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Abstract

In this work, we give the notions of coupled g-coincidence point and Hg-increasing
property of F for mappings F,H: X x X — X and g : X — X and prove the existence
and uniqueness of a coupled g-coincidence point theorem for mappings

F.H:X x X — X and g: X — X with g-contraction mappings in complete metric
spaces without the Hy-increasing property of £ and the mixed monotone property
of G. Further, we apply our results to the existence and uniqueness of a coupled
g-coincidence point of the given mappings with the Hg-increasing property of F and
the mixed monotone property of H in partially ordered metric spaces.
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1 Introduction

In 2004, the study of a fixed point in partially ordered metric spaces was initiated by Ran
and Reurings [1], and continued by Nieto and Lopez [2, 3]. Agarwal et al.[4] and many
other authors presented some new results for contractions in partially ordered metric
spaces.

In 1987, Guo and Lakshmikantham [5] introduced the concept of coupled fixed point.
Afterwards, Bhaskar and Lakshmikantham [6] introduced the concept of mixed mono-
tone property for contractive operators in partially ordered metric spaces and proved cou-
pled fixed point theorems for mappings which satisfy the mixed monotone property. They
also gave some applications on the existence and uniqueness of the coupled fixed point
theorems for such mappings. As a continuation of this trend, Lakshimikantham and Ciri¢
[7] extended the results in [6] by defining the mixed g-monotonicity and studied the exis-
tence and uniqueness of a coupled coincidence point for such mappings which satisfy the
mixed monotone property in partially ordered metric spaces. For more work on the cou-
pled fixed point theory and coupled coincidence point theory in partially ordered metric
spaces and different spaces, we refer to the reviews (see, e.g., [8—48]).

One of the interesting ways to develop coupled fixed point theory in partially ordered
metric spaces is to consider the mapping F : X x X — X without the mixed monotone
property. In 2012, Sintunavarat et al. [44, 45] proved some coupled fixed point theorems
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for nonlinear contractions without the mixed monotone property and extended some cou-
pled fixed point theorems of Bhaskar and Lakshmikantham [6] by using the concept of
F-invariant set due to Samet and Vetro [49]. Later, Charoensawan and Klanarong [22]
proved the existence and uniqueness of a coupled coincidence point in partially ordered
metric spaces without the mixed g-monotone propertyof F: X x X - X and g: X — X.
Recently, Kutbi et al. [48] introduced the concept of F-closed set which is weaker than
the concept of F-invariant set and proved some coupled fixed point theorems without the
condition of mixed monotone property. Following this trend, many authors have studied
fixed point theorems for nonlinear contractions without the monotone property in several
spaces (see, e.g., [14, 50-56]).

Very recently, Hussain et al. [47] presented the new concept of generalized compatibility
of a pair {F, G} of mappings F, G : X x X — X and proved some coupled coincidence point
results of such mappings without the mixed G-monotone property of F, which generalized
some recent comparable results in the literature. They also gave some examples and an
application to integral equations to support the result.

In this work, we give the notion of coupled g-coincidence point and the H,-increasing
property of F for mappings F,H : X x X — X and g: X — X. We apply our results to the
existence and uniqueness of a coupled g-coincidence point of the given mapping with the
H,-increasing property of F and the mixed monotone property of H in partially ordered
metric spaces which generalize and extend the coupled coincidence point theorem in [47].

2 Preliminaries

In this section, we give some definitions, propositions, examples, and remarks which are
useful for the main results in this paper. Throughout this paper, (X, <) denotes a partially
ordered set with the partial order <. By x < y, we mean y > x. Let (x, <) be a partially
ordered set, the partial order <, for the product set X x X defined in the following way:
for all (x,y), (4, v) € X x X,

(%) %2 (w,v) = Hwy) <H(uv) and H(v,u) <X H(y,x),

where H : X x X — X is one-one.
We say that (x,) is comparable to (u,v) if either (x,y) <3 (&, v) or (&,v) <2 (x,9).
Guo and Lakshmikantham [5] introduced the concept of coupled fixed point as follows.

Definition 2.1 [5] An element (x,y) € X x X is called a coupled fixed point of a mapping
F:X x X — Xif F(x,y) =x and F(y,x) = y.

The concept of mixed monotone property was introduced by Bhaskar and Lakshmikan-
tham in [6].

Definition 2.2 [6] Let (X, <) be a partially ordered set and F : X x X — X. We say that F
has the mixed monotone property if for any x,y € X,

x1,% €X, x <x, implies F(x1,y) < F(xy,5)
and

Yy, €X, y1 =y, implies F(x,y1) > F(x ).
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Lakshmikantham and Ciri¢ in [7] introduced the concepts of mixed g-monotone map-

ping and coupled coincidence point.

Definition 2.3 [7] Let (X, <) be a partially ordered setand F: X x X - X and g: X — X.
We say that F has the mixed g-monotone property if for any x,y € X,

x,% €X, grxy <gx, implies F(x1,y) < F(x2,)
and

yuy2€X, gn=<gy, implies F(x,y) > F(x, ).

Definition 2.4 [7] An element (x,7) € X x X is called a coupled coincidence point of
mappings F: X x X - X and g: X — X if F(x,y) = gx and F(y,x) = gy.

Definition 2.5 [7] Let X be a non-empty set and F: X x X — X and g : X — X. We say
that F and g are commutative if gF(x,y) = F(gx, gy) for all x,y € X.

Hussain et al. [47] introduced the concept of G-increasing and {F, G} generalized com-

patibility as follows.

Definition 2.6 [47] Suppose that F,G: X x X — X are two mappings. F is said to be G-
increasing with respect to < if for all x, y, u, v € X, with G(x,y) < G(,v), we have F(x,y) <
F(u,v).

Definition 2.7 [47] An element (x,y) € X x X is called a coupled coincidence point of
mappings F,G: X x X — X if F(x,y) = G(x,y) and F(y,x) = G(y,x).

Definition 2.8 [47] Let F,G: X x X — X. We say that the pair {F, G} is generalized com-
patible if

d(F(G(xmyn)r G(ynrxn))» G(F(xn’yn)’F(ymxn))) —0 asn— +o0,
AF(Gn %) G Yn))s G(E Wy ), F (X yu))) — 0 as m — +00,

whenever (x,) and (y,) are sequences in X such that

limn—>oo F(xnryn) = hmn—>oo G(xn)yn) =1,

lim,,,;,oo F(j/n;xn) = llmnaoo G(yrnxn) = 0.

Definition 2.9 [47] Let F,G: X x X — X be two maps. We say that the pair {F, G} is

commuting if
F(G(x,y), Gy, x)) = G(F(x,y),F(y,x)) forall x,y € X.

Let ® denote the set of all functions ¢ : [0, 00) — [0, 00) such that:

(i) ¢ is continuous and increasing,
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(i) ¢(2)=0ifand onlyift=0,

(iii) @(t +s) < @(t) + P(s) for all £, s € [0, 00).

Let W be the set of all functions ¥ : [0,00) — [0, 00) such that lim;_,, ¥ (£) > 0 for all
r>0and lim;_, o+ ¥ (£) = 0.

Hussain et al. [47] proved the coupled coincidence point for such mappings involving

the (¥, ¢)-contractive condition as follows.

Theorem 2.10 [47] Let (X, <) be a partially ordered set and M be a non-empty subset of
X*, and let d be a metric on X such that (X,d) is a complete metric space. Assume that
F,G:X x X — X are two generalized compatible mappings such that F is G-increasing
with respect to <, G is continuous and has the mixed monotone property. Suppose that for
any x,y € X, there exist u,v € X such that F(x,y) = G(u,v) and F(y,x) = G(v,u). Suppose
that there exist ¢ € ® and € V such that the following holds:

¢(d(G(x,9), G(u,v)) +d(G(y,%), G(v,u)))

Y <d(G(x,y), G(u,v)) +d(G(y,x), G(v, M)))
2

N =

¢(d(F(x,y), F(u,v))) <

forall x,y,u,v e X with G(x,y) < G(u,v) and G(y,x) = G(v,u).
Also suppose that either
(a) F is continuous, or
(b) X has the following properties: for any two sequences {x,} and {y,}
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii) if a non-increasing sequence {y,} — vy, then y <y, for all n.
If there exists (xo,0) € X X X with

G(x0,50) < F(x0,50) and G(yo,%0) > F(yo,%0),

then there exists (x,y) € X x X such that G(x,y) = F(x,y) and G(y,x) = F(y,x), that is, F and

G have a coupled coincidence point.

Kutbi et al. [48] introduced the notion of F-closed set which extended the notion of

F-invariant set as follows.

Definition 2.11 [48] Let F: X x X — X be a mapping, and let M be a subset of X*. We
say that M is an F-closed subset of X* if, for all x, y,u,v € X,

wyuvieM = (F(x,y),F(y,x),F(u,v),F(v,u))eM.

Now, we give the notion of a coupled g-coincidence point and a (H,, F)-closed set which

is useful for our main results.

Definition 2.12 Suppose that F,H : X x X — X are two mappings and g: X — X. F is
said to be Hg-increasing with respect to < if for all x, y, u, v € X, with H(gx, gy) < H(gu, gv),
we have F(x,y) < F(u,v).
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Example 2.13 Let X = N endowed with the natural ordering of real number <. Define the
mappings F,H: X x X — X and g: X — X by F(x,y) = (x + )%, H(x,y) = x + y and gx = x/2
for all x, y € X. Note that F is H,-increasing with respect to <.

Example 2.14 Let X = R endowed with the natural ordering of real number <. Define the
mappings F,H : X xX — Xandg: X — XbyF(x,y) =2+y-x, H(x,y) =x—yandgx =1-x
for all x,y € X. Note that F is Hg-increasing with respect to < but not H-increasing. If
Hx,y)=x-y<Hu,v) =u—v,then F(x,y) =2+y—x> F(u,v) = 2 +v—u, butif H(gx, gy) =
y—x<H(gu,gv)=v—u,then F(x,y) =2 +y—-x <F(u,v)=2+v—-u.

Definition 2.15 An element (x,y) € X x X is called a coupled g-coincidence point of map-
pings F,H: X x X - X and g: X — X if F(x,y) = H(gx,gy) and F(y,x) = H(gy, gx).

Example 2.16 Let X = R endowed with the natural ordering of real number <. Define the
2

mappings F,H: X x X — X and g: X — X by F(x,y) = x* + 3%,H(x,y) =x+yandgx =73

for all x,¥ € X. Note that (0,0) is a coupled g-coincidence point.

Definition 2.17 Let (X, d) be a metric space and F,H : X x X — X be two mappings and
g:X — X. Let M be a subset of X*. We say that M is an (H,, F)-closed subset of X* if for
allx,y,u,v e X,

(H (g, gy), H(gy, gx), H(gu,gv), H(gv,gu)) € M
= (F®),F(,x),F(u,v),F(v,u)) € M.
Definition 2.18 Let (X,d) be a metric space and H : X x X — X be a given mapping. Let
M be a subset of X*. We say that M satisfies the transitive property if and only if, for all
% y,u,v,a,b e X,
(H(x,y),H(y,x),H(u, v),H(v, u)) eM and
(H(u,v), H(v,u), H(a, b), H(b,a)) € M
= (Hy),H(y,x),H(a,b),H(b,a)) € M.

Remark The set M = X* is a trivially (H,, F)-closed set, which satisfies the transitive prop-
erty.

Example 2.19 Let X = {0,1, 2,3} endowed with the usual metricand F,H : X x X — X be

defined by
1, xye{l,2},
F(x,y) =
3, otherwise,
and
1, xy€{0,1},
H(x’y) =

3, otherwise.
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Let g: X — X be defined by

1, xe{l,2},
glx) =
3, otherwise.

It is easy to see that M = {0,1}* C X% is an (Hg, F)-closed set but not an F-closed set.

Definition 2.20 Let F,H : X x X — X and g: X — X. We say that the pair {F,H} is

g-generalized compatible if

d(F(H(gxu,gyu), H(gyn, gxn)), H(@F (%, Y1), 8F W, x4))) — 0 as n — +00,
A(F(H(gYu>g%u), H(g%y, 2Vn)), H(@F Vi %), §F (X1, ¥4))) — 0 as n — +00,

whenever (x,),(gx,),(y,), and (gy,) are sequences in X such that

lim,,_, o F(xmyn) =lim,,_, oo H(gxmgyn) =1,
limn—>oo F(yn:xn) = 11mn—>oo H(gymgxn) = Iy,

Example 2.21 Let (X, d) be a metric space endowed with a partial order <. Letg: X — X
and F,H : X x X — X be two mappings such that F is H,-increasing with respect to <.
Define a subset M € X* by

M={(xy,uv)eX  :x2uy>v}.

Let (H(gx,gy), H(gy,gx), H(gu,gv), H(gv,gu)) € M. Since F is H,-increasing with respect
to <, we have F(x,y) < F(u,v) and F(y,x) > F(v,u), and this implies that (F(x,y), F(y,x),
F(u,v),F(v,u)) € M. Then M is an (H,, F)-closed subset of X* which satisfies the transitive
property.

3 Main results
Let @ denote the set of functions ¢ : [0, 00) — [0, 00) satisfying
1. p(t)<tforallt>0,
2. lim, s+ @(r) <t forall £ > 0.
Now, we state our first main theorem which guarantees a coupled g-coincidence point.

Theorem 3.1 Let (X,d) be a complete metric space and M be a non-empty subset of X*.
Assume that g : X — X is continuous and F,H : X x X — X are two generalized compatible
mappings such that H is continuous, and for any x,y € X, there exist u,v € X such that
F(x,y) = H(gu,gv) and F(y,x) = H(gv,gu). Suppose that there exists ¢ € ® such that the
following holds:

d(F(x,9), F(u,v)) + d(F(y,%), F(v,u))

< ¢(d(H(gx,gy), H(gu, gv)) + d(H(gy, gx), H(gv,gu))) o

Sfor all x,y,u,v e X with (H(gx, gy), H(gy, gx), H(gu, gv), H(gv,gu)) € M.
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Also suppose that F is continuous. If there exists (xo,Y0) € X such that

(H(gx07gy0)lH(gyo:gxo)rF(x07y0))F()/O’xo)) eM

and M is (Hy, F)-closed, then there exists (x,y) € X x X such that H(gx,gy) = F(x,y) and
H(gy,gx) = F(y,x), that is, F and H have a coupled g-coincidence point.

Proof Let x9,% € X be such that
(H (gx0,¥0), H(gy0,g%0), F (%0, ¥0), F(¥0,%0)) € M.
From the assumption, there exist (x;,y;) € X x X such that
F(x0,y0) = H(gx1,gy1) and  F(yo,x0) = H(gy1,gx1).
Again from assumption, we can choose x3,y; € X such that
F(x1, ;1) = H(gx2,gy2) and  F(y1,x1) = H(gya, gx2).
By repeating this argument, we can construct sequences such that for all n > 1,
F (% yn) = H(@%n11,8Vns1)  and  F(yu, %n) = H(Vn41,8%n41)- ()

Since (H(gx0,gy0), H(gy0,8%0), F (%0, ¥0), F(y0,%0)) € M and M is (Hg, F)-closed, we get

(H(gx0,8y0), H(gy0,8%0), F (%0, 0), F (¥0, %0))
= (H (gx0, o), H(gy0,g%0), H(gx1,8y), H(gy, g%1)) € M
= (F(x0,0), F(¥o,%0), F(x1,%1), F(y1,%1))

= (H(gxn, gn1), H(gyi, gx1), H(gx2, g92), H(gy2, g%2)) € M.

Again, using the fact that M is (Hy, F )-closed, we have

(H(gx1,80), H(gy1, gx1), H(gxa, 8y2), H(gyn, 8%2)) € M
= (F(eryZ)rF(yZ,xZ)rF(xS:y3)>F(y3rx3))

= (H(gro, g92), H(gy2, g%2), H(gx3,83), H(gy3,8%3)) € M.

Continuing this process, for all # > 0, we get

(H(gxn'gyn)» H(gyn’gxn)’H(gxn+lrgyn+l)r H(gyn+l;gxn+l)) eM. (3)

For all # > 0, denote

Oy i= d(H(gxmgyn); H(gxnﬂ,gynﬂ)) + d(H(gymgxn); H(gywrl:gxwrl))- (4)


http://www.fixedpointtheoryandapplications.com/content/2014/1/201

Na Nan and Charoensawan Fixed Point Theory and Applications 2014, 2014:201
http://www.fixedpointtheoryandapplications.com/content/2014/1/201

We can suppose that §, > 0 for all n > 0. If not, (x,,y,) will be a coupled g-coincidence
point and the proof is finished. From (1), (2) and (3), we have

A(H (g1, @Yn1)s H(@ns2: @ne2)) + A(H(@Yne1,&5ni1)s H(Yr25 85ns2))
= d(F (% yn)s F @15 Y1) + A(E s %), F Y1, %41))
< @(d(H (g% gn), H(@%n1,Yns1)) + A(H (@Y @) H(€Yn41,8%n41)) )
= @(3,). (5)

Therefore, the sequence {5,}5°; satisfies
841 < @(8,) forallm>0. ®)

Using the property of g, it follows that the sequence {§,};°; is decreasing. Therefore,
there exists some § > 0 such that

lim §, = 8. (7)

n—00

We shall prove that § = 0. Assume, to the contrary, that § > 0. Then by letting # — oo in
(6) and using the property of ¢, we have

8= lim 8,,1 < lim ¢(8,) = lim ¢(8,) <34,

n—00 n— Sp—8t

a contradiction. Thus § = 0 and hence

lim 8, = 0. (8)

n—0o0

We now prove that {H(gx,,gy,)}02; and {H(gy,,gx,)}oc; are Cauchy sequences in (X, d).
Suppose, to the contrary, that at least one of the sequences {H(gx,,gy,)}; or {H(gyu,
gx,)}52, is not a Cauchy sequence. Then there exists € > 0 for which we can find sub-

sequences {H (gx(k), &Vm(k))}> {H(@Xnk) &Vn(k))} of {H (€%, gVn) 1521 and {H (gYmk)» &Xm(x))}s
{H(2Vn()» @n())} of {H(gy, g%0) )21, respectively, with n(k) > m(k) > k such that

Dy := d(H(g%m(k) &m(i))» H (€%t &Yn(k)))

+ d(H(Ym(x) 8%m))» H(Vn(k) &n(k)))
> €. 9)

Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) > m(k) > k satisfying (9). Then

A(H(g%m@)» &Ymi))» H(@n(-1,&Vn(io-1))
+ d(HWm@)» Xmii))» H(@n(o-1, 85n(h)-1))

<e. (10)

Page 8 of 22
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Using (9), (10), and the triangle inequality, we have

e <Dy
< d(H (@ 8Ym(t0)s H(@n)1, 8Vnk) 1))
+ d(H (g1, 8 n(k)1)s H (€19, €n(t)))
+ d(H(@Ym(x) &%m))» H (@)1, §%n(r) 1))

+ d(H (V-1 &%n(0-1)s H (&Y n(k)» &¥n()))

<€+ 6;1(/()—1
Letting k — oo in (11) and using (8), we get

lim Dy =e. (12)
n—00

Again, for all k > 0, we have

Dy < d(H(g%mx) £Ym)) H (€Xm(x) 11, &Vmiky+1))
+ d (H(@Xm(ky+1, &m(i0+1)» H (@141, @i 1))
A (H (gXn(ky+1, €ty +1), H(G%nx) £Yn(t)))
A(H(gYm(k &m(i))s H(Vm(t)+1, @om(r) 1))
A(H(@ymk+1, &m0 +1)> H(@n(+1 &) 11))
+ d(H (@Yn(t 11, &ontiy1), H(GYn(k) &¥n(t)))
< 8k + St + A(H (@m0 41, &) +1)» H(@En(k)+1 @ nk)+1))

+ d(H(gym(k)H:gxm(k)H): H(gyn(/()+17gxn(k)+1)) . (13)

From (3) and n(k) > m(k), we have

(H(@%m@)» &m0 H(Vmk) &5m(o)s

H(g%m(+1 &m0 +1)» H(@Vm(k)+1, §5m(iy+1)) € M

and

(H(gxm(k)+lrgym(k)+1)r H(gym(k)+lrgxm(k)+1)y

H(g%m(i)+2> @Vm(k)+2) H (@ m(k) 2, @om(+2)) € M

Using M has the transitive property, we get

(H(@%m@)» &m0 H (@Vm(k) &5m)):

H(g%m(i+2: @Vm(k)+2) H (@ m(k) 12, @m(+2)) € M
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Continuing this process, we have

(H (@Xm(i)» Lm0 )> H(@Vm(k)» &m(i))»
H (g% (k> 8Ynk))s H(€Yn(k) &n))) € M. (14)

From (1),(2) and (14), we have

A(H(@%m@ 1, QYmx)+1)» H (@ n()+1> & 1))
+ d (H (@%m(t)+1 &Vm(i0+1) H(@Vn(k)+1, &n(io+1))
= d(FXomhy» Yt F eniy Yur))
+ A(FGm)s Xmx))s EGniis (i)
< (A (H(@%mw)» &Ymk)» H(@%n(r), (k)
+ d(H(gYm(x) &mx)) H(@Vn(h)» 8%nr))) )

= @(Dx), (15)
which, by (13), yields
Dy < Spmry + Snipy + ©(Dp). (16)
Letting k — oo in the above inequality and using (8) and (12), we get
€= klggo Dy < klggo((sm(k) +8u) + 9(Dy)) = Dll_)ﬂb o(Di) <€,

[ee]

which is a contradiction. Hence, {H(gx,,gy,)}0c; and {H(gy.,gx,)}2, are Cauchy se-
quences in (X, d). Since (X, d) is complete and (2), there exist x,y € X such that

lim H(gx,,gy,) = lim F(x,,y,) =x and
n— 00 n—0o0

17)
lim H(gy.,gx,) = lim F(y,,x,) =Y.
n— 00 n— 00
Since the pair {F, H} satisfies the generalized compatibility, from (17) we have
WILTO d(F(H (g% gn)s H(gVn 8%n))» H(F %, yn) F ¥ %4))) =0 and
(18)

nlingo A(F(H(gyn>g%n), H(@%n, gVn))» H(GF s %), GF (%1, y)) ) = 0.

Since F is continuous, for all # > 0, by the triangle inequality, we have

d(H(gx, gy), F(H (g%, ) H (g, 8%n)) )
< d(H(gx,2y), H(F (%, Y1), GF Oy %)) )
+ d(H(gF(xmyn):gF(ymxn)),F(H(gxmgyn),H(gymgxn))) (19)
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and

d(H (gy, gx), F(H (g 8%n) H (g%, ) )
< d(H(gy, gx), H(ZF (Vs %), &F (%, ¥)))
+ d(H (g Yns %) GF Xy Y) ), F (H (Vs §%n), H(g%, EYn)) )- (20)

Taking the limit as # — oo in (19) and (20), using (17),(18), and the fact that H, F and g are

continuous, we have

H(gx,gy) = F(x,y) and H(gy,gx) = F(y,x). (21)
Therefore, (x,y) is a coupled g-coincidence point of F and H. d
In our next theorem, we drop the continuity of F.

Theorem 3.2 Let (X, d) be a complete metric space and M be a non-empty subset of X*.
Assume that g : X — X is continuous and F,H : X x X — X are two generalized compatible
mappings such that H is continuous and for any x,y € X, there exist u,v € X such that
F(x,y) = H(gu,gv) and F(y,x) = H(gv,gu). Suppose that there exists ¢ € ® such that the
following holds:

d(F(x,9), F(u,v)) + d(F(y,x), F(v, u))
< o(d(H(gx,gy), H(gu, gv)) + d(H(gy, gx), H(gv, gu)))
for all x,y,u,v € X with (H(gx,gy), H(gy, gx), H(gu, gv), H(gv, gu)) € M.
Also suppose that (g(X), d) is a complete metric space, H(X x X) C g(X) and any two se-

quences {x,} and {y,} with (X, Y Xn1, Ynr1) € M and {H (%, y,)} = H(x,5), {H Y, %)} —
H(y,x) for all n > 1 implies

(H(xn’yn)rH(ymxn)rH(xry):H(y, x)) eM

forall n> 1. If there exist xo,yo € X such that

(H (g%0,2Y0), H(gy0,8%0), F (%0, ¥0), F (0, %0)) € M

and M is (Hg, F)-closed, then there exists (x,y) € X x X such that H(gx,gy) = F(x,y) and
H(gy,gx) = F(y,x), that is, F and H have a coupled g-coincidence point.

Proof Asin the proof of Theorem 3.1. Since (g(X), d) is complete, there exist x,y € X such
that gx, gy € g(X), and we have

lim H(gx,,gy,) = lim F(x,,y,) =gx and
Hn— 00 n— 00

(22)
lim H(gy,,gx,) = lim F(y,,x,) = gy.

n—00
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Since the pair {F, H} satisfies the generalized compatibility, H is continuous and by (3), we

have

lim H (H (g% &Vn), H(@Yn, g%n)) = H(gx,gy)

= 1im H(F( Yn)s FGn %))

n—00

= lim F(H (g%, gYn), H(@)n g%1)) (23)

and

lim H (H gy, g%n), H (g%, gyn)) = H(gy, %)

= 1im H(F (%), F(n y))

n—00

= i F(H(gyn, g%n), H (g%, gyn))- (24)

From (3), (23), (24), by assumption, for all # > 1, we have

(H (H (g% gYn)» H (€Y &%) ) H (H (€Yn> gn), H(g%m> &) )
H(gx, gy), H(gy,gx)) € M. (25)

Then, by (1), (2), (25), and the triangle inequality, we have

d(H(gx,gy), F(x,)) + d(H(gy,gx), F (5, %))
< d(H (g, gy), F(H (g% ), H (@Y &%) )
+ d(F(H (g% gyn), H(gyn, %)), F(x,9))
+d(H(gy,g%), F (H(gVn: g%n), H (g%, 8Yn)))
+ d(F(H (g g%n), H(gxn €9n)), F(0,%))
< @(d(H (H(gxn gyn), H(gym gxn)), H(gx, g))
+ d(H(H(@y g%), H(gxn 29)), H(gy, &)
+ d(H(gx,g9), F(H(@%s, gyn), H(@y g%1)))
+ d(H(gy, gx), F(H(gyn g%,), H(g%n, 8y)))-

Letting now n — oo in the above inequality and using the property of ¢ that lim,_, ¢+ ¢(r) =

0, we have
d(H(gx,gy), F(x,)) + d(H(gy,gx), F(y,%)) = 0,
which implies that H(gx, gy) = F(x,y) and H(gy, gx) = F(y,x). |

Next, we give an example to validate Theorem 3.1.
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Example 3.3 Let X = [0,1], d(x,y) = |x —y| and F,H : X x X — X be defined by

x? +y?

16

F(x,y) = and H(x,y)=x+y.

Let g: X — X be defined by gx = 7. Clearly, H does not satisfy the mixed monotone prop-
erty. Now, we prove that for any x,y € X, there exist u,v € X such that F(x,y) = H(gu,gv)
and F(y,x) = H(gv,gu). It is easy to see that there exist u = %, V= %2 € X such that

2 2 2,2

Flx,y) = H<16 16) - H(gu,gv), P(y,x)=H<f—6,’lc—6> - H(gv,gu).

Now, we prove that the pair {F, H} satisfies the generalized compatibility hypothesis. Let

{x,}52; and {y,}32; be two sequences in X such that

4t = lim F(x,,y,) = lim H(gx,,gy,) and
n—00 n—00

ty = lim F(y,,x,) = lim H(gy,,gx,).
n— 00 n— 00
Then we must have t; = 0 = £, and it is easy to prove that

lim,, oo d(F(H(xmyn)rH(ymxn)):H(gF(xmyn rgF(ymxn)) =0
lim,,_, o0 d(F(HO/nrxn)xH(xn’yn H(gF(ymxn gF(xn’yn))) =

Now, for all x,y,u,v € X with (H(gx, gy), H(gy, gx), H(gu,gv), H(gv,gu)) € M = X*, and let
¢ :[0,+00) — [0, +00) be a function defined by ¢(f) = i, then we have

d(F(x,9), F(u,v)) + d(F(y,%), F(v,u))

2+yr w0 [P +x® P +u?
— + —_—

16 16 16 16
s (xz_u2)+(y2_v2)
- 16
9 (x—u)(x+u)+(y—v)(y+v)

16 16

< |49~
=o(|x+y) - (w+v)|)
~ ((x+y) (u+v) ‘(y+x) (V+u))
- 2

= ¢(d(H(gx, gy), H(gu,gv)) + d(H(gy,gx), H(gv,gu))).

Therefore, condition (1) is satisfied. Thus, all the requirements of Theorem 3.1 are satisfied

and (0, 0) is a coupled g-coincidence point of F and H.
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Example 3.4 Let X =[0,1], d(x,y) = |x —y| and F,H : X x X — X be defined by

2_y?

ifx>y,
Fxy) =1 °
0 ifx<y.
and
x+y ifx>y,
H(x,y) =

0 ifx<y.

Let g: X — X by gx = 3. Clearly, H does not satisfy the mixed monotone property and
ifx >y, u=v+#0, consider

x+ u+v
Higr,gy) <H(gu,gy) = ——2< :

2
2 —y? _@-y)+y) §
8 8

but F(x,y) = 0 = F(u,v).

Then F is not Hy-increasing.

Now, we prove that for any x,y € X, there exist #,v € X such that F(x,y) = H(gu,gv) and
F(y,x) = H(gv,gu). It is easy to see the following cases.

Case 1: If x = y, then we have F(y,x) = F(x,y) = 0 = H(g0,g0) = H(0, 0).

Case 2:If x > y, then (x — y)x > (x — y)y, and we have
K2y _@-yat -y :H<g(x—y)x (x—y)y)

F ] = ’
(x,9) g g

2 ¥

and

F(y,x)=0 =H(g@,g%>.

Case 3: 1f y > x, then (y — x)y > (y — x)x, and we have

Y- (-xy+(-x)x y-x)y (y-x)x
F(y,x) = . 3 _H(g 2 ¢ )
and
e eay
F(x,y)—O—H<g R )

Now, we prove that the pair {F, G} satisfies the generalized compatibility hypothesis. Let

{x,)02, and {y,}:°; be two sequences in X such that

f= lim F(xwy,) = lim G(gx,,gy,) and

ty = lim F(y,,x,) = lim G(gy,,gx,).
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Then we must have f; = 0 = £, and it is easy to prove that

lim,,_, o d(F(H(xmyn)’H(ymxn))’H(gF(xmyn)’gF(ymxn))) =0,
lim,_ o d(F(H()’nrxn)’H(xmyn));H(gF(,Yn’xn)rgF(xn:yn))) =0

Now, for all x,y,u,v € X with (H(gx, gy), H(gy,gx), H(gu,gv), H(gv,gu)) € M = X* and let
¢ :[0,+00) — [0, +00) be a function defined by ¢(f) = i, then we have

d(F(x,9), F(u,v)) + d(F(y,%), F(v,u))

X2yt oyt -2

8 8

yr-xr ViP-u

8 8

+

) (x—y)(x+y)_ u-v)(u+v)
8 8

i|(x+y) (u+v)|

=o(|x+y) - (w+v)|)

(% )

= o(d(H(gx,gy), H(gu,gv)) +d(H(gy,gx),H(gv,gu))).

(y+x) v+ u)
2

(x+y) (u+v)

Therefore, condition (1) is satisfied. Thus, all the requirements of Theorem 3.1 are satisfied

and (0, 0) is a coupled g-coincidence point of F and H.

Next, we show the uniqueness of the coupled coincidence point and the coupled fixed
point of F and H.

Theorem 3.5 In addition to the hypotheses of Theorem 3.1, suppose that for every
(%,9), (z,t) € X x X, there exists (u,v) € X x X such that

(H (g%, gy), H(gy, gx), H(gu,gv), H(gv,gu)) € M and
(H(gzgt), H(gt, gz), H(gu, gv), H(gv, gu)) € M.

Then F and G have a unique coupled g-coincidence point.

Proof From Theorem 3.1, we know that F and H have a coupled g-coincidence point.

Suppose that (x,), (z, t) are coupled g-coincidence points of F and H, that is,

F(x,y)=H(gx.gy),  F(y,x)=H(gy,gx) and
F(z,t) = H(gz, gt), F(t,z) = H(gt, gz).
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Now, we show that H(gx, gy) = H(gz, gt) and H(gy, gx) = H(gt, gz). By the hypothesis, there
exists (4, v) € X x X such that

(H(gx, gy), H(gy, gx), H(gu, gv), H(gv, gu)) eM and
(H(gz gt), H(gt, gz), H(gu, gv), H(gv,gu)) € M.

We put guo = gu and gvo = gv and define two sequences {H(gu,,gv,)}c, and {H(gv,,
guy,)}o2, as follows:

F(unr Vn) = H(gun+17gvn+1) and F(Vny Mn) = H(gvn+1)gun+l)

for all m > 0.
Since M is (H,, F)-closed and (H (gx, gy), H(gy, gx), H (gu, gv), H(gv, gu)) € M, we have

(H (g, 2y), H gy, g%), H(gu,gv), H(gv, gu))
= (H(gx’gy)»H(g%gx)»H(guo,gVo),H(gvo,guo)) eM
= (F(x’y)’F(y’x)’F(MOIVO)»F(VOr MO))

= (H(gx, gy), H(gy, gx), H(gu1,gv1), H(gv1,gu1)) € M.

From (H(gx,gy), H(gy,gx), H(gu1,gv1), H(gv1,gu1)) € M, if we use again the property of
(H,, F)-closed, then

(H (g%, gy), H(gy, gx), H(gu1,gv1), H(gv1,gm1)) € M
= (F(xxy)vp(yrx):F(uliVl))F(le ul))

= (H(gx,gy), H(gy, gx), H(gu2,gv2), H(gva, gu»)) € M.
By repeating this process, we get
(H(gx,gy),H(gy,gx),H(gun,gv,,),H(gvn,gu,,)) eM foralln=>0. (27)

Using (1), (26) and (27), we have

d(H(gxigy)rH(gun+lrgVn+l)) + d(H(gy’gx)rH(erHl:gunﬂ))
= d(F(x,9), F(ttn, ) + d(F (9, %), F (v, t4))

< o(d(H(gx,gy), H(gun gvn)) + d(H(gy, gx), H(gvy,guy))) forall n. (28)

Using the property that ¢(¢) < ¢ and repeating this process, we get

d(H(gx, gy), H(guni1,8Vni1)) + d(H(gy, %), H(gVni1, Qhns1))
< ¢"(d(H(gx,gy), H(gu1,gv1)) + d(H(gy, gx), H(gv1,gu1))) for all n. (29)
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From ¢(¢) < ¢t and lim,_. 4+ ¢(7) < ¢, it follows that lim,,_, o, ¢"(¢) = O for each ¢ > 0. There-
fore, from (29) we have

lim (d(H (gx,gy), H(gttns1,8Vns1)) +d(H (gy,8%), H(@Vns1, gtns1))) = 0. (30)
This implies that

lim d(H(gx,gy),H(gu,Hl,gv,Hl)) =0 and

(31)
nlingo d(H(gy, gx); H(gvnﬂ;gunﬂ)) =0.
Similarly, we show that
lim d(H(gz, gt), H(guu:1,gvns1)) =0 and
n— 00
(32)
lim d(H(gt,gz), H(gVu1,gtns1)) = 0.
n—00
From (31) and (32), we have
H(gx,gy) = H(gz,gt) and H(gy,gx) = H(gt, gz). (33)
O

Next, we give some application of our results to coupled coincidence point theorems
in partially metric spaces with F is H,-increasing with respect to < and H has the mixed
monotone property.

Corollary 3.6 Let (X, <) be a partially ordered set and M be a non-empty subset of X*, and
let d be a metric on X such that (X,d) is a complete metric space. Assume that g: X — X
is continuous and F,H : X x X — X are two generalized compatible mappings such that F
is Hy-increasing with respect to <, H is continuous and has the mixed monotone property.
Suppose that for any x,y € X, there exist u,v € X such that F(x,y) = H(gu,gv) and F(y,x) =
H(gv, gu). Suppose that there exists ¢ € ® such that the following holds:
d(F(x,9), F(u,v)) + d(F(y,%), F(v,u))
< o(d(H(gx,gy), H(gu,gv)) + d(H(gy, gx), H(gv,gu)))

forall x,y,u,v € X with H(gx,gy) < H(gu,gv) and H(gy,gx) > H(gv,gu).
Also suppose that F is continuous. If there exist xo,y0 € X such that

H(gxo,gy0) =< F(x0,50) and H(gyo,gxo) = F(yo,%0),

and M is (Hy, F)-closed, then there exists (x,y) € X x X such that H(gx,gy) = F(x,y) and
H(gy,gx) = F(y,x), that is, F and H have a coupled g-coincidence point.

Proof We define the subset M C X* by

M= {(x,y,bt,v)€X4:x§uandyzv},
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From Example 2.21, M is an (H,, F)-closed set which satisfies the transitive property.
For all x,y,u,v € X with (H(gx,gy) < H(gu,gv) and H(gy,gx) = H(gv,gu)), we have
(H (gx, gy), H(gy, gx), H(gu, gv), H(gv, gu)) € M. By (1),we get

d(F(x,y), F(u, v)) + d(F(y, x), F(v, u))

< o(d(H(gx,gy), H(gu,gv)) + d(H(gy, gx), H(gv, gu))).

Since (xg,y0) € X X X with

H(gxo,8y0) =< F(x0,50) and H(gyo,gx0) = F(yo,%o), (34)

we have

(H(gxo;gyo);H(gymng)»F(xO:yO);F(yO’xO)) EM'

For the assumption holds, F is continuous. By the assumption of Theorem 3.1, we have
H(gx,gy) = F(x,y) and H(gy,gx) = F(y,x). O

Corollary3.7 Let (X, <) bea partially ordered set and M be a non-empty subset of X*, and
let d be a metric on X such that (X,d) is a complete metric space. Assume that g: X — X
is continuous and F,H : X x X — X are two generalized compatible mappings such that F
is Hg-increasing with respect to <, H is continuous and has the mixed monotone property.
Suppose that for any x,y € X, there exist u,v € X such that F(x,y) = H(gu,gv) and F(y,x) =
H(gv,gu). Suppose that there exists ¢ € ® such that the following holds:

d(F(x,9), F(u,v)) + d(F(y, %), F(v,u))
< o(d(H(gx,gy), H(gu, gv)) + d(H(gy, gx), H(gv, gu)))
for all x,y,u,v € X with H(gx,gy) < H(gu,gv) and H(gy,gx) > H(gv,gu).
Also suppose that (g(X),d) is a complete metric space and X has the following properties:
for any two sequences {x,} and {y,},
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,

(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
If there exist xo,yo € X such that

H(gxo,gy0) < F(x0,50) and H(gyo,gx0) = F(yo,%0)

and M is (Hy, F)-closed, then there exists (x,y) € X x X such that H(gx,gy) = F(x,y) and
H(gy,gx) = F(y,x), that is, F and H have a coupled g-coincidence point.

Proof We define the subset M C X* by
M= {(x,y,u,v) €X4:x§uandyzy}‘

From Example 2.21, M is an (H,,F)-closed set which satisfies the transitive prop-
erty. For all x,y,u,v € X with H(gx,gy) < H(gu,gv) and H(gy,gx) > H(gv,gu), we have
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(H(gx, gy), H(gy, gx), H(gu, gv), H(gv, gu)) € M. Let (x9,y0) € X x X with

H(gxo,gy0) =< F(x0,50) and H(gyo,gxo0) > F(y0,%0). (35)

Using (2) and F is H,-increasing with respect to <, we have
H(gxmgyn) = H(gxnﬂrgywrl) and H(gymgxn) = H(gynﬂ»gxml) for all n.

Therefore, (H (g%, V), H (V1> %n)s H(g% 11, &V n+1)s H(Vn11,8%n11)) € M.

From (g(X),d) is complete, as in Theorem 3.1, we have two Cauchy sequences {H (gx,,
)12, and {H(gy,, gx,)}00; such that {H(gx,,gy,)}2; is a non-decreasing sequence in
X with H(gx,,gy,) — gx and {H(gy,,gx,)}52, is a non-increasing sequence in X with
H(gy,, gx,) — gy. Using assumption, we have

H(gx,,gy.) <gx and H(gy,gx,) =gy foralln.

Since H has the mixed monotone property, we have

H(H(gxn,gy,,),H(gyn,gxn)) =< H(gx,gy),
H (H (Y g%n), H (g%, gyn)) = H(gy, g%).

Therefore, we have

(H(H(gxmgyn)’H(gymgxn))’H(H(gymgxn)»H(gxmgyn)):
Hl(gr,gy), H(gy ) € M

for all # > 1. Now, since all the hypotheses of Theorem 3.2 hold, then F and H have a

coupled g-coincidence point. The proof is completed. d

Corollary 3.8 In addition to the hypotheses of Corollary 3.6, suppose that for every
(%,9), (z,t) € X x X, there exists (u,v) € X x X such that (gu,gv) is comparable to (gx,gy)
and (gz,gt). Then F and H have a unique coupled g-coincidence point.

Proof We define the subset M C X* by
M= {(x,y,u,v) eX*:x<uandy> v}.

From Example 2.21, M is an (H,, F)-closed set which satisfies the transitive property. Thus,
the proof of the existence of a coupled coincidence point is straightforward by following
the same lines as in the proof of Corollary 3.6.

Next, we show the uniqueness of a coupled g-coincidence point of F and H.

Since for all (x,y), (z,£) € X x X, there exists (#,v) € X x X such that

H(gx,gy) < H(gu,gv),  H(gy,gx) = H(gv,gu),
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and

H(gz, gt) < H(gu,gv), H(gt,gz) = H(gv,gu),

we can conclude that

(H (g, gy), H(gy, gx), H(gu, gv), H(gv,gu)) eM and
(H(gz,gt), H(gt,gz), H(gu,gv), H(gv,gu)) e M.

Therefore, since all the hypotheses of Theorem 3.5 hold, F and H have a unique g-coupled
coincidence point. The proof is completed. |
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