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1 Introduction and preliminaries

It is well known that the probabilistic version of the classical Banach contraction princi-
ple was proved in 1972 by Sehgal and Bharucha-Reid [1]. In 2010, a truthful probabilistic
version of the Banach fixed-point principle for general nonlinear contractions was pre-
sented by Ljubomir Ciri¢ [2]. Unfortunately, there is a counterexample [3] to the Ciri¢’s
keylemma. Meanwhile, Jacek Jachymski [3] established a corrected probabilistic version of
the Banach fixed-point principle for general nonlinear contractions. Also, the fixed-point
theorems in probabilistic metric spaces for other contraction mappings were investigated
by many authors, see [4—27] the references therein.

In this paper, we try to extend this probabilistic version theorem to the partially ordered
Menger probabilistic metric spaces and establish some fixed-point theorems for mono-
tone operators. Also, we show a sufficient and necessary condition for the uniqueness of
the fixed point for a class of monotony operators. As a consequence, our main results im-
proved and extended some recent coupled fixed-point theorems and coincidence-point
theorems for mixed monotone mappings in the literature [2—4].

At this stage, we recall some well-known definitions and results in the theory of partially
ordered set and probabilistic metric spaces which are used later on in the paper. For more
details, we refer the reader to [8, 20].

Let (X, <) be a partially ordered set, the subset E C X is said to be a totally ordered subset
if either x < y or y < x holds for all x,y € E. We say the elements x and y are comparable if
either x <y or y < x holds. It is said that the triple (X, <,d) is a partially (totally) ordered
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complete metric space if (X, <) is a partially (totally) ordered set and (X, d) is a complete
metric space. It is said that the operator F : X — X is non-decreasing monotone with
respect to the order < if for any x,y € X with x < y we have F(x) < F(y). Let ® denote all
the functions ¢ : [0, +00) — [0, +00) which satisfy ¢(r) < r and lim,, ;00 ¢”(r) = 0 for all
r>0.

Definition 1.1 (Bhaskar and Lakshmikantham [5]) Let (X, <) be a partially ordered set
and F: X x X — X. The mapping F is said to have the mixed monotone property if F
is monotone non-decreasing in its first argument and is monotone non-increasing in its

second argument, that is, for any x,y € X,

x,% €X, X =x = Flr,y) <F(x)
and

Y2 €X, yn=<y» = Flxy) <Fxn)

Definition 1.2 (Bhaskar and Lakshmikantham [5]) An element (x,7) € X? is said to be a
coupled fixed point of the mapping F : X?> — X if F(x,y) = x and F(y,x) = y.

Definition 1.3 [11] Let (X, <) be a partially ordered setand F: X x X — X and h: X — X.
We say F has the mixed s-monotone property if F is monotone /-non-decreasing in its
first argument and is monotone /s-non-increasing in its second argument, that is, for any
x,yeX

xi,% € X, h(x)) < h(x;) implies F(x,y) < F(x2,y)
and

yy2 €X,  h(n) < h(ys) implies F(x,y2) < F(x,y1).
Remark 1.1 If F has mixed /#-monotone property, then F has mixed monotone property.

Definition 1.4 [10] A function f : (—o00, +00) — [0, 1] is called a distribution function if it
is non-decreasing and left-continuous with inf,cz f(x) = 0. If in addition f(0) = 0, then f
is called a distance distribution function. Furthermore, a distance distribution function f

satisfying lim;_, ;o0 f(£) = 1 is called a Menger distance distribution function.
The set of all Menger distance distribution functions is denoted by A*.

Definition 1.5 [10] A triangular norm (abbreviated, T-norm) is a binary operation A on
[0,1], which satisfies the following conditions:

(a) A is associative and commutative,

(b) A is continuous,

(¢) Aa,1)=aforallae[0,1];

(d) Aa,b) < A(c,d) whenever a < cand b < d, for each a,b,c,d € [0,1].
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Among the important examples of a T-norm we mention the following two T-norms:
Ap(a,b) = ab and A,,(a, b) = min{a, b}. The T-norm A,, is the strongest T-norm, that is,

A < A, for every T-norm A.

Definition 1.6 [9] A triangular norm A is said to be of H-type (Hadzi¢ type) if a family

of functions {A"(£)},,% is equicontinuous at ¢ = 1, that is,
Vee€(0,1),38€(0,1):t>1-8 = A"t)>1-¢ (m=>1),
where A" :[0,1] — [0,1] is defined as follows:
ANE) = At t), AM(E) = A6 A7), n=2,3,....
Obviously, A"(¢) <t foranyn € N and ¢ € [0,1].

Definition 1.7 [23] A Menger probabilistic metric space (abbreviated, Menger PM space)
is a triple (X, F, A) where X is a nonempty set, A is a continuous 7-norm and F is a map-
ping from X x X into A* such that, if F,, denotes the value of F at the pair (p,q), the

following conditions hold:

(PM;) F,4(t)=1forallt>0ifand onlyif p =g (p,q € X).
(PMy) F,4(t) = F;,(t) forall p,g € X and £ > 0.
(PM3) F, (s +t) = A(F,4(t), Fy,(s)) for all p,q,r € X and every s > 0, £ > 0.

Definition 1.8 [23] A sequence {x,} in X is said to converge to a point x in X (written as
x, — %) if for every § > 0 and A € (0,1), there is an integer N(8,1) > 0 such that F,, ,(8) >
1 - A, for all # > N(§,A). The sequence is said to be a Cauchy sequence if for each § >
0 and X € (0,1), there is an integer N(8,1) > 0 such that F;, ,,,(8) >1— A, for all n,m >
N(8,A). A Menger PM space (X, F, A) is said to be complete if every Cauchy sequence in

nxm

X converges to a point of X.

2 Main results
Lemma 2.1 Let (X, F, A) be a Menger PM space and ¢ € ®. If

Foq (90(’5)) =F,,(t), forallt>0,
thenp =q.
Proof Since F, 4(¢(2)) = Fp4(t), then F, ;(¢"(t)) = Fy4(t) for all m € Z* and ¢ > 0. It follows

from lim;_, .0 Fy4(t) = 1 that, for & € (0,1), there is #y > 0 such that F,4(¢y) >1 - ¢. Also,
for & > 0, there is N(8) € Z* such that ¢"(ty) < § for all # > N(8). Thus

Fp,q(a) > Fp,q(ﬁon(to)) > Fp,q(to) >1-e.

This implies that F,, ,(¢) =1 for all £ > 0. Thus p = q. O
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Lemma 2.2 Letn>1.IfF € A*, ¢1,82,...,8,: R — [0,1] and, for some ¢ € P,
F((8)) > min{gi(£),g(0),...,g.(6), F(t)}, forallt>0,

then F(¢(£)) > min{g(£),g2(2),...,g.(t)} for all t > 0.

Proof If min{g(£),g2(¢),..,24(£), F(£)} < F(£), then the result of Lemma 2.2 trivially holds.

If min{g(¢),(¢),...,8.(¢), E(t)} = F(¢), then F(¢) < F(¢(¢)) < F(t). Thus F(p(t)) = F(t) for
all £ > 0. By the proof of Lemma 2.1, we see that F(¢) =1 for all £ > 0. Thus g1(¢) = g2(¢) =
---=g,(t) =1forall £ > 0. Then F(¢(£)) > min{g; (¢),g>(£), ...,g,(¢t)} for all £ > 0. The proof
is complete. U

For a = (x, y),ia = (u,v) € X2, we introduce a distribution function F from X? into A*
defined by

F,;(t) = min{F,,(£),F,,(t)} forallt>0.

Lemma 2.3 If (X, F, A) is a complete Menger PM space, then (X2, F, A) is also a complete
Menger PM space.

Proof 1t is sufficient to prove that, for a = (x,y),l; =(u,v),c=(p,q) € X% and t,s>0,

Fyj(t +5) > A(Fag(t), Fyy(s).

In fact, by direct computation, we have

E,j(t+s) = min{Fy (¢ +5),Fy(t +5))
> min{ A (Fyp(£), Fyu()), A(Fyq(£), Fyu(s))}
= 4 (min{Fyp(2), Fyg (0} min{Fpu(s), Fyu(5)})
= A(Faz(t), ().

If the sequence {X,} = {(x4, y»)} is a Cauchy sequence in (X2,F, A), then, forall ¢ > 0, every
8 >0 and A € (0,1), there is a positive integer N(§,A) > 0 such that

F;, 5, = min{F,, (), F,,,,, @)} >1 -, forall m,m>N(8,1).

Then F;, 4, (£) >1—A and F,
in (X, F, A). Following Definition 1.8, it is a standard argument to show that the Cauchy

wom () >1—A. Thus both {x,} and {y,} are Cauchy sequences
sequence {,} converges to a point of X2. Thus (X 2 F,A)isa complete Menger PM space.
The proof is complete. d

Theorem 2.1 Let (X, X,F,A) be a partially ordered complete Menger PM space with a
T-norm A of H-type. Suppose G : X — X is a non-decreasing operator with respect to the
order < on X. Assume
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(i) thereisa ¢ € ® such that, forallt >0 and x,y € X with x <y,

FG(x),G(y) (‘P(t)) > min{Fx,y(t)» Fx,G(x)(t)rpy,G(y)(t)}; (1)

(ii) there exists an xoy € X such that xo < G(xy);
(ili) either if (a) G is a continuous operator or (b) if a non-decreasing monotone sequence
%y in X tends to X, then x, < x for all n.
Then the operator G has a fixed point in X.

Proof Define a sequence {x,} C X by x,,,1 = G(x,,), n = 0,1,.... Noting xp < G(x¢) and the

monotony of G, we have
X XX Zxy X XXy e
If there exists g such that x,,, = x,,,,1, then x,,, = G(x,,,) and %, is a fixed point of G. Then

the result of Theorem 2.1 trivially holds.
Suppose now that x,, # x,,,; for all n. Following the assumption (i), we see that

Fxn+lv9‘n+2 ((p(t)) = FG(xn)1G(xn+l) (g{)(t))
= min{Fxn:erl (t)’ Fxn,G(xn) (t)’ Fxn+1,G(x,,+1)(t) }
= min {Fxn:xnﬂ (t)’ Fxnvxn+1 (t)’ Fxn+1»xn+2 (t) }

= min{l’,%xm(t),Fxm,xn+2 (t)}.
It follows from ¢ € ® and Lemma 2.2 that
Frpotines (9(8)) = Fyp, () forall£>0.
Thus we have

F,

Xn+1Xn+2

(9"1(8)) = Fygm (t) forallt>o0.

For § > 0 and ¢ € (0,1), since lim;_, .o Fx, », (t) = 1, there is a £y such that Fy ., (to) >1 —¢.
Also, by lim,,_, o, ¢"(£o) = 0, there is a Ny such that ¢"(¢y) < & for n > Nj. Thus we obtain

Fxn+1,xn+2 (8) = Fxn+1:xn+2 (@nJrl(tO)) > Fx(),xl (tO) >l-¢ forn> NO'
This means lim,,_, o Fy, ., x,.,,(t) =1 for all £ > 0.
Next we should prove that the sequence {x,} is a Cauchy sequence in X. It is necessary
to prove that, for any § > 0 and ¢ € (0,1), there is N(g, §) such that
Fi x,8)>1—¢ forallm>n> N(g,3).

To this end, firstly, we can show the following inequality by mathematical induction:

Eypppin(8) = AN (Fypz (8- 9(8)))  forall k> 1. )

Page 5 of 12
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Ask=1,

Frpo1ien () = Fro 2, (8 — 0(8))
= A(Fuyn (8- 9(9)),1)
> A(Fayir (8 = 9(8))s Fapnyn (8 - 0(5)))
= Ay, (8 - 909)))-

Thus (2) holds for k = 1.
Now we assume (2) holds for1 <k <p. Whenk=p +1,

Fxn+p+1vxn (8) Z A(I:vxrﬁlvxrl (6 - @(8)), Fxn+1vxn+p+1 ((p (8)))

Following the formulation (1), it is a standard argument (by contradiction) to show that
Fy 1m0 (8) = Fy, .1 (8) for all n. Thus Fy (8) = Fy, x,,,(8). Then we have

n+p+1:¥n+p

a1 (9(8)) = F6,),Glonep) (#(8))
> min{Fy,u,.) (8) Frpinst 8) Frprinsys (6))
= min{Fy,x,,, (8), Fe,e,, (8)}
> min{ A? (Fy, ., (8 = 9(5))), Fxprt (6 — 9(8)) }

= AP (Fxnvxnd (8 - (p(é))).

Then

Fx,,+p+1,xn (5) > A(Fx,,“,xn (5 - ¢(5)), Ap (Fxn,xn+1 (‘S - 90(8))))
= AP (Fyy i (8 = 0(8))).
Thus
Eyppin(®) = AN (Fy oz (8- 0(8)))  forall k> 1.
Noting the T-norm A of H-type, for a given ¢ € (0,1), there exists A € (0,1) such that
A"(t) >1—¢ for all > 1 and when ¢ > 1 — A. On the other hand, by lim,,_, ;o Fy,, ,,,(6 —

©(8)) =1, there is a Ni (¢, 8) such that

F,

XnXn+1

(8 - g0(8)) >1-X forall n>Ni(e,3d).
Thus
Fy x,(8)>1—¢ forallk>1and#n>Ne,é).

This implies that the sequence {x,} is a Cauchy sequence in X. Then by the completeness
of X, there is X € X such that lim,,_, ;o0 %, = X.

Page 6 of 12


http://www.fixedpointtheoryandapplications.com/content/2014/1/49

Wu Fixed Point Theory and Applications 2014, 2014:49 Page 7 of 12
http://www.fixedpointtheoryandapplications.com/content/2014/1/49

Suppose () holds. It follows from x,,,1 = G(x,,) that

x= lim x,, = lim G(x,) = G(X).
Then the operator G has a fixed point in X.
Suppose (b) in the assumption (iii) holds, then x, < x and we have

Fyp1.6@ (9() = Fown,o@ (9(8)) = min{Fy, 2(8), Fy, ., (), From (£) )

Letting # go to infinity, we have F; ) (¢(£)) > Fx g (). It follows from Lemma 2.1 that x =
G(x). Then the operator G has a fixed point in X. The proof of Theorem 2.1 is complete. [

Let D = {x € X : x and G(x) are comparable}, then we have the following.

Theorem 2.2 Let (X, <,F,A) be a partially ordered complete Menger PM space with a
T-norm A of H-type. Suppose G : X — X is a non-decreasing operator with respect to the
order < on X. Assume (i) in Theorem 2.1 and one of following conditions hold:

(a) G is a continuous operator;

(b) if a monotone sequence x, in X tends to x, then x,, and x are comparable for all n.
Then the operator G has a fixed point in X ifand only if D # ¢. Furthermore, if D is a totally
ordered nonempty subset, then the operator G has a unique fixed point in X

Proof =:1tis easy to see that all the fixed points of G fall in the set D. Thus if the operator
G has a fixed point in X, then D # ¢.

«<:If D # ¢ and xo € D, then there are two cases: xg < G(x) and G(xg) < x¢. For the
former case, following Theorem 2.1, we claim that the operator G has a fixed point in X.
For the latter case: G(xg) < %9, noting the symmetry of the probabilistic metric, we see
that (1) holds for y < x. Thus

Fo,60) (9(®)) = min{Fy (), Fy00(0): Fy,c0) (6 }

for each x, y € X satisfying x is comparable with y. Constructing the sequence {x,} in X by
%, = G(x,_1), forn=1,2,..., we have

XXy 2 XX 2 X X Xo.

Following a similar proof as of Theorem 2.1, we conclude that the operator G has a fixed
point x in X.

Finally, we suppose that D is a totally ordered nonempty subset. It is sufficient to prove
the uniqueness of fixed point of F. Let x and y be two fixed points of G, then x is comparable
with y, G(x) = x and G(y) = y. Following the assumption (i), we have

Fuy(9(0) = Fow,a0)(#(2))

> min{Fyy(£), Fr,60(2), Fy,60) (8) }

= Foy(0).
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On the other hand, by ¢(¢) < ¢ and the monotony of F,,, we see that F,(t) > F;,(¢(£)).
Thus F,,(t) = Fy,,(¢(£)). It follows from Lemma 2.1 that x = y. The proof of Theorem 2.2 is
complete. O

Corollary 2.1 Let (X, <,F,A) be a partially ordered complete Menger PM space with a
T-norm A of H-type. Suppose A : X x X — X is a mapping satisfying the mixed monotone
property on X and, for some ¢ € P,

FA(x,y),A(u,v) (w(t)) > min{Fx ( ) yv(t) x,A(x,y) (t)
Fu,A(u,v)(t): Fy,A(y,x)(t)i Fv,A(v,u)(t)}
for all x,y € X for which x < u and v <y and all t > 0. Suppose that A is a continuous
mapping or X has the following properties:
(i) if non-decreasing sequence x, tends to x, then x,, < x for all n,
(ii) if non-increasing sequence y, tends to y, then y <y, for all n.

If there exist x,yo € X such that xo < A(xo,Y0) and A(yo,x0) < Yo, then A has a coupled
point, that is, there exist p,q € X such that A(p,q) = p and A(q,p) = q.

Proof Let X=XxX, fora= (x,y),l; = (u,v) € x, we introduce the order < as
i<b & x<u, v<y.

It follows from Lemma 2.3 that (X, <, F, A) is also a partially ordered complete Menger
PM space, where

E,;(t) := min{F, . (£), F,,,(2) }.
The self-mapping G : X — X is given by
G@) = (A(x,9),A(y,%)) foralla=(x,y) € X.

Then a coupled point of A is a fixed point of G and vice versa.

If 2 < b, then x < u and v < y. Noting the mixed monotone property of A, we see that
Ax,y) < A(u,v) and A(v, u) < A(y,x), then G(a) < G(b). Thus Gisa non-decreasing oper-
ator with respect to the order < on X.

On the other hand, forall t >0 and g = (x,y),@ = (u,v) € X with @ < b, we have

Faty)atuy) (9@®)) = min{F, ., (6), Fyy (), Frawy (©),
Funun 8, Fy 000, Foao(®)}
= min{min{F,(£), F,, (&) }, min{ Fy a(x) (£), Fuaun)(®)},
min{Fy,a(,(8), Fyawa (£)}}

m{ F;,G ) Fé,G(E)(t)}‘

=

Similarly,

Fapym ) (9®) = min{F, (), Faca (£), F; 6 (0)}.
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Thus

Fa,a0 (#(8) = min{E; 5(0), Faa) (8), Fy ()}

Also, there exists an Xy = (x9,y0) € X such that %y < G(%,) = (A(x0,0), A(yo,x0))-

Ifa non-decreasing monotone sequence {X,} = {(x,, y.)} in X tendsto % = (x, y), thenx, =
(%> i) = Kns1, Yne1) = Xny1, that is, x, < x,,1 and y,;1 < y,. Thus {x,} is non-decreasing
sequence tending to x and {y,} a non-increasing sequence tending to y. Thus x,, < x and
y <y, for all n. This implies ¥, < x. Obviously, the continuity of A implies the continuity

of G.
Following Theorem 2.1, we see that A has a coupled point, that is, there exist p,q € X
such that A(p,q) = p and A(q,p) = q. O

Corollary 2.2 Let (X, <X, F, A) be a partially ordered complete Menger PM space with a
T-norm A of H-type. Suppose A: X x X — X and h: X — X are two mappings such that
A has the h-mixed monotone property on X and, for some ¢ € P,

Fatey).atu) (0®)) = min{ Fu nw ®) Fng)n) (0> Fne). At (£)s

Fitu, A0 (0, Fn), 0,00, Fr, ) (£)}

forall x,y € X for which h(x) < h(u) and h(v) < h(y) and all t > 0. Suppose also that A(X x
X) C h(X), h(X) is closed and

if {h(x,)} C X is a non-decreasing sequence with h(x,) — h(z) in h(X)

then h(x,) < h(z) for all n holds,

if {h(y,)} C X is a non-increasing sequence with h(y,) — h(z) in h(X)

then h(z) < h(y,) for all n holds.
If there exist x9,yo € X such that h(xo) < A(xo,y0) and A(yo,x0) < h(yo), then A and h
have a coupled coincidence point, that is, there exist p,q € X such that A(p,q) = h(p) and

Alg,p) = h(g).

Proof Using the method in [7], we see that there exists E C X such that A(E) = h(X) and
h:E — X is one-to-one. Define the mapping H : h(E) x h(E) — h(E) by H(h(x), h(y)) =
A(x,y). Since h: E — X is one-to-one, it follows that H is well defined. Thus

Frithte) ) Hnw,nv)) (9 (@) = min{ Fuio iy () Futyy i) (©)s Fn) 1 (n,n0)) (£)s

Fi,t10n(u), 1) ®) Fny) 1)) ©)s Fno) e () )

for h(x) < h(u), h(v) < h(y).
We introduce the partial order < on h(E) x h(E) by

a<b ifand only if h(x) < h(u), h(v) < h(y),
and the probabilistic metric F, for & = (h(x), h(y)),ls = (h(u), h(v)) € h(E) x h(E), by

F[;j;(t) = min{ Fy), g () Fniy)nty ()}
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Since A has the mixed /#-monotone property, the operator H has the mixed monotone
property. Following the results in Corollary 2.1, we conclude that H has a coupled fixed
point in A(E) x h(E), that is,

h(p) = H(h(p), h(@),  h(q) = H(h(q), h(p)).

Thus there exist p,q € X such that

h(p)=A(p,q) and h(q) = A(q,p).

The proof is complete. O
Remark 2.1 Corollary 2.2 improves and generalizes Theorem 7 in [4].

Following similar arguments as in the proof of Theorems 2.1 and 2.2, we can deduce the

next result. We omit the details of the proof.

Theorem 2.3 Let (X, F,A) be a complete Menger PM space with a T-norm A of H-type.
Suppose G : X — X is a mapping satisfying the following: there is a ¢ € ® such that, for all
t>0andx,yeX,

Fo,6t) (9(®)) = min{Fy,y(£), Fr,600(8), Fy0) ()}
Then the operator G has a unique fixed point in X.

Corollary 2.3 ([3], Theorem 1) Let (X,F,A) be a complete Menger PM space with a T-
norm A of H-type. Suppose G : X — X is a mapping satisfying that there is a ¢ € ® such
that, forall t >0 and x,y € X,

F60,60) (9(8)) = Fiy ().
Then the operator G has a unique fixed point x in X, and, for any xy € X, lim,_, oo G"(x0) = X.
Proof Since

F60,60) (9(2)) = Fiy(£) = min{F,.,(2), Fx.6t0(8), Fy60)(®)},

we conclude from Theorem 2.3 that the operator G has a unique fixed point x in X, and,

for any xy € X, lim,_, oc G"(x0) = . O

Corollary 2.4 ([2], Theorem 13) Let (X, F, A) be a complete Menger PM space with a T -
norm A of H-type. Suppose G : X — X is a mapping satisfying, for all t > 0 and x,y € X,

Fo,60) (a()t) = Fyy (1),

where o : (0,00) — [0,1) is a monotonically decreasing function. Then the operator G has
a unique fixed point in X.
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Proof Set ¢(t) = a(¢)¢. It is sufficient to prove that ¢ € ®. In fact, forall £ > 0, since a(¢) < 1,
then ¢(t) < t. On the other hand, for all 7 € Z*, we see that 0 < ¢"*1(r) = p(¢"(r)) < ¢"(r),
thus the sequence {¢"(r)} is convergent. Let lim,,_, ,oc ¢"(r) = a > 0, then a = lim,_, ., ¢(7).
Suppose a > 0, then, by the monotony of «, we see that

r—a+

a= lim ¢(r) = lim a(r)r < lim a<z>r:a<z>u <a.
r—a+ r—a+ 2 2

This is a contradiction. Thus lim,,_, ,, ¢"(r) = 0. This implies that ¢ € ®. Then the Corol-
lary 2.4 is a consequence of Theorem 2.3 or Corollary 2.3. O

3 Conclusions

In this paper, we establish some fixed-point theorems for monotony operators and ex-
tend the probabilistic version of the Banach fixed-point principle for general nonlinear
contractions to the partially ordered Menger probabilistic metric spaces. Also, we show a
sufficient and necessary condition to the existence of the fixed point for a class of mono-
tone operators. As a consequence, our main results improved and extended some recent
coupled fixed-point theorems and coincidence-point theorems for the mixed monotone
mappings in the literature [2—4].

Finally, we mention two possible applications of our results. One is to the theory of fuzzy
metric spaces. Since the difference between Menger PM space and fuzzy metric spaces
lies in the different metric, some coincidence-point theorems and fixed-point theorems
in fuzzy metric spaces can be obtained under some suitable restrictions. Another possible
application of our results is to the theory of random operator equations.
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