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Abstract
In this paper, we show that convergence of Picard, Mann, Krasnoselskij and Ishikawa
iterations is equivalent in cone normed spaces. Also, we prove that semistability of
these iterations is equivalent.

Keywords: semistability; Picard iteration; Mann iteration; Krasnoselskij iteration;
Ishikawa iteration

1 Introduction
Let (E,‖ · ‖E) be a real Banach space. A subset P ⊆ E is called a cone in E if it satisfies the
following conditions:

(i) P is closed, nonempty and P �= {},
(ii) a,b ∈R, a,b≥  and x, y ∈ P imply that ax + by ∈ P,
(iii) x ∈ P and –x ∈ P imply that x = .

The space E can be partially ordered by the cone P, by defining x≤ y if and only if y–x ∈ P.
Also, we write x� y if y–x ∈ intP, where intP denotes the interior of P. A cone P is called
normal if there exists a constant k >  such that  ≤ x ≤ y implies ‖x‖E ≤ k‖y‖E . The least
positive number satisfying above is called the normal constant of P.
From now on, we suppose that E is a real Banach space, P is a cone in E and≤ is a partial

ordering with respect to P.

Lemma . ([]) Let P be a normal cone and let {an} and {bn} be sequences in E satisfying
the following inequality:

an+ ≤ han + bn, ()

where h ∈ (, ) and bn →  as n→ ∞. Then limn→∞ an = .

Definition . ([]) Let X be a vector space over the field F . Assume that the function
p : X → E having the properties:

(i) ≤ p(x) for all x in X ,
(ii) p(x + y) ≤ p(x) + p(y) for all x, y in X ,
(iii) p(αx) = |α|p(x) for all α ∈ F and x ∈ X .

Then p is called a cone seminorm on X. A cone norm is a cone seminorm p such that
(iv) x =  if p(x) = .
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We will denote a cone norm by ‖ · ‖c and (X,‖ · ‖c) is called a cone normed space. Also,
dc(x, y) = ‖x – y‖c defines a cone metric on X.

Definition . ([]) Let (X,‖ · ‖c) be a cone normed space. Then A⊆ X is called bounded
above if there exists c ∈ E, � c such that ‖x – y‖c ≤ c for all x, y ∈ A.

Definition . Let (X,‖ · ‖c) be a cone normed space. Let {xn} be a sequence in X and
x ∈ X. If for any c ∈ E with  � c, there exists an integer N ≥  such that for all n ≥ N ,
‖xn – x‖c � c, then we will say {xn} converges to x and we write limn→∞ xn = x.

Definition . Let (X,‖ · ‖c) be a cone normed space. Let {xn} be a sequence in X and
x ∈ X. If for any c ∈ E with  � c, there exists an integer N ≥  such that for all n,m ≥ N ,
‖xn – xm‖c � c, then {xn} is said to be a Cauchy sequence. If every Cauchy sequence is
convergent in X, then X is called a cone Banach space.

Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone. Let {xn} be a
sequence in X and x ∈ X. Then {xn} converges to x if and only if limn→∞ dc(xn,x) = .

Lemma . Let (X,‖ · ‖c) be a cone normed space over the real Banach space E with the
cone P which is normal with the normal constant k. The mapping N : X → [,∞) defined
by N(x) = ‖(‖x‖c)‖E satisfies the following properties:

(i) ‖x‖c ≤ ‖y‖c implies N(x)≤ kN(y),
(ii) N(x + y) ≤ k[N(x) +N(y)] for all x, y ∈ X ,
(iii) N(αx) = |α|N(x) for all α ∈ F and x ∈ X ,
(iv) N(x – y) ≤ k[N(x – z) + · · · +N(x – zn)] for all x, y, z, . . . , zn ∈ X ,
(v) x =  if and only if N(x) = .

Moreover, let A be a bounded above subset of X, then
(vi) {N(x) : x ∈ A} is a bounded set.

Proof The proof is obvious. �

Definition . Let (X,‖·‖c) be a cone normed space over the real Banach space Ewith the
normal cone P. The mapping N , defined in Lemma ., is called a norm type with respect
to ‖ · ‖c.

Lemma . Let (X,‖ · ‖c) be a cone normed space over the real Banach space E with the
normal cone P. Also, let {xn} be a sequence in X and x ∈ X. Then {xn} converges to x if and
only if limn→∞ N(xn – x) = .

Proof Note that {‖xn – x‖c} is a sequence in E and by Lemma ., the proof is obvious.
�

Definition . Let X be a cone normed space and T : X → X be a map for which there
exist real numbers a, b, c satisfying  < a < ,  < b < / and  < c < /. Then T is called a
Zamfirescu operator with respect to (a,b, c) if and only if for each pair x, y ∈ X, T satisfies
at least one of the following conditions:
(Z) ‖Tx – Ty‖c ≤ a‖x – y‖c,
(Z) ‖Tx – Ty‖c ≤ b(‖x – Tx‖c + ‖y – Ty‖c),
(Z) ‖Tx – Ty‖c ≤ c(‖x – Ty‖c + ‖y – Tx‖c).

http://www.fixedpointtheoryandapplications.com/content/2014/1/5


Yousefi et al. Fixed Point Theory and Applications 2014, 2014:5 Page 3 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/5

Usually, for simplicity, T is called a Zamfirescu operator if T is Zamfirescu with respect
to some triple (a,b, c) of scalers a, b and c with above restrictions. Also, T is called
f -Zamfirescu operator if at least one of the relations (Z), (Z) and (Z) hold for all x ∈ X
and for all y ∈ F(T).

Remark . Let T be a Zamfirescu operator and x, y ∈ X be arbitrary. Since T is Zam-
firescu, at least one of the conditions (Z), (Z) and (Z) is satisfied. If (Z) holds, then

‖Tx – Ty‖c ≤ b
(‖x – Tx‖c + ‖y – Ty‖c

)

≤ b
(
‖x – Tx‖c + ‖y – x‖c + ‖Tx – Ty‖c

)
.

Thus we get

( – b)‖Tx – Ty‖c ≤ b‖x – y‖c + b‖x – Tx‖c.

Since  < b < , we have

‖Tx – Ty‖c ≤ b
 – b

‖x – y‖c + b
 – b

‖x – Tx‖c.

Similarly, if (Z) holds, then we obtain

‖Tx – Ty‖c ≤ c
 – c

‖x – y‖c + c
 – c

‖x – Tx‖c.

Hence

‖Tx – Ty‖c ≤ δ‖x – y‖c + δ‖x – Tx‖c, ()

where δ :=max{a, b
–b ,

c
–c } and  < δ < .

Definition . Let X be a cone normed space. A self-map T of X is called a quasi-
contraction if for some constant λ ∈ (, ) and for every x, y ∈ X, there exists

u ∈ C(T ;x, y) ≡ {‖x – y‖c,‖x – Tx‖c,‖y – Ty‖c,‖y – Tx‖c,‖x – Ty‖c
}

such that ‖Tx–Ty‖c ≤ λu. If this inequality holds for all x ∈ X and y ∈ F(T), we say that T
is a f -quasi-contraction.

Definition . Let X be a cone normed space, T be a self-map of X and p = u = x =
v ∈ X. The Picard iteration is given by

pn+ = Tpn. ()

For a sequence of self-maps {Tn}n∈N, the iteration pn+ = Tnpn is called the Picard’s S-
iteration.
Another two well-known iteration procedures for obtaining fixed points of T areMann

iteration defined by

un+ = ( – αn)un + αnTun ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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and Ishikawa iteration defined by

xn+ = ( – αn)xn + αnTzn,

zn = ( – βn)xn + βnTxn,
()

where {αn} ⊆ (, ) and {βn} ⊆ [, ). Also, the Krasnoselskij iteration is defined by

vn+ = ( – λ)vn + λTvn, ()

where λ ∈ (, ).

If T is a self-map of X, then by F(T) we mean the set of fixed points of T . Also, N

denotes the set of nonnegative integers, i.e., N =N∪ {}.

Lemma . ([]) Let (X,dc) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X → X satisfies the contractive condition

dc(Tx,Ty)≤ kdc(x, y)

for all x, y ∈ X, where k ∈ [, ) is a constant. Then T has a unique fixed point in X and for
each x ∈ X, the iterative sequence {Tnx} converges to the fixed point.

Lemma . ([]) Let (X,dc) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X → X satisfies the contractive condition

dc(Tx,Ty)≤ k
(
dc(Tx,x) + dc(Ty, y)

)

for all x, y ∈ X, where k ∈ [, /) is a constant. Then T has a unique fixed point in X and
for each x ∈ X, the iterative sequence {Tnx} converges to the fixed point.

Lemma . ([]) Let (X,dc) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X → X satisfies the contractive condition

dc(Tx,Ty)≤ k
(
dc(Tx, y) + dc(Ty,x)

)

for all x, y ∈ X, where k ∈ [, /) is a constant. Then T has a unique fixed point in X and
for each x ∈ X, the iterative sequence {Tnx} converges to the fixed point.

Lemma . ([]) Let T be a quasi-contraction with  < λ < /. Then T is a Zamfirescu
operator.

Definition . Let (X,‖ · ‖c) be a cone normed space and {Tn}n be a sequence of self-
maps of X with

⋂
n F(Tn) �= ∅. Let x be a point of X and assume that xn+ = f (Tn,xn) is

an iteration procedure involving {Tn}, which yields a sequence {xn} of points from X. The
iteration xn+ = f (Tn,xn) is said to be {Tn}-semistable (or semistable with respect to {Tn})
if whenever {xn} converges to a fixed point q in

⋂
n F(Tn) and {yn} is a sequence in X with

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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limn→∞ ‖yn+ – f (Tn, yn)‖c =  and ‖yn – f (Tn, yn)‖c = o(tn) for some sequence {tn} ⊆ R
+,

then yn → q.
The iteration xn+ = f (Tn,xn) is said to be {Tn}-stable (or stable with respect to {Tn}) if

{xn} converges to a fixed point q in
⋂

n F(Tn) and whenever {yn} is a sequence in X with
limn→∞ ‖yn+ – f (Tn, yn)‖c = , we have yn → q.

Note that if Tn = T for all n, then Definition . gives the definitions of T-semistability
and T-stability respectively.

Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone and {Tn}n∈N

be a sequence of self-maps of X with
⋂

n F(Tn) �= ∅. Suppose that there exist nonnegative
bounded sequences {an}, {bn} with supn bn <  such that

dc(Tnx,q)≤ andc(x,Tnx) + bndc(x,q)

for each n ∈ N, x ∈ X and q ∈ ⋂
n F(Tn). Then the Picard’s S-iteration is semistable with

respect to {Tn}.

Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone and {Tn}n∈N be a
sequence of self-maps of X with

⋂
n F(Tn) �= ∅. If for all n ∈N,Tn is a f -Zamfirescu operator

with respect to (αn,βn,γn) with supn γn < /. Then the Picard’s S-iteration is semistable
with respect to {Tn}.

Lemma . ([]) Under the conditions of Lemma . if Tn is a Zamfirescu operator for
all n, then the Picard’s S-iteration is semistable with respect to {Tn}n.

Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone and {Tn}n∈N

be a sequence of self-maps of X with
⋂

n F(Tn) �= ∅. If for all n ∈ N, Tn is a f -quasi-
contraction with λn such that supn λn < , then the Picard’s S-iteration is semistable with
respect to {Tn}n.

For some other sources on these topics, we refer to [–].

2 Main results
Theorem . Let X be a cone normed space and P be a normal cone. Suppose that T is a
Zamfirescu self-map of X and q ∈ F(T). Then the following are equivalent:

(i) the Picard iteration converges to q,
(ii) the Mann iteration converges to q.

Proof Let {αn} ⊆ (, ) be given. We prove the implication (i) ⇒ (ii). Suppose that
limn→∞ pn = q. Now, by using () and (), we have

‖un+ – pn+‖c ≤ ( – αn)‖un – Tpn‖c + αn‖Tun – Tpn‖c
≤ ( – αn)‖un – pn‖c + ( – αn)‖pn – Tpn‖c + αn‖Tun – Tpn‖c
≤ ( – αn)‖un – pn‖c + ( – αn)

(‖pn – q‖c + ‖Tpn – Tq‖c
)

+ αn‖Tun – Tpn‖c. ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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Using () with x := pn, y := un, we get

‖Tun – Tpn‖c ≤ δ‖un – pn‖c + δ‖pn – Tpn‖c
≤ δ‖un – pn‖c + δ

(‖pn – q‖c + ‖Tpn – Tq‖c
)
. ()

Using () with x := q, y := pn, we obtain

‖Tpn – Tq‖c ≤ δ‖pn – q‖c. ()

Relations (), () and () lead to

‖un+ – pn+‖c ≤ (
 – ( – δ)αn

)‖un – pn‖c + ( – αn + δαn)( + δ)‖pn – q‖c.

Set

an := ‖un – pn‖c,
bn := ( – αn + δαn)( + δ)‖pn – q‖c,
h :=  – sup

n
αn.

Since limn→∞ ‖pn – q‖c = , by using Lemma ., we get

lim
n→∞‖un – pn‖c = .

Thus

 ≤ ‖un – q‖c ≤ ‖un – pn‖c + ‖pn – q‖c → ,

as n→ ∞. This completes the proof.
Now we prove (ii) ⇒ (i). Suppose that limn→∞ ‖un – q‖c = . Applying () and (), we

have

‖un+ – pn+‖c ≤ ( – αn)‖un – Tpn‖c + αn‖Tun – Tpn‖c
≤ ( – αn)‖un – Tun‖c + ‖Tun – Tpn‖c. ()

Using () with x := un, y := pn, we obtain

‖Tun – Tpn‖c ≤ δ‖un – pn‖c + δ‖un – Tun‖c. ()

Therefore, from () and (), we get

‖un+ – pn+‖c ≤ δ‖un – pn‖c + ( – αn + δ)‖un – Tun‖c
≤ δ‖un – pn‖c + ( – αn + δ)

(‖un – q‖c + ‖Tun – Tq‖c
)

≤ δ‖un – pn‖c + ( – αn + δ)( + δ)‖un – q‖c. ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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Put

an := ‖un – pn‖c,
bn := ( – αn + δ)( + δ)‖un – q‖c,
h := δ.

Since limn→∞ bn = , by Lemma . and relation (), we get limn→∞ ‖un – pn‖c = . Thus

‖pn – q‖ ≤ ‖pn – un‖c + ‖un – q‖c → ,

as n→ ∞ and so the proof is complete. �

Theorem . Let X be a cone normed space and P be a normal cone. Suppose that T is a
Zamfirescu self-map of X and q ∈ F(T). Then the following are equivalent:

(i) the Picard iteration converges to q,
(ii) the Krasnoselskij iteration converges to q.

Proof For αn = λ, theMann iteration reduces to the Krasnoselskij iteration. Now apply the
proof of Theorem .. �

Theorem . Let X be a cone normed space and P be a normal cone. Suppose that T is a
Zamfirescu operator of X and q ∈ F(T). Then the following are equivalent:

(i) the Mann iteration converges to q,
(ii) the Ishikawa iteration converges to q.

Proof Let {αn} ⊆ (, ) and {βn} ⊆ [, ) be given.We prove the implication (i) ⇒ (ii). Sup-
pose that limn→∞ un = q. Using

lim
n→∞‖xn – un‖c = , ()

and

 ≤ ‖q – xn‖c ≤ ‖un – q‖c + ‖xn – un‖c,

we get limn→∞ xn = q. The proof is complete if we prove relation ().
Using (), () and () with x := un, y := zn, we have

‖un+ – xn+‖c ≤ ∥∥( – αn)(un – xn) + αn(Tun – Tzn)
∥∥
c

≤ ( – αn)‖un – xn‖c + αn‖Tun – Tzn‖c
≤ ( – αn)‖un – xn‖c + αnδ‖un – zn‖c + αnδ‖un – Tun‖c. ()

Using () with x := un, y := xn, we have

‖un – zn‖c ≤ ∥∥( – βn)(un – xn) + βn(un – Txn)
∥∥
c

≤ ( – βn)‖un – xn‖c + βn‖un – Txn‖c
≤ ( – βn)‖un – xn‖c + βn‖un – Tun‖c + βn‖Tun – Txn‖c

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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≤ ( – βn)‖un – xn‖c + βn‖un – Tun‖c + βnδ‖un – xn‖c + βnδ‖un – Tun‖c
=

(
 – βn( – δ)

)‖un – xn‖c + βn( + δ)‖un – Tun‖c. ()

Relations () and () lead to

‖un+ – xn+‖c ≤ ( – αn)‖un – xn‖c + αnδ
(
 – βn( – δ)

)‖un – xn‖c
+ αnβnδ( + δ)‖un – Tun‖ + αnδ‖un – Tun‖c

=
(
 – αn

(
 – δ

(
 – βn( – δ)

)))‖un – xn‖c
+ αnδ

(
βn( + δ) + 

)‖un – Tun‖c.

Put

an := ‖un – xn‖c,
bn := αnδ

(
βn( + δ) + 

)‖un – Tun‖c,
h :=  – sup

n
αn.

Note that limn→∞ ‖un – q‖c = , T is Zamfirescu and q ∈ F(T). By () we obtain

 ≤ ‖un – Tun‖c ≤ ‖un – q‖c + ‖q – Tun‖c ≤ (δ + )‖un – q‖c.

Hence limn→∞ ‖un – Tun‖c = ; that is, limn→∞ bn = . Lemma . leads to

lim
n→∞‖un – xn‖c = .

Now we will prove that (ii)⇒ (i). Using () with x := zn, y := un, we obtain

‖xn+ – un+‖c ≤ ∥∥( – αn)(xn – un) + αn(Tzn – Tun)
∥∥
c

≤ ( – αn)‖xn – un‖c + αn‖Tzn – Tun‖c
≤ ( – αn)‖xn – un‖c + αnδ‖zn – un‖c + αnδ‖zn – Tzn‖c. ()

Also, the following relation holds:

‖zn – un‖c ≤ ∥∥( – βn)(xn – un) + βn(Txn – un)
∥∥
c

≤ ( – βn)‖xn – un‖c + βn‖Txn – un‖c
≤ ( – βn)‖xn – un‖c + βn‖Txn – xn‖c + βn‖xn – un‖c
≤ ‖xn – un‖c + βn‖Txn – xn‖c. ()

Substituting () in (), we obtain

‖xn+ – un+‖c
≤ ( – αn)‖xn – un‖c + αnδ

(‖xn – un‖c + βn‖Txn – xn‖c
)
+ αnδ‖zn – Tzn‖

≤ (
 – ( – δ)αn

)‖xn – un‖c + αnβnδ‖Txn – xn‖c + αnδ‖zn – Tzn‖c. ()

http://www.fixedpointtheoryandapplications.com/content/2014/1/5


Yousefi et al. Fixed Point Theory and Applications 2014, 2014:5 Page 9 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/5

Put

an := ‖xn – un‖c,
bn := αnβnδ‖Txn – xn‖c + αnδ‖zn – Tzn‖c,
h :=  – sup

n
αn.

From limn→∞ ‖xn – q‖c = , T is Zamfirescu, q ∈ F(T) and by () we obtain

 ≤ ‖xn – Txn‖c ≤ ‖xn – q‖c + ‖q – Txn‖c ≤ (δ + )‖xn – q‖c,

and

 ≤ ‖zn – Tzn‖c
≤ ‖zn – q‖c + ‖q – Tzn‖c
≤ (δ + )‖zn – q‖c
≤ (δ + )

[
( – βn)‖xn – q‖c + βn‖q – Txn‖c

]

≤ (δ + )
[
( – βn)‖xn – q‖c + δβn‖q – xn‖c

]

≤ (δ + )
(
 – βn( – δ)

)‖q – xn‖c.

Hence limn→∞ ‖xn – Txn‖c =  and limn→∞ ‖zn – Tzn‖c = ; that is, limn→∞ bn = .
Lemma . and () lead to limn→∞ ‖xn – un‖c = . Thus, we get

‖q – un‖ ≤ ‖xn – un‖c + ‖xn – q‖c → ,

and the proof is complete. �

Corollary . Let X be a cone Banach space, P be a normal cone and T be a Zamfirescu
self-map of X. Then T has a unique fixed point in X and the Picard, Mann, Krasnoselskij
and Ishikawa iterative sequences converge to the fixed point of T .

Corollary . Let X be a cone Banach space, P be a normal cone and T be a quasi-
contraction mapping of X with  < λ < /. Then T has a unique fixed point in X and the
Picard, Mann, Krasnoselskij and Ishikawa iterative sequences converge to the fixed point
of T .

Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that T is
a self-map of X and that every Picard and Mann iteration converges to a fixed point of T .
Then the following are equivalent:

(i) the Picard iteration is semistable with respect to T ,
(ii) the Mann iteration is semistable with respect to T .

Proof Suppose that q is a fixed point of T such that every Picard andMann iteration con-
verges to q. Let {yn} be an arbitrary sequence in X. For (i)⇒ (ii), let

lim
n→∞

∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c = 

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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and ‖yn – Tyn‖c = o(tn) for some {tn} ⊆R
+. We have

‖yn+ – Tyn‖c ≤ ∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c + ( – αn)‖yn – Tyn‖c → 

as n→ ∞. By assumption (i), we get limn→∞ yn = q.
Conversely, we prove (ii) ⇒ (i). Let limn→∞ ‖yn+ –Tyn‖c =  and ‖yn – Tyn‖c = o(tn) for

some {tn} ⊆R
+. We have

∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c

≤ ‖yn+ – Tyn‖c + ( – αn)‖yn+ – yn‖c + ( – αn)‖yn+ – Tyn‖c
≤ ( – αn)‖yn+ – Tyn‖c + ( – αn)‖yn+ – yn‖c
≤ ( – αn)‖yn+ – Tyn‖c + ( – αn)

(‖yn+ – Tyn‖c + ‖yn – Tyn‖c
)

= ( – αn)‖yn+ – Tyn‖c + ( – αn)‖yn – Tyn‖c → 

as n → ∞. Thus limn→∞ yn = q and so the Picard iteration is semistable with respect
to T . �

Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that T is a
self-map of X and that every Picard and Krasnoselskij iteration converges to a fixed point
of T . Then the following are equivalent:

(i) the Picard iteration is semistable with respect to T ,
(ii) the Krasnoselskij iteration is semistable with respect to T .

Proof In Theorem ., put αn = λ. Then by the same method used in the proof of Theo-
rem ., we can complete the proof. �

Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that {αn}
in Ishikawa iteration procedure satisfies limn→∞ αn = , T is a self-map of X with bounded
above range and also every Picard and Ishikawa iterative sequence converges to a fixed
point of T . Then the following are equivalent:

(i) the Picard iteration is semistable with respect to T ,
(ii) the Ishikawa iteration is semistable with respect to T .

Proof Suppose that q is a fixed point of T such that every Picard and Ishikawa iterative
sequence converges to q. Let {yn} ⊆ X and {βn} ⊆ [, ) be given and set

sn := ( – βn)yn + βnTyn,

γn := ‖yn+ – Tyn‖c,
δn :=

∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c,

M := sup
{
N(Tx) : x ∈ X

}
,

where N is the norm type with respect to (‖ · ‖c). It is assumed that T has bounded above
range and so, by Lemma .,M < ∞.

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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Now we prove that (i) ⇒ (ii). Let limn→∞ δn =  and ‖yn – Tyn‖c = o(tn) for some
{tn} ⊆R

+. Observe that

γn = ‖yn+ – Tyn‖c
≤ ∥∥yn+ – ( – αn)yn – αnTsn

∥∥
c +

∥∥( – αn)yn + αnTsn – Tyn
∥∥
c

≤ ∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c + αn

(‖yn‖c + ‖Tsn‖c
)
+ ‖yn – Tyn‖c

≤ δn + αn
(‖yn – Tyn‖c + ‖Tyn‖c + ‖Tsn‖c

)
+ ‖yn – Tyn‖c

≤ δn + αn
(‖Tyn‖c + ‖Tsn‖c

)
+ ( + αn)‖yn – Tyn‖c.

By Lemma . we have

N(γn) ≤ kN
(
δn + αn

(‖Tyn‖c + ‖Tsn‖c
)
+ ( + αn)‖yn – Tyn‖c

)

≤ kN(δn) + kMαn + k( + αn)N(yn – Tyn)→ 

as n → ∞ (here k is the normal constant of P). So, by Lemma ., limn→∞ γn =  and the
condition (i) assures that limn→∞ yn = q. Thus the Ishikawa iteration is semistable with
respect to T .
Conversely, we prove (ii) ⇒ (i). Let limn→∞ γn =  and ‖yn – Tyn‖c = o(tn) for some

{tn} ⊆R
+. We have

δn =
∥∥yn+ – ( – αn)yn – αnTsn

∥∥
c

≤ ‖yn+ – Tyn‖c +
∥∥Tyn – ( – αn)yn – αnTsn

∥∥
c

= ‖yn+ – Tyn‖c +
∥∥Tyn – ( – αn)yn – αnTsn + αnTyn – αnTyn

∥∥
c

≤ γn + ( – αn)‖yn – Tyn‖c + αn‖Tyn – Tsn‖c.

By Lemmas . and ., we get

N(δn) ≤ kN
(
γn + ( – αn)‖yn – Tyn‖c + αn‖Tyn – Tsn‖c

)

≤ kN(γn) + k( – αn)N(yn – Tyn) + kαnN(Tyn – Tsn)

≤ kN(γn) + k( – αn)N(yn – Tyn) + kMαn → 

as n → ∞, where k is the normal constant of P. So limn→∞ δn =  and by assumption (ii),
we have limn→∞ yn = q. Thus the Picard iteration is semistable with respect to T . �

Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that {αn} in
Mann and Ishikawa procedures satisfies limn→∞ αn = , T is a self-map of X with bounded
above range and also everyMann and Ishikawa iterative sequence converges to a fixed point
of T . Then the following are equivalent:

(i) the Mann iteration is T-stable,
(ii) the Ishikawa iteration is T-stable.

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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Proof Let q be a fixed point ofT and everyMann and Ishikawa iterative sequence converge
to q. Suppose that k is the normal constant of P and put

M := sup
{
N(Tx) : x ∈ X

}
,

where N is the norm type with respect to ‖ · ‖c. Since T has bounded above range, then
M < ∞. Now let {yn} be an arbitrary sequence in X. We prove (i) ⇒ (ii). For this suppose
that

lim
n→∞

∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c = ,

where sn = ( – βn)yn + βnTyn and {βn} ⊆ [, ). We show that limn→∞ yn = q. Note that

∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c ≤ ∥∥yn+ – ( – αn)yn – αnTsn

∥∥
c + ‖αnTsn – αnTyn‖c.

By Lemma . and Lemma ., we obtain

N
(
yn+ – ( – αn)yn – αnTyn

) ≤ kN
(
yn+ – ( – αn)yn – αnTsn

)
+ kMαn → ,

as n→ ∞ and so

lim
n→∞

∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c = .

Condition (i) assures that limn→∞ yn = q. Thus the Ishikawa iteration is T-stable.
Conversely, we prove (ii)⇒ (i). Suppose that

lim
n→∞

∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c = .

We show that limn→∞ yn = q. Put

sn := ( – βn)yn + βnTyn,

and observe that

∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c ≤ ∥∥yn+ – ( – αn)yn – αnTyn

∥∥
c + ‖αnTyn – αnTsn‖c.

By Lemma . and Lemma ., we obtain

N
(
yn+ – ( – αn)yn – αnTsn

) ≤ kN
(
yn+ – ( – αn)yn – αnTyn

)
+ kMαn → 

as n → ∞ and hence limn→∞ ‖yn+ – ( – αn)yn – αnTsn‖c = . By assumption (ii), we get
limn→∞ yn = q and the proof is complete. �

Corollary . Let (X,‖ · ‖c) be a cone normed space, P be a normal cone and T be a self-
map of X and q ∈ F(T). Suppose that there exist nonnegative real numbers a and b with
b <  such that

‖Tx – q‖c ≤ a‖x – Tx‖c + b‖x – q‖c

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
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for each x ∈ X. Assume that for {αn} ⊆ (, ), limn→∞ αn = , and let every Picard, Mann,
Krasnoselskij and Ishikawa iterative sequence converge to q. Then the Picard, Mann and
Krasnoselskij iterations are T-semistable. Moreover, if T has bounded above range, then
the Ishikawa iteration is T-semistable.

Corollary . Let (X,‖ · ‖c) be a cone normed space, P be a normal cone and T be a f -
Zamfirescu or quasi-contraction self-map of X and q ∈ F(T). Assume that {αn} in Mann
and Ishikawa iteration procedures satisfies {αn} ⊆ (, ) and limn→∞ αn = . Also, let ev-
ery Picard, Mann, Krasnoselskij and Ishikawa iterative sequence converge to q. Then the
Picard, Mann and Krasnoselskij iterations are T-semistable. Moreover, if T has bounded
above range, then the Ishikawa iteration is T-semistable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this paper. All authors read and approved the final manuscript.

Author details
1Department of Mathematics, Payame Noor University, P.O. Box 19395-4697, Tehran, Iran. 2Department of Mathematics,
Islamic Azad University, Beyza Branch, Beyza, Iran. 3Department of Mathematics, Research Institute for Natural Sciences,
Hanyang University, Seoul, 133-791, Korea.

Received: 9 July 2013 Accepted: 1 December 2013 Published: 06 Jan 2014

References
1. Asadi, M, Soleimani, H, Vaezpour, SM, Rhoades, BE: On T -stability of Picard iteration in cone metric spaces. Fixed Point

Theory Appl. 2009, Article ID 751090 (2009)
2. Yadegarnejad, A, Jahedi, S, Yousefi, B, Vaezpour, SM: Semistability of iterations in cone spaces. Fixed Point Theory

Appl. (2011). doi:10.1186/1687-1812-2011-70
3. Turkoglu, D, Abuloha, M: Cone metric spaces and fixed point theorems in diametrically contractive mappings. Acta

Math. Sin. Engl. Ser. 26(3), 489-496 (2010)
4. Huang, LG, Zhang, X: Cone metric spaces and fixed point theorems of contractive mappings. J. Math. Anal. Appl. 332,

1468-1476 (2007)
5. Rezapour, S, Hamlbarani, R: Cone metric spaces and fixed point theorems of contractive mappings. J. Math. Anal.

Appl. 345, 719-724 (2008)
6. Azadi Kenary, H, Young Jang, S, Park, C: A fixed point approach to the Hyers-Ulam stability of a functional equation in

various normed spaces. Fixed Point Theory Appl. (2011). doi:10.1186/1687-1812-2011-67
7. Azadi Kenary, H, Je Cho, Y: Stability of mixed additive-quadratic Jensen type functional equation in various spaces.

Comput. Math. Appl. 61, 2407-2724 (2011)
8. Azadi Kenary, H: Random approximation of an additive functional equation ofm-Appollonius type. Acta Math. Sci.

32B(5), 1813-1825 (2012)
9. Azadi Kenary, H, Rezaei, H, Talebzadeh, S, Park, C: Stability of the Jensen equation in C∗-algebras: a fixed point

approach. Adv. Differ. Equ. (2012). doi:10.1186/1687-1847-2012-17
10. Azadi Kenary, H, Rezaei, H, Talebzadeh, S, Jin Lee, S: Stabilities of cubic mappings in various normed spaces: direct

and fixed point methods. J. Appl. Math. 2012, Article ID 546819 (2012). doi:10.1155/2012/546819
11. Geoffroy, MH: Stability of Mann’s iterates under metric regularity. Appl. Math. Comput. 215, 686-694 (2009)
12. Ilic, D, Rakocevic, V: Quasi-contraction on cone metric space. Appl. Math. Lett. 22, 728-731 (2009)
13. Ioana, T: On the weak stability of Picard iteration for some contractive type mappings. An. Univ. Craiova, Ser. Mat.

Inform. 37(2), 106-114 (2010)
14. Khamsi, MA: Remarks on cone metric spaces and fixed point theorems of contractive mappings. Fixed Point Theory

Appl. 2010, Article ID 315398 (2010)
15. Qing, Y, Rhoades, BE: T -Stability of Picard iteration in metric spaces. Fixed Point Theory Appl. 2008, Article ID 418971

(2008)
16. Rezapour, SH, Haghi, RH, Rhoades, BE: Some results about T -stability and almost T -stability. Fixed Point Theory 12(1),

179-186 (2011)
17. Rhoades, BE, Soltuz, SM: The equivalence between the T -stabilities of Mann and Ishikawa iterations. J. Math. Anal.

Appl. 318, 472-475 (2006)
18. Shenghua, W, Baohua, G: Distance in cone metric spaces and common fixed point theorems. Appl. Math. Lett. 24,

1735-1739 (2011)
19. Soltuz, SM: The equivalence of Picard, Mann and Ishikawa iterations dealing with quasi-contractive operators. Math.

Commun. 10, 81-88 (2005)
20. Soltuz, SM: The equivalence between T -stability of the Krasnoselskij and the Mann iterations. Fixed Point Theory

Appl. 2007, Article ID 60732 (2007)

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
http://dx.doi.org/10.1186/1687-1812-2011-70
http://dx.doi.org/10.1186/1687-1812-2011-67
http://dx.doi.org/10.1186/1687-1847-2012-17
http://dx.doi.org/10.1155/2012/546819


Yousefi et al. Fixed Point Theory and Applications 2014, 2014:5 Page 14 of 14
http://www.fixedpointtheoryandapplications.com/content/2014/1/5

21. Soltuz, SM: The equivalence between the T -stabilities of Picard-Banach and Mann-Ishikawa iterations. Appl. Math.
E-Notes 8, 109-114 (2008)

22. Xue, Z: Remarks of equivalence among Picard, Mann, and Ishikawa iterations in normed spaces. Fixed Point Theory
Appl. 2007, Article ID 61434 (2007)

23. Yousefi, B, Kashkooly, AI: On the eleventh question of Allen Shields. Fixed Point Theory Appl. (2011).
doi:10.1186/1687-1812-2011-16

10.1186/1687-1812-2014-5
Cite this article as: Yousefi et al.: Equivalence of semistability of Picard, Mann, Krasnoselskij and Ishikawa iterations.
Fixed Point Theory and Applications 2014, 2014:5

http://www.fixedpointtheoryandapplications.com/content/2014/1/5
http://dx.doi.org/10.1186/1687-1812-2011-16

	Equivalence of semistability of Picard, Mann, Krasnoselskij and Ishikawa iterations
	Abstract
	Keywords

	Introduction
	Main results
	Competing interests
	Authors' contributions
	Author details
	References


