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Abstract

We introduce an implicit method for finding an element of the set of common fixed
points of a representation of nonexpansive mappings. Then we prove the strong
convergence of the proposed implicit scheme to the common fixed point of a
representation of nonexpansive mappings.
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1 Introduction

Let C be a nonempty closed and convex subset of a Banach space E and E* be the dual
space of E. Let (-, -) denote the pairing between E and E*. The normalized duality mapping
J : E — E* is defined by

J@) = {f €E*: (x.f) = lIxI” = If I”}

for all x € E. In the sequel, we use j to denote the single-valued normalized duality map-
ping. Let U = {x € E : ||x| = 1}. E is said to be smooth or to have a Gateaux differentiable

norm if the limit

1 %+ tyll = 1%l
m--—————--
t—0 t

exists for each x,y € U. E is said to have a uniformly Gateaux differentiable norm if for
each y € U, the limit is attained uniformly for all x € /. E is said to be uniformly smooth
or is said to have a uniformly Féchet differentiable norm if the limit is attained uniformly
for x,y € U. It is known that if the norm of E is uniformly Gateaux differentiable, then
the duality mapping / is single-valued and uniformly norm to weak* continuous on each
bounded subset of E. A Banach space E is smooth if the duality mapping J of E is single-
valued. We know that if E is smooth, then J is norm to weak-star continuous; for more
details, see [1].

Let C be a nonempty closed and convex subset of a Banach space E. A mapping T of C
into itself is called nonexpansive if || Tx — Ty|| < ||x — y|| for all x,y € C, and a mapping f is
an a-contraction on E if ||[f(x) — f(»)|| < a|lx—y|l, x,y € E such that 0 <« < 1.
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In this paper, motivated by Lashkarizadeh Bami and Soori [2] and Hussain and Taka-
hashi [3], we introduce the following general implicit algorithm for finding a common
element of the set of fixed points of a representation S = {7 : t € S} of a semigroup S as
nonexpansive mappings from C into itself, with respect to a left regular sequence of means
defined on an appropriate subspace of bounded real-valued functions of the semigroup.
On the other hand, our goal is to prove that there exists a sunny nonexpansive retraction P
of C onto Fix(S) and x € C such that the following sequence {z,} converges strongly to Px:

zy=€f(z0) + 1 —€,)T,,2, (meN).

2 Preliminaries

Let S be a semigroup. We denote by B(S) the Banach space of all bounded real-valued
functions defined on S with supremum norm. For each s € S and f € B(S), we define /; and
rs in B(S) by

U)@) =f(st),  (rf)E) =f(ts) (E€S).

Let X be a subspace of B(S) containing 1, and let X* be its topological dual. An element u
of X* is said to be a mean on X if ||| = n(1) = 1. We often write u,(f(¢)) instead of w(f)
for u € X* and f € X. Let X be left invariant (resp. right invariant), i.e., [;(X) C X (resp.
rs(X) C X) for each s € S. A mean p on X is said to be left invariant (resp. right invariant)
if w(lf) = n(f) (resp. u(ref) = n(f)) for each s € S and f € X. X is said to be left (resp. right)
amenable if X has a left (resp. right) invariant mean. X is amenable if X is both left and
right amenable. As is well known, B(S) is amenable when S is a commutative semigroup
(see p.29 of [1]). A net {u,} of means on X is said to be left regular if

fim |5t = pra | =0

for each s € S, where [} is the adjoint operator of /.

Let f be a function of the semigroup S into a reflexive Banach space E such that the weak
closure of {f(¢) : t € S} is weakly compact, and let X be a subspace of B(S) containing all the
functions ¢ — (f(£),x*) with x* € E*. We know from [4] that for any u € X*, there exists
a unique element f;, in E such that (f,,,x*) = u.(f(¢),x*) for all x* € E*. We denote such f,
by [f(¢) du(t). Moreover, if 11 is a mean on X, then from [5], [ f(t) du(t) € Co{f(¢) : t € S}.

Let C be a nonempty closed and convex subset of E. Then a family S = {T; : s € S} of
mappings from C into itself is said to be a representation of S as a nonexpansive mapping
on C into itself if S satisfies the following:

(1) Tyx=T,Tyxforalls,t € Sandx € C;

(2) for every s € S, the mapping T : C — C is nonexpansive.

We denote by Fix(S) the set of common fixed points of S, that is, Fix(S) = [
Tex = x}.

{xeC:

seS

Theorem 2.1 [6] Let S be a semigroup, let C be a closed, convex subset of a reflexive Banach
space E, S = {T; : s € S} be a representation of S as a nonexpansive mapping from C into
itself such that weak closure of {Tyx : t € S} is weakly compact for each x € C, and let X be
a subspace of B(S) such that 1 € X and the mapping t — (T (¢t)x,x*) be an element of X for
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each x € C and x* € E, and |v be a mean on X. If we write T, x instead off Tx du(t), then
the following hold.
(i) Ty is a nonexpansive mapping from C into C.
(ii) T,x = x for each x € Fix(S).
(iii) Tyx eco{Twx:t e S} foreachx e C.
(iv) If X is rs-invariant for each s € S and w is right invariant, then T, T, = T, for each

tes.

Remark From Theorem 4.1.6 in [1], every uniformly convex Banach space is strictly con-
vex and reflexive.

Let D be a subset of B, where B is a subset of a Banach space E, and let P be a retraction
of B onto D, that is, Px = x for each x € D. Then P is said to be sunny if for each x € B
and ¢ > 0 with Px + t(x — Px) € B, P(Px + t(x — Px)) = Px. A subset D of B is said to be
a sunny nonexpansive retract of B if there exists a sunny nonexpansive retraction P of B
onto D. We know that if E is smooth and P is a retraction of B onto D, then P is sunny
and nonexpansive if and only if for each x € Band z € D, (x — Px,](z — Px)) < 0. For more
details, see [1].

Lemma 2.2 [7] Let S be a semigroup, and let C be a compact convex subset of a real strictly
convex and smooth Banach space E. Suppose that S = {T; : s € S} is a representation of S as
a nonexpansive mapping from C into itself. Let X be a left invariant subspace of B(S) such
that 1 € X, and the function t +— (Tx,x*) is an element of X for each x € C and x* € E*.
If w is a left invariant mean on X, then Fix(T,,) = T,,C = Fix(S) and there exists a unique
sunny nonexpansive retraction from C onto Fix(S).

Throughout the rest of this paper, the open ball of radius r centered at 0 is denoted by B,.
Let C be a nonempty closed convex subset of a Banach space E. For € > 0 and a mapping
T :C — C,welet F.(T) be the set of e-approximate fixed points of T, i.e., F(T) = {x € C:
llx - Tx| < €}.

3 Main result
In this section, we deal with a strong convergence approximation scheme for finding a
common element of the set of common fixed points of a representation of nonexpansive

mappings.

Theorem 3.1 Let S be a semigroup. Let C be a nonempty compact convex subset of a real
strictly convex and reflexive and smooth Banach space E. Suppose that S ={Ts:s € S}isa
representation of S as a nonexpansive mapping from C into itself such that Fix(S) # (. Let
X be a left invariant subspace of B(S) such that 1 € X, and the function t — (Tyx,x*) is an
element of X for each x € C and x* € E*. Let {{1,,} be a left regular sequence of means on X.
Suppose that f is an a-contraction on C. Let €, be a sequence in (0,1) such that lim, €, = 0.
Then there exists a unique sunny nonexpansive retraction P of C onto Fix(S) and x € C
such that the following sequence {z,} generated by

zn=€yf(20) + 1=€,)T,,20. (neN) (1)

strongly converges to Px.


http://www.fixedpointtheoryandapplications.com/content/2014/1/238

Hussain et al. Fixed Point Theory and Applications 2014, 2014:238 Page 4 of 7
http://www.fixedpointtheoryandapplications.com/content/2014/1/238

Proof By Proposition 1.7.3 and Theorem 1.9.21 in [8], any compact subset C of a reflexive
Banach space E is weakly compact, and from Proposition 1.9.18 in [8], any closed convex
subset of a weakly compact subset C of a Banach space E is itself weakly compact, and
by Proposition 1.9.13 in [8], any convex subset C of a normed space E is weakly closed if
and only if C is closed. Therefore, weak closure of {Tx : t € S} is weakly compact for each
xeC.

We divide the proof into five steps.

Step 1. The existence of z,, which satisfies (1).

This follows immediately from the fact that for every # € N, the mapping N, given by

Nx=€,f(x)+1-€,)T,,x (xeC)
is a contraction. To see this, put 8,, = (1 + €,(@ — 1)), then 0 < 8,, <1 (n € N). Then we have

INuwx — Npyll < €, Hf(x) —f()/)” +(1—¢,)ll Tyx—T.9l
<eaflx =yl + (1 -e)llx—yl
= (L+ e =D)llx =yl = Bullx = yll.
Therefore, by the Banach contraction principle [1], there exists a unique point z, € C such
that Nz, = z,,.
Step 2. limy, o ||z, — Ty2z,|| = 0 forall £ € S.

Consider ¢t € S and let € > 0. By Lemma 1 in [9], there exists § > 0 such that co F5(T;) +
2B;s C F.(T}). By Corollary 2.8 in [10], there also exists a natural number N such that

- -
Tiy—T;| —— T,
HN+1§ tis) t<N+1§ tsy>

foralls € Sand y € C. Let p € Fix(S) and M be a positive number such that sup ¢ [|yll <

<$ (2)

M. Lett € S, since {u,} is strongly left regular, there exists Ny € N such that ||, — l* Ul <
(31\6/1—(» forn > Nyandi=1,2,...,N. Then we have

N
1
T,y— | —— T,iydu,
i fNH; 159 ()
Mny’ </N IZTtlsydl’Ln(s)x>‘

sup
yeC

=sup sup
yeC |lx*|l=1
1 N N
=Sup Sup | =—— (n)s Tsy, x*) — (M) is)»
sup sup NH; Ws( Ty XO: o Tiisy %
N

= e 20 )~ ) ()

< max | tn = L | (Mo + 2111

= max “/Ln_ltzﬂn”(gMO)

i=1,2,..

<8 (n=Np). (3)
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By Theorem 2.1 we have

N N
1 _| 1
/N+1;Ttisyd“”(s)eco{N+lZT;i(TsJ’):seS}. (4)

i=0

It follows from (2)-(4) that

N
_| 1
Tﬂnyeco{N_F1 ;thsy:seS} + B;
C COFs(T;) + 2Bs C F(Ty)

forall y € C and n > No. Therefore, limsup,_, . sup,cc | T+(T},y) — Ty, y|l < €. Since € > 0
is arbitrary, we have

lim sup sup|| Ty(Ty,y) = Tp,y| =0 (5)

n—-oo  ye

Let £ € S and € > 0, then there exists § > 0 which satisfies (2). Take Lo = (1 + «)2M +
Ilf @) —pll- Now, from the condition lim,, €, = 0 and from (5), there exists a natural number
N; such that T,y € F5(T;) for all y € C and ¢, < ﬁ for all n > Nj. Since p € Fix(S), we
have

€ullf @) = Tzn| < (/@) =1 @) + £ @) =Pl + 1 Tienp = T2l
< en(@llza — pll + [£0) - p ]| + 141124 - pI)

(
(
en(@llzy = pll + |f(2) - p| + 12, —plI)
(
(

IA

IA

(A + @)z, —pll + |[f () -p])
en((L+a)2Mo + |f(p) - p|)

IA

1)
EVILO =< 5

for all » > N;. Observe that

Zn=€nf(20) + (1 — €,) Ty, 2,
=Ty, Zn + € (f(z,q) - TWZ,,)
€ F5(Ty) + By

C F5(Ty) + 2B;s

g Fe(Tt)
for all » > Nj. This shows that
lzn — Tezull <€ (n > Np).

Since € > 0 is arbitrary, we get lim,_, « ||z, — T¢zxl| =0
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Step 3. &{z,} C Fix(S), where &{z,} denotes the set of strongly limit points of {z,}.
Let z € &{z,}, and let {z,,/.} be a subsequence of {z,} such that Zy, = Z,
1Tz~ 2l < I Tz = Tezy | + 1 Tz, = 2| + 12y — 21

< 2|lzn; — 2l + | Tizn; — 2 I,
then by Step 2,
1Tez - 2|l < 2li]1n llzw, — 2l + li]m I Tezn; — 2|l = O,

therefore z € Fix(S).
Step 4. There exists a unique sunny nonexpansive retraction P of C onto Fix(S) and
x € C such that

I:=1lim sup(x — Px,](z, —Px)> <O. (6)

n

By Lemma 2.2 there exists a unique sunny nonexpansive retraction P of C onto Fix(S5).
The Banach contraction mapping principle guarantees that fP has a unique fixed point
x € C. We show that

[:=lim sup(x - Px,J(z, - Px)) <o0.

n

Note that from the definition of I' and the fact that C is a compact subset of E, we can
select a subsequence {zn/,} of {z,} with the following properties:
(i) limj(x - Px,/(z,; — Px)) =T
(ii) {z;} converges strongly to a point z.
By Step 3, we have z € Fix(S). Since E is smooth, we have

T = lim(x — Px,J(z,, — Px)) = (x - Px,] (z - Px)) < 0.
J

Since fPx = x, we have (f — I)Px = x — Px. From Theorem 4.2.1(v) in [1], for x,y € E and
e, IIxl1? = I71? = 2(x — ,f). Therefore, for each 1 € N, we have
énla —1)|z, — Px]?
> [€ntllzn = Pl + (1= €)1z = Pl |* = Iz - Pl
= [€nllf @) = f(Px)]| + (U= €)1 Ty, 20 = Pl ] = N1z = P
> 2(en(f(zn) —f (Px)) + (1 — €,)(Ty, 20 — Px) — (24 — Px),] (25 — Px))
= =2¢,((f - I)Px,] (2, — Px))

= —2en(x —Px,J(z, — Px)).
Hence

llzn — Px|)* < %(x — Px, ] (2, — Px)). 7)
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Step 5. {z,} strongly converges to Px.
Indeed, from (6), (7) and Px € Fix(S), we conclude

2
limsup ||z, — Px|* < N limsup(x — Px,J(z, — Px)) < 0.

n - n
That is, z,, — Px. O

Remark 3.2 It would be an interesting problem to prove Theorem 3.1 for continuous
representations instead of nonexpansive.
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