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1 Introduction

Well-known, generalized nonlinear inclusion (variational inequality and equation) have
wide applications in many fields, including, for example, mathematics, physics, optimiza-
tion and control, nonlinear programming, economic, and engineering sciences [1-6]. In
1972, the number of solutions of nonlinear equations had been introduced and studied by
Amann [7], and in recent years, nonlinear mapping fixed point theory and applications
have been intensively studied in ordered Banach space [8—10]. Therefore, it is very im-
portant and natural that generalized nonlinear ordered variational inequalities (ordered
equations) are studied and discussed.

From 2008, the authors introduced and studied the approximation algorithm and the
approximation solution theory for the generalized nonlinear ordered variational inclusion
problems (inequalities, systems, and equations) in ordered Banach spaces; for example, in
2008, Li has introduced and studied the approximation algorithm and the approxima-
tion solution for a class of generalized nonlinear ordered variational inequality and or-
dered equation in ordered Banach spaces [11]. In 2009, by using the B-restricted-accretive
method of mapping A with constants o, o3, Li has introduced and studied an existence
theorem and an approximation algorithm of solutions for a new class of general nonlin-

ear ordered variational inequalities and equations in ordered Banach spaces [12]. In 2011,
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Li has introduced and studied a class of nonlinear inclusion problems for ordered RME
set-valued mappings in order Hilbert spaces [13]; in 2012, Li has introduced and studied
a class of nonlinear inclusion problems for ordered (o, A)-NODM set-valued mappings,
and then, applying the resolvent operator associated with the set-valued mappings, es-
tablished an existence theorem on the solvability and a general algorithm applied to the
approximation solvability of the nonlinear inclusion problem of this class of nonlinear in-
clusion problems in ordered Hilbert space [14], and have proved a sensitivity analysis of the
solution for a new class of general nonlinear ordered parametric variational inequalities
in 2012 [15]. Recently, Li et al. have studied the characterizations of ordered (o4, A)-weak-
ANODD set-valued mappings, which was applied to solving approximate solution for a
new class of general nonlinear mixed order quasi-variational inclusions involving the &
operator, and a new class of generalized nonlinear mixed order variational inequalities
systems with order Lipschitz continuous mappings in ordered Banach spaces [16, 17].

In this field, the obtained results seem to be general in nature. As regards new devel-
opments, it is exceedingly of interest to study the problems: for w € X and » > 0, find
x € X such that w € f(x) + wM(x). A new class of nonlinear mixed ordered inclusion prob-
lems for ordered (o4, 1)-ANODM set-valued mappings with strong comparison mapping
A and characterizations of ordered (a4, %)—ANODM set-valued mappings are introduced
in ordered Banach spaces. An existence theorem and a comparability theorem of the re-
solvent operator associated to a (o4, %)—ANODM set-valued mapping are established. By
using fixed point theory and the resolvent operator associated for the (o4, %)-ANODM
set-valued mapping, an existence theorem of solutions and an approximation algorithm
for this kind of problems are studied, and the relation of between the first valued x and the
solution of the problems is discussed. The results obtained seem to be general in nature.
For details, we refer the reader to [1-30] and the references therein.

Let X be areal ordered Banach space with norm || - ||, a zero 6, a normal cone P, a normal
constant N of P and a partial ordered relation < defined by the cone P [11,12]. Let f : X —
X be a single-valued ordered compression mapping, and M : X — 2¥ and

f@) +Mx) = {yly =f(x) + u,Vx € X,u € M(x)} : X — 2%

be two set-valued mappings. We consider the following problem.
For w € X, and any w > 0, find ¥ € X such that

w e f(x) + oM(x). (1.1)

The problem (1.1) is called a nonlinear mixed ordered inclusion problems for the ordered
ANODM set-valued mapping M in an ordered Banach space.

Remark 1.1 We have the following special cases of the problem (1.1):
(i) If M(x) = F(g(x)) be a single-valued mapping, w =1, f = 0 and w = 6, then the
problem (2.1) in [11] can be obtained by the problem (1.1).
(i) fw=1,f=0and w =0, then the problem (1.1) changes to the problem (1.1) in [13]
and [14].

Let us recall and discuss the following results and concepts for solving the problem (1.1).
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2 Preliminaries

Let X be a real ordered Banach space with norm || - ||, a zero 6, a normal cone P, normal
constant N and a partial ordered relation < defined by the cone P. For arbitrary x,y € X,
lub{x, ¥} and glb{x, y} express the least upper bound of the set {x, y} and the greatest lower
bound of the set {x, y} on the partial ordered relation <, respectively. Suppose lub{x, y} and
glb{x, y} exist. Let us recall some concepts and results.

Definition 2.1 [11, 18] Let X be a real Banach space with norm || - ||, 6 be a zero element
in the X.
(i) A nonempty closed convex subsets P of X is said to be a cone, if
(1) foranyx € P and any A > 0, we have Ax € P,
(2) x € Pand —x € P, then x = 6;
(i) P is said to be a normal cone if and only if there exists a constant N > 0, and
a normal constant of P such that for § < x <y, we have ||x|| < N||y|;
(iii) for arbitrary x,y € X, x <yifand onlyifx —y € P;
(iv) forx,y € X, x and y are said to be a comparison between each other, if and only if
we have x <y (or y < x) (denoted by x ox y for x < y and y < x).

Lemma 2.2 [8] Ifx oy, then lub{x,y}, and glb{x,y} exist, x —y xy—x,and 0 < (x—y) V
(y —x).

Lemma 2.3 If for any natural number n, x X y,, and y,, — y* (n — 00), then x x y*.

Proof If for any natural number #, x &< y, and y,, — y* (n — 00), thenx -y, e Pory,—x €
P for any natural number 7. Since P is a nonempty closed convex subsets of X so that
x—y* =lim,_, oo (x — y,) € P or y* —x = lim,,_, o (y,, — x) € P. Therefore, x o y*. O

Lemma 2.4 [11, 12, 14, 15] Let X be an ordered Banach space, P be a cone of X, and <
be a relation defined by the cone P in Definition 2.1(iii). For x,y,v,u € X, then we have the
following relations:
(1) the relation < in X is a partial ordered relation in X;

(2 x®y=y®x;
(3) x®x=06;
(4) 0 <x®0;
(5) let & be a real, then (Ax) & (Ay) = |X|(x D y);
(6) ifx,y, and w can be comparative each other, then (x ®y) <x D w+w D y;
(7) let (x +y) V (u +v) exist, and if x X u,v and y x u, v, then
E+Y) DU+ < (xOu+yDVARXDV+yD u);

(8) ifx,y,z, w can be compared with each other, then

AN BEAW) < (xD2) VO W)A(xDd W)V (y© 2);

9) fx<yandu<v,thenx+u<y+v;
(10) ifx x 0, then —~x DO <x <xDO;

(1) fxoxy, then(xDO) D (YD) < (xDy) DO =xDy;
(12) x®0)- (Do) <(x-y)®F;
(13) if0 <xandx#0,and o >0, then 0 <oax and ax #0.

Proof (1)-(8) come from Lemma 2.5 in [11] and Lemma 2.3 in [12], and (8)-(13) directly
follow from (1)-(8). O
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Definition 2.5 Let X be a real ordered Banach space, A : X — X be a single-valued map-
ping, and M : X — 2% be a set-valued mapping. Then:
(1) asingle-valued mapping A is said to be a y-ordered non-extended mapping, if there
exists a constant y > 0 such that

yx®y) <Ax) ®A(y), VxyeX;

(2) a single-valued mapping A is said to be a strong comparison mapping, if A is a
comparison mapping, and A(x) < A(y), then x o<y for any x,y € X;

(3) a comparison mapping M is said to be an a4 -non-ordinary difference mapping with
respect to A, if there exists a constant a4 > 0 such that for each x,y € X, v, € M(x),
and v, € M(y),

(Vx @ Vy) D ay (A(x) @A()/)) =0;

(4) a comparison mapping M is said to be a A-ordered monotone mapping with respect
to B, if there exists a constant A > 0 such that

Aye—vy)=x—-y, VxyeX,v e M(B(x)),vy c M(B(y));

(5) a comparison mapping M is said to be a (a4, 1)-ANODM mapping, if M is
a a4 -non-ordinary difference mapping with respect to A and a A-ordered monotone
mapping with respect to B, and (A + AM)(X) = X for a4, 1 > 0.

Lemma 2.6 Let X be a real ordered Banach space. If A is a y -ordered non-extended map-
ping, and M is a L-ordered monotone mapping and an o.4-non-ordinary difference mapping
with respect to A, then for any o > 0, oM isa %-ordered monotone and an o4 -non-ordinary
difference mapping with respect to A.

Proof Let a comparison mapping M be a A-ordered monotone mapping with respect to
A, then it is obvious that wM is a %-ordered monotone mapping with respect to A. If M
is an a4 -non-ordinary difference mapping with respect to A, then there exists a constant
a4 > 0 such that for each x,y € X, and v, € wM(x) and v, € ©M(y) (vx = 0y, vy = w1,
u, € M(x), u, € M(y)) we have

(tx D uy) D oa (Alx) B A(y)) =6
and

(s ® 14y) B a4 (A(x) DA®Y))) = b = 6.
By Lemma 2.4 and w > 0, we have

(wutx ® wuy) B s (A(x) B A(y))) = 6.
Therefore,

(v D vy) Das(Alx) ®A(y) =6.
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It follows that wM is a a4-non-ordinary difference mapping with respect to A for any
w>0. 0

Lemma 2.7 Let X be a real ordered Banach space. If A is a y -ordered non-extended map-
ping and a comparison mapping M is a (a4, 1)-ANODM mapping, then oM is a (a4, %)—
ANODM mapping.

Proof Let X be a real ordered Banach space, let A be a y -ordered non-extended mapping
and a comparison mapping M be a (w4, A)-ANODM mapping, then (A + AM)(X) = X for
o, A > 0. It is follows that (A + %(wM))(X) = X for ay, % > 0. Therefore, wM is a (a4, %)-
ANODM mapping by Lemma 2.6. O

Lemma 2.8 [14] Let X be a real ordered Banach space. If A is a y-ordered non-extended
mapping and M is a as-non-ordinary difference mapping with respect to A, then an inverse
mapping Iy, = (A +AM)™ : X — 2% of (A + AM) is a single-valued mapping (o4, A > 0).

Lemma 2.9 Let X be a real ordered Banach space. If A is a y -ordered non-extended map-
ping and M is a as-non-ordinary difference mapping with respect to A, then an inverse
mapping ]::M‘% =(A+ %(a)M))’1 X — 2X of (A + %(a)M)) is a single-valued mapping

(O{A, A> 0)
Proof This directly follows from Lemma 2.6, Lemma 2.7, and Lemma 2.8. O
Lemma 2.10 [14] Let X be a real ordered Banach space with norm || - ||, a zero 6, a normal

cone P, a normal constant N of P and a partial ordered relation < defined by the cone
P, and the operator @& be a XOR operator. If A is a strong comparison mapping, and M :
X — 2% is a A-ordered monotone mapping with respect to ]j\‘}m, then the resolvent operator
Jois : X — X is a comparison mapping.

Lemma 2.11 [14] Let X be a real ordered Banach space with norm || - ||, a zero 6, a normal
cone P, a normal constant N of P and a partial ordered relation < defined by the cone
P, and the operator @ be a XOR operator. If A is a strong comparison mapping, and M :
X — 2% is a A-ordered monotone mapping with respect to /'f\j[,x’ then the resolvent operator
]:}M 5 : X — X is a comparison mapping.

&%)

Proof This directly follows from Lemma 2.6, Lemma 2.7, and Lemma 2.10. 0

Lemma 2.12 [14] Let X be a real ordered Banach space with norm || - ||, a zero 6, a normal
cone P, a normal constant N of P and a partial ordered relation < defined by the cone P. If
A is a y-ordered non-extended mapping, and M : X — 2% is a (a4, 1)-ANODM mapping,
which is a as-non-ordinary difference mapping with respect to A and A-ordered monotone
mapping with respect to ]jéu, then for the resolvent operator ]1‘(‘4’,\ : X — X, the following
relation holds:

1
]ﬁ,x(x) @ ]1131,;\ ) < i —1) (x®y), (2.1)

)

where o\ > 1.
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Lemma 2.13 Let X be a real ordered Banach space with norm || - ||, a zero 6, a normal
cone P, a normal constant N of P and a partial ordered relation < defined by the cone P. If
A is a y-ordered non-extended mapping and M : X — 2% is a (a4, L)-ANODM mapping,
which is a as-non-ordinary difference mapping with respect to A and )-ordered monotone
mapping with respect to ]j(‘“, then for the resolvent operator ng, i : X — X, the following

relation holds:

Ton s @ ST, 0) = (), (2.2)

' w (aA)\ - C())
where ay > 7 > 0.

Proof Let X be a real ordered Banach space, P be a normal cone with the normal constant
N in the X, < be a ordered relation defined by the cone P. For x,y € X, let u, :]2/\/1 5 ()

1y :]A . ) and v, = 2 (x—A(uy)) € 0M(uy), vy = T (y—-A(y)) € ©M(uy). Since oM : X —
Xisa (ozA, ~)-ANODM mapping with respect to A so that the following relations hold by
(5) in Lemma 2.4 and the condition (vx @ v,) ® a4 (A(uy) ® A(y)) = 0:

T (@) + (A) © Aw)))
> wvy D Wy

= oa (A() ® A(wy))-

It follows that (%ozA - 1)(A(ux) ® A(uy)) < (x @ y) from the conditions a4 > 2 > 0 and
A(u,) ® A(uy) > y(u, @ uy), and A is a y-ordered non-extended mapping. The proof is
completed. O

Remark 2.14 It is clear that Lemma 2.6, Theorem 3.2, and Theorem 3.3 in [14] are special
cases of Lemma 2.6, Lemma 2.9, and Lemma 2.12, respectively, when A = I, the identity
mapping in X.

3 Main results

In this section, we will show the algorithm of the approximation sequences for finding a
solution of the problem (1.1), and we discuss the convergence and the relation between
the first valued xo and the solution of the problem (1.1) in X, a real Banach space.

Theorem 3.1 Let X be a real ordered Banach space with norm || - ||, a zero 0, a normal
cone P, a normal constant N of P and a partial ordered relation < defined by the cone P,
and the operator @ be a XOR operator. Let A,f : X — X be two single-valued ordered com-
pression mappings and A < f, f « 0. If A is a y-ordered non-extended strong comparison
mapping and M : X — 2% is a as-non-ordinary difference mapping with respect to A, then
the inclusion problem (1.1) has a solution x* if and only if x* = (A +2 S(w—f)x) in X.

Proof This directly follows from the definition of the resolvent operator ng 5 of oM(x).
.2 .

Theorem 3.2 Let X be a real ordered Banach space, P be a normal cone with the nor-
mal constant N in the X, < be a partial ordered relation defined by the cone P. Let
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A,f : X — X be two single-valued B, & ordered compression mappings, respectively, A be a
y non-extended and strong compression mapping, and M : X — 2% be a (a4, 1)-ANODM
mapping, which is a as-non-ordinary difference mapping with respect to A and h-ordered
monotone mapping with respect to ]ﬁ,x- IfAxf,wxA,f,Moas> % >0, and

Bw+yw+AE <yroy (3.1)
(where B,& > 0), then the sequence {x,} converges strongly to x*, the solution of the problem

(1.1), which is generated by following algorithm.
For any given xo € X, let x; :]::M LA+ %(W — ) (x0), and for n >0 and 0 < ¢ <1, set

X1 = (L= @)% + 0I5 (A - —f))(xn).
7] w

For any xo € X, we have

) ‘}/(OlA)u—U))
[ =20 = (I_N(l_ ‘P(“AV)‘_(ﬂw+yw+A§)))>

P (A4 200 ) o) 50|

x (3.2)

Proof Let X be a real ordered Banach space, let P be a normal cone with the normal
constant N in the X, let < be a partial ordered relation defined by the cone P. For any
xo € X,wesetx; =(1—¢)xo+ ('0]31\4 LA+ %(w —f))(x%0). By using Lemma 2.7, Lemma 2.9,
Lemma 2.12, %—monotonicity of wM, (A + %a)M)(X) =X, and the comparability ofJSM N

we know that x; o xg. Further, we can obtain a sequence {x,}, and x,,; « x, (where
n=0,1,2,...). Using Lemma 2.4, Lemma 2.7, Lemma 2.9, and Lemma 2.12, we have

0 < Xu+1 D Xy

< ((1 o, (A A —f))(xn))
oM, w

@ (=g s oy, (44 Z00-n )51
‘o w

< w* <(A + ﬁ(w —f))(xn) ® (A + ﬁ(w —f)) (xn1)>
y(@ah — o) w ®
+ (1 - ¢)(xn—l @ xn)

o—2 (A(xn) © Alnr) + 2w —f)en) @ = (w —f)(xn_l))
y(aar — ) w W
+ (1 - w)(an @ xn)

<¢ (A@n) ® AWXn1) + A (%) D f (K1) + AW B W) + (1 — ) (X1 D %)

1
y(aar —1)

IA

(ﬂ(xn @ Xp1) + %s@cn @ xn—l)) +(1- (P)(xn—l ® %)

OZA)» a))

Q—————~
( P+ A8 )(xneaxn_l)

IA

J/(Ol)» w)

Bw + L&

y(oc T )> (1 B xo); (3.3)
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by Lemma 2.4 and Definition 2.1(ii), we obtain

%41 = Zull < (1 =@ +@8)"Nllx1 — %0, (3.4)
where § = £2*5_ Hence, for any m > 1 > 0, we have
y(egr-w)

m-1 m-1
It — 2l <D i =il < Ny = ol Y (1= + 98)-.
i=n i=n

It follows from the condition (3.1) that 0 < § < 1, and ||x,,, — x,|| — 0, as n — o0, and so
{x,,} is a Cauchy sequence in the complete space X. Let x, — x* as n — 0o (#* € X). By the
conditions, we have
x* = lim %,
n— 00

~tim A, (4t

= Jim Jop s ( A+ W =f))

=JA A+£(w—f) (%)

oM 0] '

We know that x* is a solution of the inclusion problem (1.1). It follows that (];‘M LA+

%(w —N(xy)) xx* (n=0,1,2,...) from Lemma 2.4 and (3.4). Also we have

o =0 = Jim s —ao]
n n
< Jim >l -l < lim N (1= +98)" a1 = oll + ey = xol
=1 i=2
1+ (N-1D)A - +@8)\| 4 A
= A+ —(w- -
—( 1-(1-g¢ +@d) ]wM,% +w(W ) ) (o) =0

- (1-1\[(1— y(oak — w) ))
- plaayr —(Bo +yw + 1))

<7t (A 2w —f))(xo) -

This completes the proof. O

Remark 3.3 Though the method of solving problem by the resolvent operator is the same
asin [19, 20, 27], and [28] for a nonlinear inclusion problem, the character of the ordered
(04, A)-ANODM set-valued mapping is different from the one of the (4, n)-accretive map-
ping [19], (H, n)-monotone mapping [20], (G, n)-monotone mapping [27], and monotone
mapping [28].
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