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1 Introduction and preliminaries
Let K be a closed convex subset of a real Hilbert space H with the inner product (-, -) and
the norm || - ||. The following inequalities are known and useful.
o N+ yl? < IylI? +24xx +9);
o Nl =y = llxll* + IylI* - 2(x, y) for all x,y € H;
o Jlox + (1—a)yl? = afx)?> + A —a)|y]|?> —a(l = @)|lx - y||? forall x,y € H and « € [0,1].
For each point x € H, there exists a unique nearest point in K, denoted by Pgx, such that

v = Prx|| < |lx—yll forallyeK.

The mapping Px is called the metric projection from H onto K. It is well known that Py
has the following properties:
(i) (x—y,Pxx — Pxy) > ||Pxx — Pxy|? for every x,y € H.
(i) Foroe Handze€ K, z=Pgx < (x —z,z—y) >0 forall y e K.
(iii) Forx € Handy € K,

lly = Prcxl® + |2 = P> < Il = y11*. 1.1)

Let H; and H; be two Hilbert spaces. Let A : H; — H, and A* : H, — H; be two bounded
linear operators. A* is called the adjoint operator (or adjoint) of A if

(Az,w) = (z,A*w) for all z € H; and w € H,.
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Itis known that the adjoint operator of a bounded linear operator on a Hilbert space always
exists and is bounded linear and unique. Moreover, it is not hard to show that if A* is an
adjoint operator of A, then ||A| = ||A*||. The symbols N and R are used to denote the sets
of positive integers and real numbers, respectively.

Let H; and H, be two real Hilbert spaces. Let C be a closed convex subset of H; and K be
a closed convex subset of H, . Let T: C — C with F(T) #@ and S: K — K with F(S) # @
be two mappings. Let A : H; — H; be abounded linear operator. The mathematical model
of the split common solution problem (SCSP in short) is defined as follows:

(SCSP) Find p € C such that Tp = p and u := Ap € K satisfying Su = u.

In fact, SCSP contains several important problems as special cases and many authors
have studied and introduced some new iterative algorithms for SCSP and presented some
strong and weak convergence theorems for SCSP; see, for instance, [1-24] and the refer-
ences therein. Motivated and inspired by their works, in this paper, we study and establish
new strong convergence results by using new iterative algorithms of SCSP for pseudocon-
tractive mappings and k-demicontractive mappings in Hilbert spaces.

The paper is divided into four sections. In Section 2, we study and give examples for
classes of generalized contractive mappings. Some new strong convergence theorems of
feasible iterative algorithms for SCSP are established in Section 3. Finally, some applica-
tions and further remarks for our new results are given in Section 4. Consequently, in this
paper, some of our results are original and completely different from these known related
results in the literature.

2 Classes of generalized contractive mappings and their examples
Let T be a mapping with domain D(7T') and range R(7) in a Hilbert space H. Recall that
T is said to be
(i) pseudocontractive if
(Tx—Ty,x—y) < llx=yl>, Va,yeD(T),
or, equivalently,
1T~ Ty < lx =y + | - Dx— I - Dyy||", Va3 € D(T);
(i) demicontractive if, for all x € D(T) and p € F(T),
(T -p,x-p) < |- p|?
or, equivalently,

2
ITx = plI* < llx—plI* + | = T)x||";

(iii) k-demicontractive if there exists a constant k € [0,1) such that

| Tx - p||*> < |lx - plI* + kH(I— T)x”2 forallx € D(T) and p € F(T);
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(iv) quasi-nonexpansive if it is 0-demicontractive, that is,
|Tx - p|l < |lx—p| forallx e D(T)andp e F(T);
(v) Lipschitzian if there exists L > 0 such that
ITx - Tyl < Lllx=yll, Vx,y € D(T);

(vi) nonexpansive if it is Lipschitzian with L = 1;
(vil) contractive if it is Lipschitzian with L < 1.
A Banach space (X, | - ||) is said to satisfy Opial’s condition if, for each sequence {x,} in
X which converges weakly to a point x € X, we have

liminf ||x, — x| <liminf|x, —y|, VyeX,y#x.
n—00 n—oo
It is well known that any Hilbert space satisfies Opial’s condition.

Definition 2.1 (see [2]) Let K be a nonempty closed convex subset of a real Hilbert space
H and T be a mapping from K into K. The mapping T is said to be demiclosed if, for any
sequence {x,} which weakly converges to y, and if the sequence {Tx,} strongly converges
to z, then Ty = z.

Remark 2.1 In Definition 2.1, the particular case of demiclosedness at zero is frequently
used in some iterative convergence algorithms, which is the particular case when z = 6,
the zero vector of H; for more details, one can refer to [2].

The following concept of zero-demiclosedness was introduced as follows.

Definition 2.2 (see [25, Definition 2.3]) Let K be a nonempty closed convex subset of
a real Hilbert space and T be a mapping from K into K. The mapping T is called zero-
demiclosed if {x,} in K satisfying |x, — Tx,|| — 0 and x,, — z € K implies 1z = z.

The following result was essentially proved in [25], but we give the proof for the sake of
completeness and the reader’s convenience.

Theorem 2.1 (see [25, Proposition 2.4]) Let K be a nonempty closed convex subset of a
real Hilbert space with zero vector 0. Then the following statements hold.
(a) Let T be a mapping from K into K. Then T is zero-demiclosed if and only if [ - T is
demiclosed at 0.
(b) Let T be a nonexpansive mapping from H into itself. If there is a bounded sequence
{x,} C H such that ||x,, — Tx,|| — 0 as n — 0, then T is zero-demiclosed.

Proof Obviously, the conclusion (a) holds. To see (b), since {x,} is bounded, there is a
subsequence {x,, } C {x,} and z € H such that x,,, — z. One can claim 7% = z. Indeed, if
Tz # z, it follows from Opial’s condition that

liminf ||lx,, —z|| < liminf|x,, — 1Z||
k—o00 k— o0

< likminf{||x,,k = Tty || + | T, — T2l }
— 00
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= liminf || Tk, — 1z||
k—o00
< liminf ||x,, —z|,
k—o0
which is a contradiction. So 7z = z and hence T is zero-demiclosed. O

Now, we give some examples to show the existence of these generalized contractive map-
pings (i)-(vi) which also expound the relation between them.

Example A Let H = R with the absolute-value norm | - | and C = [-2,0]. Let T: C — C
be defined by

x? -2 ifxe[-1,0],
-1 ifx e [-2,-1].

Tx =
Then F(T) = {-1}. Since
2 2 1 9
{Tx— (—1)| < ’x— (—1)| + §|Tx—x| forallx e C,
we know that T is a %—demicontractive mapping. However, due to

()

T is not quasi-nonexpansive.

>

1
20

Example B Let H = R with the absolute-value norm | - | and C = [%,2]. Let T:C — Cbe

defined by
1
Tx=-, VxeC.
x

Then F(T) = {1}. Since
2 2, 3 2
[Tx -1 < |x—-1|" + E|Tx—x| forallx € C,
Tisa %—demicontractive mapping. Moreover, T is also a pseudocontractive mapping.

Example C Let H = R with the absolute-value norm | - |. Let T': H — H be defined by

T /-1 +x) ifx<-2,
X =
x+1 if x > -2,

It is easy to see that
|Tx — Ty| < |x—y| forallx,y€ H.

So T is continuous nonexpansive with F(7T) = (.
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The following example shows that there exists a continuous quasi-nonexpansive map-
ping which is not nonexpansive.

Example D (see [8]) Let H = R with the absolute-value norm | - | and C = [0, +00). Define

T:C— Cby
2
2
Tx:x hl , VxeC.
1+x

Obviously, F(T) = {2}. It is easy to see that

x
[Tx—2|=——|x-2|<|x-2| forallxeC
1+x

and

1 5
‘T(O)—T(—)‘=—> 0-=|.
3)| 12 3

Hence T is a continuous quasi-nonexpansive mapping but not nonexpansive.

|

The following example shows that there exists a demicontractive mapping which is nei-
ther pseudocontractive nor k-demicontractive for all k € [0,1).

Example E Let H = R with the absolute-value norm | - |. Let T: H — H be defined by

2 —-x+1 ifxe(-o00,1],

K241
1+x

Tx =

if x € [1, +00).
Then F(T) = {1}. Since
| Tx -1 <|x—1*+|Tx — x> forallx e H,

T is a demicontractive mapping. However, T is not a pseudocontractive mapping due to
the fact that when x = -3 and y = -2.5, we have

2
|Tx — Ty|* > |x —y|* + |(x— Tx) — (y — Ty)| .
It is easy to see that T is not a k-demicontractive mapping for all k € [0,1).

The following example shows that there exists a discontinuous pseudocontractive map-
ping which is not a demicontractive mapping.

Example F Let H = R with the absolute-value norm | - |. Let T': H — H be defined by

x*+1  ifx e (-o00,0],
Tx =
-1-%% ifx e (0,+00).

Then F(T) = @. Due to

|Tx — Ty < |x—y| + {(1— T)x—(I- T)y|2 forallx € H,

Page 5 of 16
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we know that 7 is a discontinuous pseudocontractive mapping but not a demicontractive
mapping.

The following example shows that there exists a pseudocontractive mapping which is

not k-demicontractive for all k € [0,1).

Example G Let H = R with the absolute-value norm | - |. Let 7 : H — H be defined by

2-x> ifxe0,1],
Tx=32-x ifxe[l,2],
0 ifx € [1,+00).

Then F(T) = {1}. Since
|Tx — Ty|*> < |x—y| + {(1— T)x— (I - T)y|2 forallx € H,

T is a pseudocontractive mapping. It is easy to see that T is not a k-demicontractive map-

ping for all k € [0,1).

The following example shows that there exists a discontinuous k-demicontractive map-
ping for some k € [0,1) as well as being demiclosed at 8 which is neither pseudocontractive

nor quasi-nonexpansive.

Example H Let H = R with the absolute-value norm |- | and C = [-2,0]. Let T: C — C
be defined by

%22 ifxe[-1,0],
Tx=1{-1 ifx=-3,
-1 ifxe[-2,-3)U(-3,-1].
Then the following statements hold.
(a) T is discontinuous %—demicontractive.
(b) T is demiclosed at 6.
(c) T is not pseudocontractive.
(d) T is not quasi-nonexpansive.

Proof Clearly, F(T) = {-1}. Since
2 2 3 2
[T~ (D] < o= (D[ + |- Taf* forallxe,

T is a discontinuous %-demicontractive mapping and (a) is proved. Now, we verify (b). In
fact, let {x,} C [-2,0] with x,, — z and x,, — Tx,, — 0 as n — oo. If all x,, € [-1,0], we can
prove Tz = z and z = —1 € F(T) easily. If there exists a subsequence {x,, } C [-2,-1], then,
from x,, — Tx,, — 0 as n — 00, we can find a subsequence {x,,ki } of {x,, } such that X, < —%
for all i. Hence we have

|2 = (=D)| < |z = | + %, = T | + | Tt = (-] > 0 asi— oo,
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which implies z = -1 € F(T). To see (c) and (d), note that

AR o) on( D
)bl

so T is neither pseudocontractive nor quasi-nonexpansive. The proof is completed. [

and

>

3 New feasible iterative algorithms for SCSP and strong convergence theorems
In this section, we establish some new strong convergence theorems by using feasible it-
erative algorithms for SCSP.

Theorem 3.1 Let Hy and H, be two real Hilbert spaces and 6; be the zero vector of H; for
i=1,2. Let C be a nonempty closed convex subset of Hy and A : H; — Hj be a bounded lin-
ear operator with its adjoint B. Let T : C — C be a Lipschitzian pseudocontractive mapping
with Lipschitz constant L > 0 and F(T) # 0, and let S : Hy — H, be a k-demicontractive
mapping with F(S) # ) which is demiclosed at 0,. Let C; = C and {x,} be a sequence gen-
erated by the following algorithm:

x1 € Cy chosen arbitrarily,

Y =1 -a)x, +aTx,,

2z = Py + (1= B) Tyn,

Wy, = Pc(zy + EB(S - I)Azy),
Conn={veCy:lwy—vll < llzn—vIl < llx, —vI},

KXn+l = PCn+1 (xl): Vn e Ny

1-k

W) and Pc, is the projection operator from H; into

1
whereO<1—ﬂ<a<m,$e(0,
C, for n € N. Suppose that

Q={peF(T):Ape F(S)} #0.
Then there exists q € 2 such that
(a) x, —> gasn— oo,

(b) Ax, — Aq as n— oo.

Proof We will show the conclusion by proceeding with the following steps.
Step 1. For any p € 2, we prove

Iwn = plI* < llzu = plI> =& (1 - k= &|B|I*) | (S - DAz, H2 (3.2)
Indeed, since

2
lwn = pll

< Hz,, +&EB(S-1)Az, —p“2
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= |z —pII* + | EB(S - DAz, |* +2£(z, - p, B(S - DAz,)

= llzu—pl? + |EB(S - DAz, | + 2&(Az, - Ap, (S - DAz,)

= lzu —pI? + |EB(S — DAz, || + 2£({Az, — Ap + (S = DAz, — (S~ DAz, (S — I)Az,)
= |2y —pI? + |EB(S - DAz, | + 26(SAz, - Ap, (S - DAz,) - 2&||(S - DAz, |’

< llzu —pI* + E21BI?|| (S — Az, | + 25(SAz, — Ap, (S — DAz,) - 2& | (S - DAz, |’
and

2£(SAz, — Ap, (S — )Az,)
= £{1ISAz, - Apl* + | (S - DAz, |” - 14z, - ApII”}
< £{IlAz, — Ap|® + k|| (S - DAz, H2 +[|(S - DAz, H2 ~ IlAz, — Ap|*}
<&{-IlAz, - Az|> + k| (S - DAz, | + (S - DAz, |}

= £{k||(S - DAz,|* + | (S - DAz |},
we get

1w = pI> < 120 = pII* = & (1 = k= £1BI?) [ (S - DAz, |

’

and our desired result is proved.

Step 2. We prove

lzw = pll < llxx —pll forallmeN. (3.3)

For any n € N, by (3.1), we have

lzn - pII?

= Bllan = pl* + A= B Ty — pII* = (1= BYBI Ty — )

< Blan = plI> + (1= B)llyu = pII* + (L= B Ty = yull”> = (A = BYBI Ty — %l

< Bllan = plI* + (1= B) (1 = @) 1, = pII* + e[| T — xl|> = (1 = @)ex | Toey — %, %)
+ (L= BTy = yall® = A= B)BI Ty — xull?

< llxn = pI* + (= B) (@l Tew — 24 |I* = (1 = )| Tt = %ull*) = (1 = B)BI T — 1
+(1= B)]| (= @) tn — Tyn) + (T, — Ty)|°

< o = pI* + (1= B)(@ll Ty = 0 )* = (1 = @)t [| Tty = 2 [1*) = (1 = B)BI T — 1>
+ (1= B) (= @) 1o = Tyull® + | Tty = Tyull” = (1 = )| Tovs — %)

< o = pI> + (1= B)(eell Ty — 0 )* = (1 = @)t [| Tty — 2 [1°) = (1 = B)BI T — %>
+ (1= B (= @)l = Tyul® + «L? [ = yull* = (1 = @)t || Ty — 24|

< lxn = pI* + @ = B) (el Ty — %0 l1* = (1 = )| Tty — 2411%) = (L= B) BN Ty — %l
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+ (1= B = )l = Tyull® + L2120 = Tou|* = (1 = )| T,y — 2%
= [l = plI* = (1= B) (e + B = | Ty — x>

- (1= Ba(l -2 - a®L?) [ Tx, — x,]*. (3.4)
Sincea + f>1and « < ﬁ, from (3.4), we have ||z, — p||* < |lx, — p||%, or, equivalently,
llzw —pll < llxn =PIl (3.5)

Step 3. We show that C, is a nonempty closed convex set for any n € N.
For any p € Q, by taking into account (3.2) and (3.5), we obtain

Iwn = pll < llzn —pll < |, —pll forallmeN.
So we know Q C C, and hence C,, # ¥ for all n € N. It is easy to verify that C, is closed and
convex for all » € N.
Step 4. We prove that {x,} is a Cauchy sequence in C and x, — ¢ as n — oo for some
qgeC.
Since Q C C,11 C Cy and %41 = Pc,,,, (x1) C C,y, we get
[%ne1 =1l < llp—xi]| forallp €
and
lln = 21]l < %541 —21]]  forallmeN,
which show that {x,} is bounded and {||x,, — x1||} is nondecreasing in [0, 00). So
lim %, -1 >0
n—0o00
exists. For any m, n € N with m > n, from x,, = Pc,,(x;) C C, and (1.1), we have
2 2
%6 — 2ull* + 121 = 24 ]|* = 6 — P, 1) |~ + |1 = P, 1) |~ < Mo — 1112 (3.6)
Inequality (3.6) implies
lim |x, — x| =0.
m,n— 00
So {x,} is a Cauchy sequence. Clearly,
lim %11 — %] = 0. 3.7)
H—>0Q
By the completeness of C, there exists g € C such that x, — g as n — oo.
Step 5. Finally, we show that the following hold:

(i) ge
(i) Ax, — Aqasn— oo.

Page9of 16
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For any n € N, since x,,,1 = Pc,,, (1) € Cys1 C C,y, from (3.1), we have
1z = %ull < 12w = Xl + [1%ne1 = Xull < 2[|%01 — %] (3.8)
and
Iwn —2xull < Wi = X | + 1001 = Xull < 2[1%000 — %40l (3.9)
From inequalities (3.7), (3.8) and (3.9), we deduce

lim ||z, —x,|| =0,
n—0o0

(3.10)
lim ||w, —x,]| =0
n—0o0
and hence
lim ||w, —z,| = 0. (3.11)
n— o0
By taking into account (3.4) and (3.10), we get
(1 =20 = a?L2) | Tty = x| + (& + B = DI Ty = 2>
< (= pIP — 2 - pP)
1-8
2
< —— %0 —zullll%n —pll > 0 asn— oo.
1-8
So, we obtain
lim ||Tx, —x,| = lim ||y, —x,]|| = 0. (3.12)
n—00 n—00
Since x, — q as n — oo, from (3.12) and the continuity of the norm || - || and the Lips-

chitzian pseudocontractive mapping 7', we can deduce that 7g = g, namely g € (7). On
the other hand, from (3.2) and (3.11), we have

E(1-k-£1B1%)|(S - DAz, |

2 2
< llzu = pI* = lwn - pll

<z = waull (I 2 = pll = lwn —pll) > 0 asn— oo,
which yields that
lim || (S - 1)Az,| = 0. (3.13)

Since the k-demicontractive mapping S is demiclosed at 6,, taking into account x,, — ¢,
Ax, — Aq, ||zy — x,4|| — 0 and (3.13), we have

Az, — Aq

Page 10 of 16
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and
Aq € F(S).
Hence we confirm g € Q. The proof is completed. g

By virtue of Theorem 3.1, we can establish the following:

(i) Strong convergence algorithms for the split common solution problem for
Lipschitzian pseudocontractive mappings and nonexpansive mappings (see
Corollary 3.1 below).

(ii) Strong convergence algorithms for the split common solution problem for
Lipschitzian pseudocontractive mappings and quasi-nonexpansive mappings (see
Corollary 3.2 below).

Corollary 3.1 Let H, and H, be two real Hilbert spaces and 0; be the zero vector of H; for
i=1,2. Let C be a nonempty closed convex subset of H; and A : Hy — H, be a bounded
linear operator with its adjoint B. Let T : C — C be a Lipschitzian pseudocontractive map-
ping with Lipschitz constant L > 0 and F(T) # 0, and let S : Hy — Hj be a nonexpansive
mapping with F(S) # 0. Let C, = C and {x,} be a sequence generated by the following algo-
rithm:

x1 € C1  chosen arbitrarily,

V=1 —-a)x, +aTxy,

Zu = Bxu + (L= B) Tyn,

Wy = Pc(zy + §B(S - )Azy),
Con={veCy:llw,—v|l <z — VIl < %0 = VI},

Xn+l = Ple (xl); Vn e N,

1 1 . . . .
where 0 <1-f<a< WL &€ (0, IIBHZ) and Pc, is the projection operator from H, into
C, for n € N. Suppose that

Q={peF(T):Ape F(S)} #0.

Then there exists q € 2 such that
(a) x, > gasn— oo,

(b) Ax, — Aq as n — oo.

Proof Since the mapping S is nonexpansive, it is 0-demicontractive. Hence the desired
conclusion follows from Theorem 3.1 immediately by taking k = 0. O

Corollary 3.2 Let Hy and H, be two real Hilbert spaces and 6; be the zero vector of H; for
i=1,2. Let C be a nonempty closed convex subset of Hy and A : Hy — H, be a bounded lin-
ear operator with its adjoint B. Let T : C — C be a Lipschitzian pseudocontractive mapping
with Lipschitz constant L > 0 and F(T) # 0, and let S : Hy — H, be a quasi-nonexpansive
mapping with F(S) # 9 which is demiclosed at 0,. Let C; = C and {x,} be a sequence gen-
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erated by the following algorithm:

x1 € C1  chosen arbitrarily,

V=1 —a)x, +aTxy,

Zu = Bxu + (L= B) Tyn,

Wy = Pc(zy + §B(S - )Az,),
Con={veCy:llw,—v||l <z — VIl < %0 = VI},
X1 =P, (x1), VYmeN,

1 1 . . . .
where 0 <1-f<a< WL &€ (0, W) and Pc, is the projection operator from H, into
C, for n € N. Suppose that

Q={peF(T):Ape F(S)} #0.

Then there exists q € Q2 such that
(a) xy, > gasn— oo,

(b) Ax, - Aq asn— oo.

Example 3.1 Let H; = R with the absolute-value norm | - |. Let H; = [%, V2]? with the
norm |la| = (a} + a%)% for a = (a1,a,) € Hy and the inner product (o, 8) = Zil a;b; for
a = (ay,az) and B = (b1, by) € Hy. Let A : Hy — H; be defined by Ax = (x,x) for x € R. Then
A is a bounded linear operator with its adjoint operator Bz = z; + z; for z = (z1,22) € Hs.
Clearly, [|A| = ||B]| = v/2. Let C = [%, V2].Let T:C — Cand S: Hy, — H, be defined by

1
Tx=- forxeC
x

and

11
Sz = (—, —) forz = (Zl,Zg) € H,,
21 2

respectively. It is easy to see that
o F(T)={1}
F(S)={0,1D}
e Q={peF(T):Ap e F(S)} = {1} #0;
« T is a Lipschitzian pseudocontractive mapping with Lipschitz constant L = v/2;

.

o T and S both are %-demicontractive mappings.
By using algorithm (3.1) with0 <1- 8 <« < 21% and £ € (0, é), we can verify x,, — 1 and
Ax, — A1) =(1,1) € F(S)as n — o0.

4 Some applications and further remarks for Theorem 3.1
Let C be a nonempty subset of a Hilbert space H. Recall that a mapping U : C — C is said
to be accretive if

(Ux—-Uy,x—y) >0 forallx,yeC.
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Obviously, U : C — Cisaccretive if and only if I — U : C — C is pseudocontractive. More-
over,

FU-U)=U0):={xeC:Ux=6},

where 6 is the zero vector of H.
At the end of this paper, by applying Theorem 3.1, we obtain the following:

(i) Strong convergence algorithms for the split common solution problem for
Lipschitzian accretive mappings and demicontractive nonexpansive mappings (see
Theorem 4.1 below).

(ii) Strong convergence algorithms for the split common solution problem for
Lipschitzian accretive mappings and nonexpansive mappings (see Corollary 4.1
below).

(ili) Strong convergence algorithms for the split common solution problem for
Lipschitzian accretive mappings and quasi-nonexpansive mappings (see
Corollary 4.2 below).

Theorem 4.1 Let Hy and Hj be two real Hilbert spaces and 6; be the zero vector of H; for
i=1,2. Let A : HH — H, be a bounded linear operator with its adjoint B and U : H) — H;
be a Lipschitzian accretive mapping with Lipschitz constant L > 0 and U™(0,) # . Let
S : Hy, — H, be a k-demicontractive mapping with F(S) # ) which is demiclosed at 0,. Let
{x,.} be a sequence generated by the following algorithm:

x1 € Hy chosen arbitrarily,

Y =%y —alxy,,

zn = Py + (L= B)UI = U)yy,

wy, =z, + EB(S - 1)Az,,

Con={veCy:llw,—v|l < llzw = VIl < %0 = vI},
Xne1 = Pc,, (x1), VmeN,

(4.1)

1 1-k . . . .
where 0 <1-f<a< WL &€ (0, IIBHZ) and Pc, is the projection operator from H, into

C, for n € N. Suppose that
Q={pelU™(®):Ape F(©S)} #9.

Then there exists q € Q2 such that
(a) x, > gasn— oo,

(b) Ax, — Aq asn— oo.
Proof Let C; = Hy. Then the iterative process (4.1) can be rewritten as follows:

x1 € C; chosen arbitrarily,

Y =1 —)x, +a(l — U)x,,

Zn = Py + (1= B)UI = Uy,

W, =2z, +&EB(S -1)Az,,

Cnn={veCy:lwy—vll < llzn—vIl < llx. —VvI},
X1 =P, (x1), VmeN.
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Set T :=1— U, then F(T) = U™\ (#;) and T is a Lipschitzian pseudocontractive mapping
with Lipschitz constant 1 + L. Therefore the desired conclusion follows from Theorem 3.1
immediately. O

The following interesting results are immediate from Theorem 4.1.

Corollary 4.1 Let H; and H, be two real Hilbert spaces and 0; be the zero vector of H; for
i=1,2. Let A: H — Hj be a bounded linear operator with its adjoint B and U : Hy — H,;
be a Lipschitzian accretive mapping with Lipschitz constant L > 0 and U™(0,) # 0. Let
S : Hy — H, be a quasi-nonexpansive mapping with F(S) # ¥ which is demiclosed at 0,.
Let {x,} be a sequence generated by the following algorithm:

x1 € Hy chosen arbitrarily,

Yn =%y — Uy,

Zp = Py + (L= B)I = U)yn,

W, =2z, +EB(S -1)Az,,

Conn={veCy:lwy—vll < llzn —vIl < llx, —vI},
Xne1 = Pc,, (x1), VmeN,

1 1 . . . .
where 0 <1-f<a< SWiWEL &€ (0, W) and Pc, is the projection operator from H; into
C, for n € N. Suppose that

Q={peU™(®):Apec F(S)} #0.

Then there exists q € Q2 such that
(a) x, > gasn— oo,

(b) Ax,, > Aq as n — oo.

Corollary 4.2 Let H, and Hj be two real Hilbert spaces and 6; be the zero vector of H; for
i=1,2.Let A: Hy — H, be a bounded linear operator with its adjoint B. Let U : H; — H;
be a Lipschitzian accretive mapping with Lipschitz constant L > 0 and U™(8,) # 0. Let
S : Hy — H, be a nonexpansive mapping with F(S) # . Let {x,} be a sequence generated
by the following algorithm:

x1 € Hy chosen arbitrarily,
Y =%y —alx,,

Zy = Bxy + (1- ,3)(1_ u)ym
Wy =2z, +EB(S -1)Az,,

Crn={veCu:llwn—vIl < llzn — vl < llxn = VII},

X1 =Pc,, (x1), VneN,

1 1 . . . .
where 0 <1-fB<ac< SWIWEL £e(0, W) and Pc, is the projection operator from H; into
C, for n € N. Suppose that

Q={pelU™(®):Apec F(S)} #0.

Then there exists q € 2 such that
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(a) x, > gasn— oo,
(b) Ax, — Aqasn— oo.

Remark 4.1 In Theorems 3.1 and 4.1, the control coefficients o and S can be respectively

1

Wi for some
n

replaced with the sequences {«,} and {8,} satisfying 0 <e <1- 8, <, <
positive real number ¢.

Remark 4.2 Obviously, all results in this paper are true if H; = H,. They generalize and
improve many results in the literature; see, for instance, [23, 24, 26-29].
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