Khanh Hung Fixed Point Theory and Applications (2015) 2015:60 ® Fixed Point Theory and Applications

DOI 10.1186/513663-015-0310-9

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Fixed point theorems in locally convex
algebras and applications to nonlinear
integral equations

Le Khanh Hung"

“Correspondence:
lekhanhhungdhv@gmail.com
Department of Mathematics, Vinh
University, 182 Le Duan, Vinh,
Vietnam

@ Springer

Abstract

In this paper, we give a fixed point theorem in locally convex algebras and present
applications to the existence problem for a class of nonlinear integral equations with
unbounded deviations.
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1 Introduction

The research of functional integral equations and differential equations is a main object
of investigations of nonlinear functional analysis. These equations occur in physical, bio-
logical, and economic problems. The existence of solutions of them are commonly proved
by suitable fixed point theorems. In this paper, we establish a new fixed point theorem for
continuous mappings on locally convex algebras. These results arose out of our exami-
nation of a particular functional integral with unbounded deviations. We noticed in our
study that the fixed point theorems developed in the Banach algebras (see [1-5] and the
references given therein) were not always useful in establishing existence principles for
the problems that we are interested in Section 4. More precisely, the well-known results
in Banach algebras are not applicable to nonlinear integral equations with unbounded de-

viations.

2 Preliminaries
Before stating the main results, we give some useful definitions, preliminaries which will
be used in the sequel.

Let X be a uniform space. Then uniform topology on X is generated by the family of
uniform continuous pseudometrics on X x X (see [6]). In this paper, by (X, P) we mean a
Hausdorff uniform space whose uniformity is generated by a saturated family of pseudo-
metrics P = {d,(x,y) : « € I}, where I is an index set. Note that (X, P) is Hausdorff if and
only if dy(x,y) = 0 for all « € I implies x = y.

Definition 2.1 ([7]) Let (X, P) be a Hausdorff uniform space.

(1) The sequence {x,} C X is Cauchy if d, (x,,%,,) — 0 as m,n — +oo for every « € I.
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(2) X is said to be sequentially complete if every Cauchy sequence {x,} in X converges
tox € X.

Definition 2.2 ([7]) Letj:I — I be an arbitrary mapping of the index set I into itself. The

iterations of j can be defined inductively
P@=a,  f@)=j @), k=12,....

Now, we introduce the two classes of functions which play crucial roles in the fixed point
theory. Sometimes, they are called control functions.
Let ® = {¢} be a class of functions with the properties:
(i) ¢:[0,+00) — [0, +00) is monotone non-decreasing and continuous;
(if) 0 <¢p(t) <t forall £ >0 and ¢(0) = 0.
Let W = {/} be a class of functions with the properties:
(i) ¥ :[0,+00) — [0, +00) is monotone non-decreasing and continuous;
(ii) ¥(0)=0.

We need the following fact for the class of functions ®. It may be not original.

Lemma 2.3 Forany ¢ € ®, if K is a bounded subset of [0, +00) then there exists k € (0,1)
such that

o) <kt

forallt e K.

Proof Since the closure K of K is compact and ¢ is continuous, we have

max ¢(t) = ¢(to) < to
teK

for some ¢, € K. Suppose that there no 0 < k < 1 such that ¢(¢) < kt for all £ € K. Then, for
eachn=1,2,... we can find ¢, € K such that

o(t) = (1 _ 3>tn. )

n

Since K is compact, there exists a subsequence (tu,) of the sequence (¢,) such that ¢,, —
t € K. Letting n; — +00 in (1), we arrive at ¢(¢) > ¢ and this is a contradiction. (I

Definition 2.4 ([7]) Let (X,P) be a uniform space and {¢y }ocr C P be a family of func-
tions. A mapping 7 : X — X is said to be ®-contractive on X if

do(Tx, TY) < o (djia) (%,)),
forall x,y € X, o € I and for some fixed mappingj:/ — I.

The following is due to Angelov [8].
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Theorem 2.5 ([7, 8]) Let (X, P) be a Hausdor{f sequentially complete uniform space and
T : X — X be a mapping. Suppose that
(1) T is ®-contractive;

(2) forevery a € I there exists a function ¢, € ® such that
sup{qﬁjn(a)(t) :n=0,1, 2,...} < ¢,(t)

and "75“7(” is monotone non-decreasing;

(3) there is xo € X such that for every o € I there exists q(«) > O such that the inequality
djnwy (%0, Txo) < q(@) is valid for alln =0,1,....

Then T has at least one fixed point in X.

Angelov added the following properties of X for the uniqueness of fixed point.

Definition 2.6 ([7]) A uniform space (X, P) is said to be j-bounded if for every o € I and
x,y € X there exists g = q(x, y, o) such that

din)(%,y) < q(x,y,0) < +00, forallmeN.

Theorem 2.7 ([7, 8]) Suppose that the conditions of Theorem 2.5 are fulfilled. If X is j-
bounded then F has a unique fixed point.

Remark 2.8 If E is a locally convex space with a saturated family of seminorms {py}yers,
then the associated family of pseudometrics {d, }o<; defined by d,, (x,y) = po(x—y) for every
x,y € E and « € I. The uniform topology, which is generated by this family of pseudomet-
rics {dy }qes, coincides with the original topology of the space E. Therefore, as a corollary
of Theorem 2.5, we obtain the fixed point theorems in locally convex spaces.

Let X be a locally convex space and T : X — X. Then T is called a compact operator if
T(X) is a compact subset of X. Again T is called totally bounded if for any bounded set
S of X, T(S) is a totally bounded set of X. Further, T is called completely continuous if it
is continuous and totally bounded. Note that every compact operator is totally bounded.
The two notions are equivalent on a bounded set of X.

The following theorem is called the Tikhonov-Schauder fixed point theorem.

Theorem 2.9 ([9]) Let E be a Hausdor{f locally convex space, C a convex subset of E and
F : C — E a continuous mapping such that

F(C)cAcCC
with A compact. Then F has at least one fixed point.

Throughout this paper, we consider associative and commutative algebras over the field
K of complex numbers or real numbers.

Definition 2.10 ([10, 11]) Let E be an algebra over K. E is called a topological algebra if
(1) E isa topological vector space;
(2) the multiplication in E is continuous.
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We recall that a seminorm on the vector space E is a real-valued function p : E — R such
that the following conditions are satisfied:
(i) p(x) >0, for every x € E;
(ii) plx+y) <p(x) + p(y), for any x,y € E;
(iii) p(rx) = |A|p(x), for any A € K and x € E.

Definition 2.11 ([10, 11]) Let E be a topological algebra.
(1) A seminorm p: E — R is called submultiplicative if p(xy) < p(x)p(y) for any
elements x, y in E.
(2) A set U C E is called multiplicative it U - U C U.

Definition 2.12 ([10, 11]) The topological algebra E is called a locally multiplicatively con-

vex algebra if E has a local basis consisting of multiplicative and convex sets.

In this paper, a locally multiplicatively convex algebra is briefly called a locally convex

algebra. The following remark is due to [10] and [11].

Remark 2.13 ([10,11]) Let E be alocally convex algebra. Then one can show that its topol-

ogy is defined by a saturated family P = {p, }4<; of submultiplicative seminorms.
Example 2.14 Let X = C(R;R) be the algebra consisting all continuous functions from R

to R. Then X is a locally convex algebra that defined by the countable family of submulti-

plicative seminorms

, x€X,n=12,....

pn(x) = max |x(2)

te[-n,n]

For more basis material as regards the theory of locally convex algebra, we refer the
reader to [10, 12], and [11].

3 Fixed point theorems in locally convex algebras

Let X be a locally convex algebra with a saturated family of seminorms {pg}yc;-

Definition 3.1 The mapping T : X — X is said to be D-Lipschitzian with the family of

functions {Y¥y }aer if

pa(Tx - Ty) =< Wot (pj(a)(x_y));

for all x,y € X and « € I, where {{/y }4¢s is a subfamily of W.
If 1, (t) = kyt for all £ > 0, where &, is a real number for all « € I, then T is called Lips-

chitzian with the family of Lipschitz constants {k; }yc/-

Theorem 3.2 Let X be a locally convex algebra such that topology of X is Hausdor(f se-
quentially complete. Let S be a closed, convex and bounded subset of X and A : X — X,
B:S — X be two operators such that
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(A1) A is D-Lipschitzian with the family of functions {{q };

(A2) B is completely continuous and x = AxBy implies x € S for every y € S;
(A3) pjwy(x—y) <po(x—y) foreveryx,y € Sand a €I,

(A4) for every x € X and for every a € I, there exists q(c, x) such that

Pik@)x) < gla, x) < +00
forallk=0,1,2,.... In particular, i (x) < g(a) < +00 for every x € S and for all

k=0,1,2,...;
(A5) foreach a €1,

Matha(t) <t
forall t >0 and there exists ¢, € ® such that @ is non-decreasing and
Sup{Mjk(a)wjk(a)(t) k= 0,1,2,.. } < aa(t)

for every t >0, where M, = sup{p,(B(x)):x € S}, a €I
Then the operator equation x = AxBx has a solution.

Proof Now, let y € S, we define a mapping A, : X — X by
Ay(x) = AxBy, xe€X.
First, we claim that A, is D-Lipschitzian. For each « € I, we have

Pa (Ayxl - AyxZ) = Pa (AxlBy - szB)’)
< Pu(Ax1 — Ax2)pa(BY)
< Pa (Axl - AxZ )Ma

< My (pj(ot)(xl - xZ))

= ¢u (Pj) (11 — %2)), ()

where ¢, = My, € . Thenitis easy to see that all conditions of Theorem 2.7 are fulfilled
for A, with every a € I. Hence, we get a unique fixed point x* € X of A,, that is,

x" = Ax" = Ax*By.

Since condition (A2) holds, we have x* € S. Now, we define a mapping N : S — X by
Ny =z,

where z € X is the unique solution of the equation

z=AzBy, zeS.
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Now, we show that N is continuous. Let {y,} be a sequence in S converging to a point y.
Since S is closed, we obtain y € S. For each « € I, we have

Pa(Ny, — Ny) = po(Az,By, — AzBy) = py(Az,By, — AzBy, + AzBy, — AzBy)
< po((Az, — A2)By,) + pa(Az(By, — By))

= pa(Azn - Az) a(Byn) +Pa(AZ) a(Byn - B)’)«

Foreachn=1,2,..., since A is D-Lipschitzian, in view (2) and the condition (A3), we have

Po(Azy — AZ)po(Byn) < Yo (p/(rx)(zn - Z))Ma
= o (i) (@1 = 2)) = du(Bjt) Ny = Ny))
f d)oz (Pa(N)’n - Ny))

Hence
Pa Ny = NY) < ¢ (P Ny — NY)) + pa(A2)pa(Byy — By).

Letting n — +o0o and by the continuity of B, we get

lim sup pe (Ny, — Ny) < limsup ¢ (po (Ny, — Ny))

n—+00 n—+00

+ limsup py (Az)pe (By, — By)

n—+00
= lim sup ¢ot (pa (Nyn - Ny))
n—+0Q
= ¢y (]im sup po (Ny,, — NJ’)>~ ®)
n—+0Q

Since S is bounded and N(S) C S we have

limsup p, (Ny, — Ny) =r < +00

n—+00

for each « € I. Therefore, it follows from (3) that

=< o).
This implies that

r =limsup py(Ny, — Ny) =0
n—+00
for all « € I. Hence {Ny,} converges to Ny. This proves that N is continuous.
Next we show that N is a compact mapping. Since S is bounded and p() is continuous,
DPj()(S) is a bounded subset of [0, +00). Applying Lemma 2.3, we can seek k, € [0,1) such
that

bo (Dje)(x = 9)) < kapo(x—y)
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for all ,y € S. Now, for each o € I and for any z € S we have
Pu(AZ) < pu(Aa) + po(Az - Aa) < pu(Aa) + Kepa(z - a) < o
where ¢, = py(Aa) + 2q(a), and a € S.

Let U be an open neighborhood of 0 in X. Without loss of generality, we may assume
that

u-= {xeX:pal(x)<8,pa2(x)<8,...,pam(x)<8}

for some ¢ > 0, ay,...,, € I. Since B is completely continuous, B(S) is totally bounded.
Then there is a finite set Y = {y3,...,y,} C S such that

B(S) C UB(yz) +V,
=1
where
1-k, 1-ky
V:{xeX:pal(x)<(—1)8,...,pam(x)<( ”)8,
(*31 C‘Xn

Djer) (%) <&+ Pja) (%) < s}.

Therefore, for any y € S we have y; € Y such that

1k,

Po;(By — By;) < ( )8, Dj;)(By—By)) < &

o

for everyi=1,2,...,m. Also, for every i =1,2,...,m and z; = Ny;, we have

Po(z=21) = po;(Ny — Ny1) = po,(AzBy — Az By)
< Po;(AzBy — AziBYy) + po,(Az;By — Az/By;)

< Pa; (AZ - Azl)poq (By) +pa,'(AZl)pa,'(By - BJ’I)

1-k,.
< (pj(ai)(z_zl)) + CO‘:’( c l)e

o

< keyPjan(z —2z1) + (1 = kg;)e

< kypo;(z—2z1) + (1= kg, ).
This yields
Po(z-z) <€

forevery/=1,2,...,n. Hence Ny — Ny; =z — z; € U, that is, z = Ny € z; + U. It follows that

N(S) C U(zl +U).
I=1
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This implies that N is totally bounded. Combining this fact and the continuity of N, we
can conclude that N is a compact operator.

Since S is convex, closed, and bounded, applying Tikhonov-Schauder’s fixed theorem,
we find that N has a fixed point in S. Then by the definition of N, we obtain

x = Nx = A(Nx)Bx = AxBx.

This proves that the operator equation x = AxBx has a solution in S. The theorem is
proved. d

Remark 3.3 If S contains 0 then the condition (A3) implies condition (A4). Indeed, since
0 € S and condition (A3) we have

pj(a)(x) = Pu (%)
for every x € X and « € I. It follows that
D)%) < po(x)

for everyx € X and k = 1,2,.... Moreover, since S is bounded, for every « € I, there exists
g(a) such that

P,'k(a)(x) <q(a)
forallx € S.
We can immediately obtain the following corollary.

Corollary 3.4 Let X be a locally convex algebra such that the topology of X is Hausdorff
sequentially complete. Let S be a closed, convex, and bounded subset of X and let A : X — X,
B: S — X be two operators such that:

(B1) A is Lipschitzian with the family of Lipschitz constants {ky};

(B2) B is completely continuous and x = AxBy implies x € S for every y € S;

(B3) Pjw)(x —y) < pu(x—7y) foreveryx,y € S and a € I;

(B4) for every x € X and for every o € 1, there exists q(a,x) such that

Pik@) ) < gla, x) < +00

orallk=0,1,2,.... In particular, px,(x) < g(a) < +00 for every x € S and for all
p p/ (@) q v
k=0,1,2,...;
(B5) foreacha €1,

Mgk, <1
and
SUp{M k() Kik (o) 1k =0,1,2,...} <re <1,

where My = sup{p,(B(x)):x € S}, x € 1.
Then the operator equation x = AxBx has a solution.
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4 Applications to nonlinear integral equations

In this section, we apply the previous result to investigate the existence of a solution to
nonlinear integral equations with unbounded deviations. Let us consider the following
integral equation:

A1(t) Apm(t)
x(t) = F<t,/0 x(s) ds,...,/(; x(s) ds,x(tl(t)), . ..,x(t,,(t)))

X |:q(t) + /(; f(s,x(s)) dsi| (4)

for t > 0, where we have an unknown function x(¢), the deviations A; t; : [0,+00) —
[0, +00) are continuous functions, in the general case, unbounded, and g : [0, +00) — R,
f:10,+00) x R — R are continuous functions. Note that, since the deviations are un-
bounded, we cannot apply the well-known fixed point theorems in Banach algebras (see
[2-5], and the references given therein) for the above integral equations.

By a solution of the FIE (4), we mean a continuous function x : [0, +00) — R that satisfies
FIE (4) on R, :=[0,+00). Let X = C(R,,R) be the locally convex algebra (in fact, Frechet
algebra) of all continuous real-valued functions on R, with a family of seminorms,

Ploy (%) = max{ |x(t)| ite [0,n]}.
As in [7] and [2], we shall adopt the following assumptions.

Assumption 4.1
(C1) The functions A;(¢): R, > R,,i=1,2,...,m; 7;(t): R, > R,,[=1,2,...,n, are
continuous and A;(f) <¢, 7(t) <t for every t > 0.
(C2) The function F : (t, U1, U, ..., Uy, V1,5 -..,Vy) : Ry X R™7" — [0,1] is continuous and
satisfies the conditions

|F(t,u1,...,um,vl,...,v,,) —F(t,ﬁl,...,ﬁm,l_/l,...,V,,)|

< Q(t, |Lt1 —ﬁ1|,...,|um —ﬁm|,|V1 —Vll,..., |Vn —\_/nl),

where the function Q(£,x1, ..., % Y1,- .., ¥u) : R”7*1 — R, is continuous in ¢,
non-decreasing and continuous in each x;, y;, Q(t, ay,...,ay,y,...,y) <y for every

QUEAYs @Y Y5eens
constant > 0 and W

is non-decreasing in y.
(C3) g is uniformly continuous on Ry, [|glcc = sup,cg, |g(£)| <1 and

f0+°° [f(s,%(s))| ds <1 - ||qllec for every x € C(R,,R) with |x(¢)| <1 for all £.

Theorem 4.2 Under assumptions (C1), (C2), and (C3), (4) has at least one solution x = x(t)
which belongs to the space C(R,,R).

Proof Let S = {x € C(R},R) : pjo,(x) <1L,m=1,2,...}. It is easy to see that S is a convex,
closed, and bounded subset of C(R,,R). Let us consider two operators A, B defined on
C(R,,R) by

A1(8) A (t)
(Ax)(t) = F(t,/ x(s) ds, . ..,/ x(s) ds,x(rl(t)), . ..,x(r,,(t)))
0 0
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and
(BH(®) = a(0) + / Fls,x(s)) ds,
0

forall £t e R,.
Then (4) is equivalent to the operator equation

x = AxBx

on C(R,,RR). Now, we claim that the operators A and B satisfy all conditions of Theo-
rem 3.2 with S as previously mentioned.
Now, we consider the index set I = {[0,k] : k =1,2,...} and for each [0, k] € I, we set

r(k) := [max max A;(¢), max 7;(¢):i=1,2,...,m;l = 1,2,,..,;/1}],
te[0,k] te[0,k]

where [x] is the integer part of x € R. By the condition (C1) we get r(k) < k. Let us

r(k) +1 if r(k) <k,
N(k) =
r(k) if r(k) = k.

We define a map j: I — I by
j([0, &) = [0, N(K)].
It is easy to see that
[0, trén{g)}:] Ai(t)] Cj([O,k]) and [O, trgr;&)]g] Tl(t)] Cj([O,k]) (5)

foralli=1,2,...,m,1=1,2,...,n.
Foreach k =1,2,..., we put A} = max,c[ox A;(£) and

ay = maX{Af( ti= 1,2,...,m}.
It follows from (C2) that the function

D) = sup{SZ(t, AKYs -y ARY, Y5 oo s V) i L E [O,k]}
is continuous and non-decreasing, ¢jox(y) < y for every y > 0, and 4’[%](” is non-
decreasing.
Next, we shall show that A is D-Lipschitzian. Indeed, for each [0,#] € I and for every
%,y € C(R,,R), using (C2), we have

Piox(Ax — Ay)

= sup |(Ax)(8) - (4|
te[0,k]
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= sup

Ar () Am(t)
F(t,/ x(s) ds,...,/ x(s)ds,x(rl(t)),...,x(rn(t)))
tel0,k] 0 0

AL Am(®)
—F(t,/o y(s)ds,...,/o ¥(s) ds,y(rl(t)),...,y(r,,(t)))‘

Ap(t)
‘/0 (x(s) - y(s)) ds

’

Ay(8)
/0 (x(s) - y(s)) ds

< sup Q(t,
te[0,k]

ooy

|2(r1(8)) = y(n1(®))],.

*(00)) 7 (52(0)) |)

A1(8) Am(t)
< sup Q(t,/ |x(s)—y(s)|ds,...,/ |x(s)—y(s)|ds,
0 0

te[0,k]

|x(rl(t)) —y(rl(t)) ety

#(a(8)) = (1 (0)) |). (6)

For each ¢ € [0, k], in view to (5), we have

Ax(2) Am(t)
Q (t, /0 |x(s) - y(s)| ds,..., /0 |x(s) - y(s)| ds,

#(ral0) ~3(52(0) I)

< Q(t, |A1(2)] max \x(s) y(s)|,.

s€lo, Maxze[0,k] A1(2)]

|x(rl(t)) —y(rl(t)) ety

|Am(t)| max |x(s) -y s)|

s€(o, maxse[o, k] A

max |x(s) —y(s) |)

max
s€[0,maxze[o,k) T1(2)] se[0,maxse[o,k] Tn(t)]

<Q<t, A max |x(s S)yeees t)| max x(s) s)|,

<25 |01(0)] max |69 =yO)]..., [ An(0)] max, [5(5) - 35

0 =0y 9 =)

= Q(t Apjoxn (€ =) A Pi0x) (% = 9),
Pi0)@ =), . josn(x —))
= Q(t’ akpj([o,k])(x - )’), ey “kPj([o,k])(x —y)’

Piiox) @ =), -, bio.x) & = ). 7)

From (6) and (7), we obtain

Ploj(Ax — Ay)

< sup (& apjqo i) ® =), .» apjo i) = ¥),
te0,k]

P10k & =), -, Piio.s)® — )
= pro.x1 (Biox) (& — 7).

This proves that A is D-Lipschitzian.
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Moreover, by assumption (C1) and the definition of j we have

j*([0,n]) C [0, ]

for all # and k. It follows that the conditions (A3) and (A4) of Theorem 3.2 are satisfied.
By the above reasoning, we have

Dk o) @) < Prou1(¥) := b0, () € P.
Next, we shall deal with some estimations on
M[O,n] = Ssup {P[O,n] (B(x)) X E S}.

We have

Pron(B®)) = sup |q(e) + / F(s,%(6)d

te[0,n]

< sup ‘q t)|+ sup / [fs,x(s) ‘ds

te[0,n]

< lglleo + /0 If (s,%(s)) | ds

< llgllos + (1= llgllec) =1 8)

for every n=1,2,... and x € S. Hence My ) <1, so that Mg 0,4 (¢) < ¢ for every £ >0
and the condition (A5) of Theorem 3.2 holds.

Now, we shall check the condition (A2). Firstly, we show that B is completely contin-
uous. Suppose (xx) C S and xx — «. Since S is closed, we have x € S. By the definition
of seminorms po ), we can deduce that () uniformly convergent to x on [0, #] for each
n=12,.... It follows that |[f(s,x«(s)) — f(s,2(s))| = 0 as k — +oo for every s € [0, +00).
Moreover, by the condition (C3), we infer the g(s) := f(s,%(s)) is a bounded function on
[0,n] for each n =1,2,....

For each k =1,2,..., set gk(s) = f(s,xx(s)), for every s € [0,n]. We show that (gi) be a
bounded sequence on [0, n]. Suppose to the contrary, for each k =1,2,... there exists s; €
[0, n] such that

\gk(si)| = | (s 2k (s0)) | > k. )

Since [0, 7] is compact, there exists a subsequence (Sk/) of (s¢) which converges to sy €
[0, n]. Since {x} is uniformly convergent to x on [0, n], we have X (sk/.) — x(so) as kj — oo.
Therefore, let k; — oo in (9) and using continuity of f we infer |f(so,%(so))| = 0o. Hence, f
is unbounded on [0, #]. This is a contradiction.

Applying the Lebesgue dominated convergence theorem, we have

‘/on[f(s, xk(s)) —f(s,x(s)) | ds— 0
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as k — oo. From

/ S (s,%(s)) ds — / S (s,%(s)) ds
0 0

P (B(xk) - B(x)) = max

< maxf0 If (s, %k (5)) = f (s,%(s)) | ds

 te[0,m]
< ./o If (5,2 (5)) = f (s,%(5)) | ds,

we conclude that
Ploa) (Bxx) - B(x)) — 0

as k — oo, for n=1,2,.... This proves that B is continuous.

Now, we show that B(S) is totally bounded. It follows from (8) that B(S) C S.Forany e > 0
and Bx € B(S), since f(;oo If (s, 2(s))| ds < 1 - ||qllco and f (s, x(s)) is continuous, it follows that
[f(s,2(s))] <M < +00 for all s > 0, for some M. By the uniform continuity of g, we can seek
the 8(¢) such that

lq(®) - q(1)| < g

for all |t — 7| < 8(€). Now, if we choose § = min{53;,(¢)} then

|Bx(£) — Bx()| = ‘q(t) —q(r)+ /0 S (s,%(s)) ds — /0 S (s,%(s)) ds

IA

a0 -at0)| + [ 17(s.409) s

<—+Mlt-1|<e¢

N ™

for every ¢, € [0,+00) and |¢ — 7| < 8. Hence B(S) is a equicontinuous family. By Arzela-
Ascoli’s theorem, we deduce that B(S) is a precompact set of C(R,,R). Therefore, B is
completely continuous. It follows from condition (C2) and condition (C3) that the remain
of condition (A2) of Theorem 3.2 is satisfied.

Finally, applying Theorem 3.2, we can conclude that (4) has a solution. O

The following example is an illustration of Theorem 4.2.

Example 4.3 Consider the following nonlinear functional integral equation:

1 2 t 2 2
t)=—— |t ~t + —s” (L+x (S))d , 10
x( ) 2 |x(7:(t))| < ¢ /0 5 * ( )

where 7 () is a continuous function on [0, +00) and t(¢) < ¢ for all £ € [0, +00).

We will show that the equation has a solution on C(R*,R).

Set ¢(t) := te* and f(s,x(s) := se 126D Since q is continuous on [0, +00) and
lim;, ;00 g(£) = 0, it is easy to show that ¢ is uniform continuous. We also have

1
lgllo = —= <1
1 v/ 2e
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and

/+w —s2(1+x2(s)) ds < /+oo - d ! 1 L 1-liqll
se s < se” as=_o<l-—==1-
i A 277 Ve e

for every x € C(R,,R).
Consider the function F: R, x R? — [0,1] defined by

F(t,u,v) =

2+ v’

for all (t,u,v) € R, x R2. It is easy to check that F satisfies the condition (C2) with
Q(t,x,y) = 3. Hence, the Assumption 4.1 holds for the above ¢, f, and F.
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