o(p,(c), To,) > 1, then
a(gp(c), Tg) >1forallneN,
(e) there exists ¢pg € R, such that a(po(c), Teg) > 1.
Then T has a unique PPF dependent fixed point ¢p* € R .. Moreover, for a fixed ¢o € R.,
if the sequence {¢,} of iterates of T is defined by T¢, 1 = ¢,(c) for all n € N, then {¢,}
converges to the PPF dependent fixed point of T in R..

Proof Suppose that ¢ is a point in R, C Ey such that a(¢po(c), T¢o) > 1. Since Ty € E,
there exists x; € E such that T¢g = x;. Choose ¢; € R, such that x; = ¢;(c). Since ¢, €
R. C Ep and, by hypothesis, we get T¢; € E. This implies that there exists x, € E such
that T'¢; = x,. Thus, we can choose ¢, € R, such that x; = ¢,(c). Inductively, we can build
the sequence {¢,} in R, C Ey such that T¢, ; = ¢,(c) for all n € N. From Lemma 1, we
have a(¢,.(c), p,(c)) > 1 for all m,n € N with m < n. It follows from the fact that R, is
algebraically closed with respect to difference that

I ¢n-1 = Pullgy = | n-1(c) = ulc)|, forallmeN.
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Now, by (2.29) we have

lén = Puille = 1 TPu1, Tulle < a(d’n—l(c)’ ®n (C)) 1Tén1, ToullE
<y (M(d’n—l (€), dn (C)))r

where

M(¢n—1(c): ¢n(c)) = max{ [l ¢n||E01

Pn-1(c) = T llellPulc) = TullE
1+ ||¢n—l - ¢n||E0 ’

”({bn—l(c) - T¢n—1||E||¢n(C) - T‘{anE }
1+ | Tpu-1— Toulle

= max{ ||¢n—1 - ¢n||Eo;
|Pn-1(c) — Pu() | Ellpn(c) — Prir(c)llE
1+ ||¢n—l - ¢n||Eo

| ¢n-1(c) = PullEllPn(c) = Pualle }
1+ ”¢n - ¢n+1”E

< max{||¢n-1 — Pullzgs | #n(c) — Pnir ()] -}
= max{||¢n-1 — Gullgg, bn — Drallr, }-

’

If

max{ lpn-1 — ¢n||Eo: Py — ¢n+1”Eo} =g - ¢n+1”E0

from (2.30) we have

”¢n - ¢n+1||Eo =< l//(M(qbn—l(C)r ¢n(c))) = V’(M(”(pn - ¢n+l||Eo))
< ||¢n - ¢n+1||Eo;

which is a contradiction. So,

max{ g1 = Gullegs 16w = Prilley | = Dn1 = Pulliy-

By (2.30), we conclude

¢ = Gustllzg < U (M(Du-1(0), Du(c))) = ¥ (M(ldpns — PullEy )
< ”¢n—1 - ¢n||E0«

By induction, we get

1 = Priillzg < ¥ (Ilo — 1z, )

(2.30)

(2.31)

(2.32)
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for all m € N. As vy € ¥, we conclude

lim |I¢, = Pui1llg, = 0. (2.33)
n—+00

We prove that the sequence {¢,} is a Cauchy sequence in R.. Assume that {¢,} is not a
Cauchy sequence, then

lim  |¢w — @ullg, > 0. (2.34)

n,n—+00

By (2.29), we have

o0 — Pmlley < llPn = Pusilley + 1Pns1 = PmarllEy + | Prms1 — Pl gy
<l¢,— ¢n+1”E0 + 0l(¢n(C), ¢m(c)) 1T, — Td’m”Eo
+ ||¢m+1 - ¢m||Eo

= ”({bn - ¢n+1”E0 + I/I(M(({bn(c)’ ‘{bm(c))) + ||¢m+1 - ¢m"Eo~

Letting m, n — oo in the above inequality and applying (2.33) we have
lim_ gy~ Gullr, = lim y (M(¢u(c), $m(c))), (2.35)

where

¢ (c) = ThullEllPm(c) = Thmlle
1+ ||¢n - ¢m||£0

¢n(€) = TéullEllpm(c) = TmllE }
1+ 1T — Tomlle

’

M(¢n(c)7 ¢m(c)) = max{ ||¢n - ¢m||Eor

= maX{ 16n = PmllEo»

l$n(c) = Pue1 () ENlPm(c) — Pmer(c) e
1+ b0 = dumllg,

P (€) = D1 () EN D (C) = Prmsr(C)llE }
1+ [|¢ni1(c) — e (©lle

’

||¢n - ¢n+1 ||Eo ||¢m - ¢m+1 ||Eo
1+ 10 — Pl

’

= max{ Py — ¢m||EO’

||¢n _¢n+1”Eo”¢m _¢m+1||E0 } (2.36)
1+ ||¢n+1 - ¢m+1||Eo
Letting m, n — oo in the above inequality and applying (2.33), we get
lim  M(¢u(c), pm(c)) = lim [l = Pl (2.37)
M,n—>+00 mn—>+00

So, by (2.35) and (2.37), we have

limsup ”¢n - ¢m”Eg =< hmsup W(”qbn - ¢m”Eo) < limsup ||¢n - ¢m”E0:

m,n—+00 m,n— +00 m,n—+00
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which is a contradiction. Consequently,

lim g, — $ulz, = 0.

n,n—+

Hence, {¢,} is a Cauchy sequence in R, C E;. Completeness of Ey shows that {¢,} con-
verges to a point ¢* € Ey, that is, ¢, — ¢* as n — o0. Since R, is topologically closed, we
deduce, ¢* € R.. Now, by (2.29), we get

|7¢* - "),
<|T¢" = $u(@)] + | en(c) - 4" @
= 76" = Toua ]+ |5 - 6",
< a(¢*(0),$n1(©)| 76" = Tdur ], + |60 - 67,
< ¥ (M(¢*(), $n1(0)))-

Taking the limit as # — oo in the above inequality, we get

[7¢* = ¢ (@) < lim ¥ (M(¢"(0), $u1(0)))- (2.38)
But
i M0, 1) = Jim max{ [ - 911,

l¢*(c) = To*lEllpn-1(c) = Thualle
1+ |l¢* — du-llg,

¢ (c) = To*llEllpn-1(c) = TPulle }
1+ 1T¢p* = Thualle

’

- Jim max {4 911,
lp*(c) — To* el pn-1(c) — Pulc) e
1+ 19" = @u-allg,

l¢*(c) = To* £l pn-1(c) — Pulc)lle }
L+ T¢* = dulc)lle

’

- Jim max{ 6”011,
¢*(c) = TP* £l Pn-1 — Pull,
L+ 19" = bu-ll,

ll¢*(c) = To*lEl pn1 — PullEy }
L+ T¢* = du(0)lle

=0. (2.39)
Therefore, from (2.38) and (2.39), we deduce

78" - 4, -0
that is,

T¢" = ¢*(c),
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which implies that ¢* is a PPF dependent fixed point of T in R.. Suppose that ¢* and ¢*
are two PPF dependent fixed points of 7 in R, such that ¢* # ¢*. So,

||¢* -9 ||EO = ||¢*(c) -¢"(0) ||E = H Te*-Te" ||E
<a(¢*(0),0*()| T¢* - Te*|,
<Y (M(¢*(), ")),
where
ll¢*(c) = To*llellp*(c) = To*||E

L+l¢* —¢*lE,

ll¢*(c) - T llell¢*(c) - To*|le }
L+ T¢* - To*|e

10"l

’

M($*(c), 9*(0)) = max{ le* - " |z,

Therefore,

l6" = %[, <v(lo"—¢"|z) < |¢* - "],

which is a contradiction. Hence, ¢* = ¢*. Then T has a unique PPF dependent fixed point
in R.. O

Now, in Theorem 5 we take v(¢) = rt, where 0 < r <1 and we have the following corol-

lary.

Corollary 3 Let T:Ey — E, o : E x E — [0,00) be two mappings satisfying the following
assertions:
(a) there exists ¢ € I such that R, is topologically closed and algebraically closed with
respect to difference,
(b) T is a triangular o.-admissible,

(©)
a(p(0),£()IT¢ - TE |l < rM((c),§(c)), (2.40)

where

li¢(c) = TRllell(c) - TE e
L+1¢ - £llg,

l¢(c) = Tollellé(c) - TE |l }
1+|T¢ - Tk

’

M(9(0),6(c)) = maX{ ¢ —&ll£o

forall $,& € Ey,

(d) if p is a sequence in Ey such that ¢, — ¢ as n — 0o and a(¢,(c), Te,) > 1, then
a(p(c), T¢) > 1forallneN,

(e) there exists po € R such that a(po(c), To) > 1.
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Then T has a unique PPF dependent fixed point ¢p* € R .. Moreover, for a fixed ¢o € R.,
if the sequence {¢,} of iterates of T is defined by T¢,_1 = ¢u(c) for all n € N, then {¢,}
converges to a PPF dependent fixed point of T in R..

3 Some results in Banach spaces endowed with a graph

Consistent with Jachymski [13], let (X, d) be a metric space and A denotes the diagonal of
the Cartesian product X x X. Consider a directed graph G such that the set V(G) of its
vertices coincides with X, and the set E(G) of its edges contains all loops, that is, E(G) 2 A.
We suppose that G has no parallel edges, so we can identify G with the pair (V(G), E(G)).
Moreover, we may treat G as a weighted graph (see [14, p.309]) by assigning to each edge
the distance between its vertices. If x and y are vertices in a graph G, then a path in G from
xtoyoflength N (N € N) is a sequence {x;}%Y, of N + 1 vertices such that x = x, xy =y, and
(%;-1,%;) € E(G) for i =1,...,N. Recently, some results have appeared providing sufficient
conditions for a mapping to be a Picard operator if (X, d) is endowed with a graph. The
first result in this direction was given by Jachymski [13].

Definition 10 ([13]) Let (X,d) be a metric space endowed with a graph G. We say that
a self-mapping T : X — X is a Banach G-contraction or simply a G-contraction if 7 pre-
serves the edges of G, that is,

(x,y) € E(G) = (Tx,Ty) €E(G) forallx,yeX
and T decreases the weights of the edges of G in the following way:
Ja €(0,1) such that forallx,y e X, (x,9) € E(G) = d(Ix,Ty) < ad(x,y).

Theorem 6 Let T : Ey — E and E endowed with a graph G. Suppose that the following
assertions hold:
(i) there exists ¢ € I such that R, is topologically closed and algebraically closed with
respect to difference,
(i) if (¢(c),§(c)) € E(G), then (T¢, T§) € E(Q),

(iii) assume that
IT¢ - TE e < B(M(¢(c),4(0)) M(¢(c),4(0)),

where
lp(c) — Tpllellé(c) — TE||e
1+1l¢ —£llg

ll¢(c) = TRllell(c) - TE e }
1+ T¢ - TE||e

’

M(9(0),6(c)) = maX{ ¢ - €lleo

or

M(9(0),6(c)) = maX{ ¢ —&lleo

l¢(c) = Tllelip(c) - TElle + 1§(c) — TE NIl (c) - Tlle
L+ [lp(c) = Tolle + 15(c) - T |le

¢(c) = Tolleli¢(c) - T& e + 116(c) — TE N £E(c) - Tk }
L+ l¢(c) - TElE +11E(c) - Tolle '

’
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or

M(9(0),6(c)) = maX{ ¢ —&ll&
I¢c) = Tollellé(c) - TE e
L+l —&llg, + lp(c) — TElle + 1€() - Tl

li¢(c) - T&lellg -k, }
1+1l¢(c) = Tolle + 15(c) = Tolle + 1€(c) - TE £ )’

(iv) if {¢pu} is a sequence in Eqy such that ¢, — ¢ as n — oo and (¢p,(c), To,(c)) € E(G),

then (¢p(c), Tp(c)) € E(G) foralln e N,
(v) there exists o € R, such that (¢po(c), Too) € E(G).
Then T has a unique PPF dependent fixed point ¢* in R..

Proof Define o : X x X — [0, +00) by

any) = :1 if (x,y) € E(G),

0 otherwise.

Now, we show that T is an «.-admissible mapping. Suppose that a(¢(c), ¥ (c)) > 1. There-
fore, we have (¢(c), ¥ (c)) € E(G). From (ii), we get (T¢, TY) € E(G). So, (T, Tyy) > 1

and T is an a.-admissible mapping. By the definition of & and from (iii), we have

a(p(c), To)a(£(0), TE) I Th - T&lle < B(M(¢(c), 5 () M(b(0), 6 (c)).

From (v), there exists ¢ € R such that a(¢o(c), T¢o) > 1. Let {¢,} is a sequence in Ey such
that ¢, — ¢ as n — oo and (¢, (c), Tp,) € E(G) for all n € N, then a(¢,.(c), T¢p,) > 1. Thus,
from (iv) we get, (¢(c), To(c)) € E(G). That is, a(¢(c), To(c)) > 1. Therefore all conditions

of Theorems 2, 3, 4 hold true and 7 has a PPF dependent fixed point.

Theorem7 Let T :Ey — E and E be endowed with a graph G and for all (¢(c),£(c)) € E(G)
and (&(c), ¥ (c)) € E(G), we have (¢(c), ¥ (c)) € E(G). Suppose that the following assertions

hold:

(i) there exists ¢ € I such that R, is topologically closed and algebraically closed with

respect to difference,
(i) if (¢(c),§(c)) € E(G), then (T¢, T§) € E(Q),

(iii) assume that for € ¥, we have

IT¢ - T&| < ¥ (M(¢(c), £(0))),

where

l¢(c) - Tollells(c) - T |le
1+1¢ - £llg '

l¢(c) - Tollellé(c) - T lle }
1+T¢-TE|e

M(¢(c),£(0)) = maX{ ¢ —&ll£o

forall $,& € Ey,
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(iv) if {¢pu} is a sequence in Eq such that ¢, — ¢ as n — oo and (¢,(c), Te,(c)) € E(G),
then (¢p(c), Tp(c)) € E(G), forall n € N,
(v) there exists o € R, such that (¢po(c), Teo) € E(G).
Then T has a unique PPF dependent fixed point ¢* in R..

4 Application
In this section, we present an application of our Theorem 5 to establish PPF dependent

solution of a nonlinear integral equation. Let §29 = C(J,R) where J := [j,0] with j € R_.
£2¢ is a Banach space with the following norm:

l$lle, = sup|p(®).
te]

For ¢ € C(I,R) consider the following nonlinear integral problem:

T
60 =c0)+ [ G600 @1)
where t € I =[0,T], ¢i(a) = ¢(t + a) witha € J and f € C(I x C(J,R),R) and G € C(I x
LR,).
Let

~ N

E= {¢ = (Pe)rer : ¢r € 20,9 € C(LR)}
and
111 := sup 1l 2 -
tel
This means that
¢ € CU,R).
In [20], it is shown that £ is complete. Next, we define the function S : E->R by
A T
56 =S = £0)+ [ 6T, 5,001
0
We will consider (4.1) under the following assumptions:
(i) (supee; Jo Glt,5)ds) <1,

(i) there exist € ¥ and 6 : R x R — R such that forall ¢ € I, ¢, & € E with
9(¢A’(t); ¢()) > 0 we have

If(t,0) - f(t, )| < ¥ (|¢(0) - 5(0)]),
(iii) if 0(B(2), ¥(£)) > 0, then 8(S$, S) > 0,
(iv) if O(p(2), 1(£)) = 0 and B([i(2), ¥(¢)) = 0, then O(¢(t), ¥/ (£)) > 0,
(v) there exists ¢ € E such that (¢ (t), Spo) > 0,
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(vi) if {qAby,} is a sequence in E such that 43,, — q3 as 1 — 00 and 9(<¢3n(t),5q3n) > 0 for all
n, then 6(¢(¢), S¢) > 0.

Theorem 8 Under assumptions (i)-(vi), the integral equation (4.1) has a solution on J U I.

Proof For b, ¢ € E with 0(¢(2), £(2)) > 0 from (ii), we have

. T T
16— S¢| = fo G(T,5)f(5,5) s — /0 G(T,9)f (s, ;) dis

T
/0 G(T,5)(F(s,4) — (5, 5,)) ds

T
S/() |G(T!S)(f(s’¢s) —f(S, gs)) d5|
T
< / G(T,)|(F(5,85) — (5, 52)) | s
0
T
< / G(T, )0 (|$5(0) - 55(0)]) ds
0
T
- fo G(T, ¥ (|6(6) - < (s)]) ds
T ~
5/0 G(T, s (I - &) ds
R T
=1/f(||¢>—§||,;~)<f0 G(T,s)ds>
< w(né—ﬁng)[sup f G(T,s)ds}
tel JO
< (¢ - ¢llg)-
Now, we define « : R x R — [0, 00) by

1 if6(d@), v @) =0,

0 otherwise.

a(),¥() = {

Hence, for all ¢, & € E, we have

a($), ¢@)1Sp - Sel < v (llg - Elz) < v (M(p@), E(1))),
where
I$(8) - ShlIrlIE®) - SElr
1+ld-¢l;

I$(8) - SPllrl () - SElIw }
1+ IS¢ - S¢llw

M), £(0)) = max{ 16— el

From the conditions (iii) and (iv), we deduce that S is a triangular o -admissible mapping.

By the condition (vi), we conclude that if a sequence {qgn} is such that q3,, — <13 as n —
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oo and ot((;AS,,(t),SqA&,,) > 1 for all »n, then ot(g?)(t),SqAS) > 1 and by (v), there is ¢ € E such
that a(¢o(t), S¢o) > 1. The Razumikhin Ry is C(I,R), which is topologically closed and
algebraically closed with respect to difference. Hence, the hypotheses of Theorem 5 are

~

satisfied with ¢ = 0. So, there exists a fixed point ¢* € E such that S¢* = ¢*(0). This means
that

T
£(0) + /0 G(T,9)f (s,¢7) ds = (¢;(0)) ., = (6*(8)) - O
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