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1 Introduction and preliminaries

Fixed point theory has gained very large impetus due to its wide range of applications in
various fields such as engineering, economics, computer science, and many others. It is
well known that the contractive conditions are very indispensable in the study of fixed
point theory, and Banach’s fixed point theorem [1] for contraction mappings is one of
the pivotal result in analysis. This theorem has been extended and generalized by various
authors (see, e.g., [2-28]) in various abstract spaces, one of which is generalized metric
space.

As pointed out in [3], the topology of a generalized metric space has some disadvan-
tages:

(T1) A generalized metric does not need to be continuous.

(T2) A convergent sequence in generalized metric spaces does not need to be Cauchy.

(T3) A generalized metric space does not need to be Hausdorff, and hence the

uniqueness of the limits cannot be guaranteed.

In this paper, we introduce the concept of («,)-rational type contractive mappings
and provide sufficient conditions for the existence and uniqueness of fixed points for such
class of generalized nonlinear contractive mappings in the framework of generalized met-
ric spaces by caring the problems (T1)-(T3) mentioned above. We also deduce several
interesting corollaries. The proved results generalize and extend various well-known re-
sults in the literature. The techniques used in this paper have been studied and improved
by various authors (see [3-9, 16] and references cited therein).

To start with, we give some notations and introduce some definitions which will be used
in the sequel.

Definition 1.1 [2] Let X be a nonempty set and d : X x X — [0, 00) satisfy the following
conditions, for all x,y € X and all distinct u, v € X each of which is different from x and y:
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(GMS1) d(x,y) =0 ifand only if x = y,

(GMS2) d(x,y) =d(y,x),

(GMS3) d(x,y) < d(x,u) +d(u,v) +d(v,).

Then the map d is called a generalized metric and abbreviated as GM. Here, the pair
(X,d) is called a generalized metric space and abbreviated as GMS.

In the above definition, if d satisfies only (GMS1) and (GMS2), then it is called a semi-
metric (see, e.g., [18]).

A sequence {x,} in a GMS (X, d) is GMS convergent to a limit x if and only if d(x,,,x) — 0
as n — oo.

A sequence {x,} ina GMS (X, d) is GMS Cauchy if and only if for every € > 0 there exists
a positive integer N(¢) such that d(x,, x,,) < €, for all n > m > N(e).

A GMS (X, d) is called complete if every GMS Cauchy sequence in X is GMS convergent.

A mapping T : (X,d) — (X,d) is continuous if for any sequence {x,} in X such that
d(x,,x) — 0 as n — oo, we have d(Tx,, Tx) — 0 as n — 00.

The following assumption was suggested by Wilson [18] to replace the triangle inequality
with the weakened condition.

(W) For each pair of (distinct) points u, v, there is a number r,,, > 0 such that for every

ze X, ry, <du,z) +d(zv).

Proposition 1.1 [20] In a semimetric space, the assumption (W) is equivalent to the as-

sertion that the limits are unique.

Proposition 1.2 [20] Suppose that {x,} is a Cauchy sequence in a GMS (X,d) with
lim,,, oo d(x,,, ) = 0, where u € X. Then lim,_, o d(x,,2) = d(u,z), for all z € X. In particu-
lar, the sequence {x,} does not converge to z if z # u.

Definition 1.2 Let X be a nonempty set, 7: X — X and « : X x X — [0, 00) be two map-
pings. We say that 7 is an o-admissible mapping if «(x, y) > 1 implies o(Tx, Ty) > 1, for all
x,y€X.

Definition 1.3 Let (X,d) bea GMS and o : X x X — [0, 00). X is called «-regular GMS if,
for a sequence {x,} in X such that x, — x and «(x,,%,,1) > 1, there exists a subsequence
{#n; } of {x,,} such that a(x,,,x) > 1 for all k € N.

Throughout the paper, F(T) denotes the set of fixed points of the mapping 7.

2 Main results
The contraction mappings considered in this paper are constructed via auxiliary functions
defined below. Let W be a family of functions ¥ : [0, 00) — [0, 00) satisfying the following
properties:
(i)  is upper semi-continuous, strictly increasing;
(il) {¥"(t)}nen converges to 0 as n — oo, for all £ > 0;
(iii) ¥ (¢) <t, for every t > 0.

Definition 2.1 Let (X,d) be a GMS and « : X x X — [0,00). A self mapping T: X — X
is said to be («, ¥)-rational type-I contractive mapping if there exists a function ¢ € W,
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such that for all x, ¥ € X the following condition holds:

a(x,y)d(Tx, Ty) < ¢ (M(x,9)), (2.1)

where

M(x,y) = max{d(x, 9),d(x, Tx), d(y, Ty), dx, Tx)d(, Ty) dlx, THd(, 1) }

1+dxy) ~ 1+d(Tx, Ty)

Next, we state and prove an existence and uniqueness theorem for fixed point of («, ¥/)-
rational type-I contractive mappings.

Theorem 2.1 Let (X,d) be a complete GMS, T : X — X be a self mapping and o : X x X —
[0, 00) a given function. Suppose that the following conditions are satisfied:
(i) T is an a-admissible mapping;

(i) T isan («,v)-rational type-I contractive mapping;

(iil) there exists xo € X such that a(xg, Txo) > 1, at(xo, T?x0) > 1;

(iv) either T is continuous, or X is a-regular.

Then T has a fixed point x* € X and {T"x,} converges to x*. Further, if for all x,y € F(T),
we have a(x,y) > 1 then T has a unique fixed point in X.

Proof Let xy € X satisfies a(xg, Txo) > 1 and a(xo, T%x) > 1. We construct the sequence
{#,} in X as x, = T"xo = Tx,_1, for n € N. It is obvious that if x,,, = x,,.1, for some #y € N,
then x,, is a fixed point of T. Consequently, we suppose that x,, # x,,,; for all » € N.

Since T is a¢-admissible, a(xg, Txg) = a(xg,x1) > 1 = a(Txg, Tx1) = a(x1,%3) > 1 => and
thus, a(Tx;, Tx;) = a(x2,%3) > 1..., and hence by induction, we get a(x,,x,.1) > 1 for all
n>0.

By similar arguments, since a(xg, T%x9) > 1, we have a(xg,x2) = a(xo, T?xo) > 1,
a(Txo, Txy) = a(x1,x3) > 1. By induction, we get «(x,,x,,2) > 1 for all n > 0. Consider
(2.1) with x = x,, and y = x,,,1. Clearly, we have

AKX i1 %ni2) = A(Txy, Th41)
< a(®n, %41)d( Ty, Tx11)

=< w(M(xmxnﬂ))r

where

M (%, Xn41) = max{d(xm X41), AKX Ty), A (K1, Thi1),

d(xm Txn)d(xrul: Txn+l) d(xn: Txn)d(xn+17 Txn+1)
1+ d(xmxwrl) ’ 1+ d(Txnr Txn+l)

= max { d(xrn xn+1)’ d(xm xn+1)r d(xn+11 xn+2)x

d(xmxn+1)d(xn+1)xn+2) d(xmxn+1)d(xn+bxn+2)
L+ d®nxnn) 1+ d@n, %)

= max{d(xnvxnﬂ)) d(xn+1:xn+2)}r (22)
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A0 X1 1)A 41,5042

A0 X0141)A(Xp41 %042 ) d
b W /L /5 3 WA\ /5 3 R /5 YR <
1+d(xp+1%n+2) = (xn; xn+1). If for some n, we

)
Tod (X pe1) < d(Xp41,%n42) and

have M(x,,%41) = d(X41,%n42), then

since

A(Xns1,Xni2) < w(M(xn’anrl))
= w(d(xrubxnﬂ))
< A1, %n42)s (2.3)

which is impossible. Hence, M(x,,, x,,1) = d(%xy, %,41), for all m € N,

A(Xns1) Xni2) < w(M(xmanrl))
= w(d(xmxnﬂ))' (2.4)

From the property (iii) of ¥, we conclude that
d(xnﬂr xn+2) < d(xm xn+1)y (25)

for every n € N. Combining (2.4) and (2.5), we deduce d(x,,41, %n+2) < ¥"(d(x0,%1)), for all
n € N. Using the property (ii) of ¥, it is clear that

lim d(x,41,%,42) = 0. (2.6)

n—00

Consider now (2.1) with x = x,,_; and y = x,,,;. We have

d(xn)xn+2) = d(Txn—lt Txn+l)
= a(xn—l: xn+1)d( Txn—l: Txn+l)

= Ip(j\/l(xn—li xn+1)): (2~7)

where

M(xn—h xn+1) = max{ d(xn—l’ xn+1); d(xn—l: Txn—l)’ d(xn+1: Txn+1)7

d(xn—l’ Txn—l)d(xnﬂr Txn+1) d(xn—l’ Txn—l)d(xnﬂr Txn+1) }

1+ d®y-1,%n41) ' 1+ d(Txp-1, Tx41)

= max { AXp-1, %141)s A1, %)y A(Xpps15 Xi2)s

(2.8)

A1, %0)AX 11, Xps2) d(xn—l;xn)d(xnﬂ;xnﬂ)}
1+ d(xn—lvxrﬁl) ’ 1+ d(xm xn+2)

From (2.5) we have d(x,.1,%,.2) < d(x,_1,%,). Define a,, = d(x,,x,.2) and b, = d(x,,,%,.,1).
Then

bn—lbn+1 bn—lbn+1 }

M(%p—1,%041) = MAX\ A1, b1, ’
l+a,1 1+a,
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If M(x,,_1,%y41) = b,_1, OF M or bz=1bnsl thep taking lim sup as # — o0 in (2.7) and using
+a,-1 1+ay

(2.6) and upper semi-continuity of ¥ we get

0 <limsupa, < limsup w(M(xn_l,xn+1)) = I/I(Hm supM(xn_l,x,Hl)) = (0) =0,

n—00 n—00 n—00

and hence,

lim a, = lim d(x,,%,,2) = 0.
n— 00

n—00

If M(x,,_1,%n41) = ay_1, then (2.7) implies
a, < w(an—l) <ap-1,

due to the property (iii) of ¥. In other words, the sequence {a,} is positive monotone
decreasing, and hence, it converges to some ¢ > 0. Assume that ¢ > 0. Now, by (2.7), we
get

t =limsupa, = limsup ¥ (a,_1) =¥ (lim sup an_l) =Y(t) <t,

n—00 n—00 n—00

which is a contradiction. Therefore,

lim a, = lim d(x,,%,.2) = 0. (2.9)
n— o0 n— 00

Now, we shall prove that x,, # x,,, for all # # m. Assume on the contrary that x, = x,,, for
some m,n € N with n # m. Since d(x,,x,.1) > 0, for each p € N, without loss of generality,
we may assume that m > n + 1. Substitute again x = x,, = %, and y = %541 = %41 in (2.1),
which yields

d(xn)xnﬂ) = d(xm Txn) = d(xm: Txm) = d(Txm—ly Txm)

< (@1, %) A(Txm-1, Tiom) < w(M(xm—l:xm))» (2.10)
where

M(xm—l,xm) = max{d(xmhxm)> d(xm—lr Txm—l)’ d(xm; Txm)¢

AXm1, Th1)A X, Th) A X1, 1) A Xy T ) }

1+ d(xm—lrxm) ’ 1+ d(Txm_l, Txm)

= max{d(xm—ly xm): d(xm—ly xm); d(xm: xm+1)y

d(xm—l; xm)d(xmr xm+1) d(xm—lr xm)d(xm’ xm+l)
1+ d(xm—lr xm) ’ 1+ d(xm,xmﬂ)

= max{d(xm_l,xm),d(xm,xm+1)}. (2.11)
If M1, %) = d(X-1, %), then (2.10) implies

d(xn)xnﬂ) < 1ﬂ(d(xm—bxm)) =< I//m—n(d(xmxnﬂ)). (212)
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If on the other hand M(x,,_1, %) = d(X,1, Xm+1), then from (2.10) we have
dn %11) < W (A %)) < Y (Ao x01)). (2.13)
Using the property (iii) of ¥, the two inequalities (2.12) and (2.13) imply
A, %n11) < A%n, Xni1),s

which is impossible.

Now, we shall prove that {x,} is a Cauchy sequence, that is, lim,,_, oc (%, %,,+x) = 0, for all
k € N. We have already proved the cases for k =1 and k =2 in (2.6) and (2.9), respectively.
Take arbitrary k > 3. We discuss two cases.

Case 1. Suppose that k = 2m +1, where m > 1. Using the quadrilateral inequality (GMS3),
we have

d(xnr xn+k) = d(xnr xn+2m+l) = d(xmxm—l) + d(xn+1x xn+2) t--t d(xn+2mx xn+2m+1)

n+2m

< Z 1/fp (d(xo’xl))
p=n

+00

< Z Y (d(xo,%1)) > 0 asn— oo. (2.14)

p=n

Case 2. Suppose that k = 2m, where m > 2. Again, by applying the quadrilateral inequal-
ity, we have

d(xm xn+k) = d(xnr xn+2m) = d(xnvxn+2) + d(xn+2: xn+3) t--t d(xn+2m—1¢xn+2m)
n+2m-1

<dmxna) + Y PP (dxo,x1))

p=n+2

< d(%, Xps2) + Z VP (d(xo,%1)) —> 0 asn— oo, (2.15)
p=n

since lim,,_, o, = 0 because of (2.9). In both of the above cases, we have lim,,_, o (%, %,14%) =
0, for all k > 3. Hence we conclude that {x,} is a Cauchy sequence in (X, d). Since (X, d) is
complete, there exists x* € X such that

lim d(x,,x") = 0. (2.16)

n—00

We will show next that the limit x* of the sequence {x,} is a fixed point of T. First, we
suppose that T is continuous. Then from (2.16) we have

lim d(Tx,, Tx*) = lim d(%,.1, Tx*) = 0.
n—00 n—0oo
Due to Proposition 1.2, we conclude that

x* = Tx",

that is, x* is a fixed point of 7.
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Now, we suppose that X is a-regular. Then there exists a subsequence {x,, } of {x,} such
that a(x,,-1,x") > 1 for all k € N. Now, from inequality (2.1) with x = x,,, and y = x*, we
obtain

d(x,,k+1, Tx*) = d(Txu,, Tx*)

IA

o (% &) d (T, , Tx¥)

< Y (M (%, %%)), (2.17)

where

M(xnk,x*) = max{d(xnk,x*),d(xnk, Tx,,k),d(x*, Tx*),

Ay T A, Tx*)  d(x,, T )d(x*, Tx*)
1+ d(x,,x*) ’ 1+ d(Txy,, Tx*)

= max{d(xnk,x*), Ay Xy 1) d(x*, Tx*),

A % 11)A" Tx") - d X % 1) A", Tx™) } (2.18)

L+ d (%, x*) T 1+ d(xy 1, T

Letting k — oo in (2.18), we obtain M(x,,,x*) = d(x*, Tx*). Therefore, upon taking the
limit as k — o0, in inequality (2.17), we have d(x*, Tx*) < ¥ (d(x*, Tx*)) < d(x*, Tx*), which
implies x* = Tx*, that is, x* is a fixed point of T

Finally, suppose that x* and y* are two fixed points of T such that x* # y*. Then by the
hypothesis, «(x*,y*) > 1. Hence, from (2.1) with x = x* and y = y* we have

d(x*,y*) = d(Tx", Ty")

IA

a(x*,y")d(Tx", Ty*)

< ¥ (M(x",5")),
where

M(x*,y*) = maX{d(x*,y*)’d(x*’ "), d(y", Ty),

dx*, Tx*)d(y*, Ty*) d(x*, Tx*)d(y*, Ty*)
L+d(xty*)  1+d(Tx*, Ty*)

= d(x*,y*). (2.19)

Hence, we get d(x*, y*) < ¥ (d(x*,5")) < d(x*,y*), which is possible only if d(x*,y*) = 0, that
is, #* = y*. Hence T has a unique fixed point. d

Definition 2.2 Let (X, d) be a generalized metric space and & : X x X — R*. A mapping
T :X — X is said to be («, ¥ )-rational type-II contractive mapping if there existsa ¥ € W,
such that, for all x,y € X, the following condition holds:

a(x,9)d(Tx, Ty) < ¥ (M(x,9)), (2.20)
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where

M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty),

d(x, Tx)d(y, Ty) d(x, Ty)d(x,y)
1+d(xy) +dx, Ty) + d(y, Tx) 1 + d(x, Tx) + d(y, Tx) + d(y, Ty) }

For this class of mappings we state a similar existence and uniqueness theorem.

Theorem 2.2 Let (X, d) be a complete generalized metric space, T : X — X be a self map-
ping, and o : X x X — R. Suppose that the following conditions are satisfied:
(i) T is an a-admissible mapping;

(i) T isan («,v)-rational type-1I contractive mapping;

(iii) there exists xo € X such that a(xo, Txo) > 1 and a(xq, T?x0) > 1;

(iv) either T is continuous, or X is a-regular.

Then T has a fixed point x* € X and {T"x,} converges to x*. Further, if for all x,y € F(T),
we have a(x,y) > 1, then T has a unique fixed point in X.

Proof The proof can be done by following the lines of the proof of Theorem 2.1. O
The following example illustrating Theorem 2.1 is inspired by [4].

Example 2.1 Let X be a finite set defined as X = {1,2,3,4}. Define d : X x X — [0, 00) as:

d(1,1) =d(2,2) = d(3,3) = d(4,4) = 0,

d(1,2) =d(2,1) =3,

d(2,3)=d(3,2) =d(1,3) = d(3,1) =1,

d(1,4) = d(4,1) = d(2,4) = d(4,2) = d(3,4) = d(4,3) = 4.

The function d is not a metric on X. Indeed, note that
3=d(1,2)>d1,3)+d(3,2)=1+1=2,

that is, the triangle inequality is not satisfied. However, d is a generalized metric on X and,

moreover, (X,d) is a complete generalized metric space. Define T: X — X as
T1=T2=T3=2, T4 =3,

a(x,y) as a(x,y) =1and ¥ (f) = % Then, forx =1,2,3 and y = 1,2, 3, we have
a(x,y)d(Tx, Ty) = 0 < ¥ (M(x,)) = 0.

On the other hand, for x = 1,2, 3 and y = 4 we obtain

a(x, 4)d(Tx, T4) = d(2,3) = 1
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and

=1

M(x,4) = max{d(x, 4),d(x, T4),d(y, T4), dix, x)d0, ) dl, T)d(, 9) }

1+d(x,4) ~ 1+d(Tx, T4)
and hence

a(x,4)d(Tx, T4)=1< — =2.

N

For x = 4, y = 4, the contraction condition is obvious. Clearly, T satisfies the conditions of

Theorem 2.1 and has a unique fixed point x = 2.

3 Some consequences
In this section we give some consequences of the main results presented above. Specifi-
cally, we apply our results to generalized metric spaces endowed with a partial order.

Definition 3.1 Let (X, <) be a partially ordered set. A mapping 7 : X — X is said to be

nondecreasing with respect to < if for every x,y € X x < y implies Tx < Ty.

Definition 3.2 Let (X, d, <) be a partially ordered GMS. X is called regular GMS if, when-
ever {x,} is asequence in X such thatx, — xand x,, < x,,,1, then there exists a subsequence
{#n; } of {x,,} such that x,, <xforall keN.,

Theorem 3.1 Let (X,d, <) be a partially ordered complete generalized metric space and
T : X — X be a nondecreasing self mapping. Suppose that the following conditions are sat-
isfied:

() There exists a function € V for which

d(Tx, Ty) < ¥ (M(x,)), 3.1)

where

M(x,y) = max{d(x, 9),d(x, Tx), d(y, T9), dx, x)d(y, Ty) dlx, T4, 1) }

1+dx,y) = 1+d(Tx, Ty)

forallx,y e X withx < y.
(ii) There exists xo € X such that xo < Txo and xo < T?x.
(iii) Either T is continuous, or X is regular.
Then T has a fixed point x* € X and {T"xy} converges to x*.

Proof Define a mapping o : X x X — [0, 00) as follows.

1, ifx<yory=ux,
alx,y) =
0, otherwise.

Then the existence conditions of Theorem 2.1 hold and hence T has a fixed point which

is the limit of the sequence {7"x}. O



Alsulami et al. Fixed Point Theory and Applications (2015) 2015:97 Page 10 of 12

Theorem 3.2 Let (X, d, <) be a partially ordered complete generalized metric space and
T : X — X be a nondecreasing self mapping. Suppose that the following conditions are sat-
isfied:

(i) There exist a function € W for which

d(Tx, Ty) < (M(x,9)), (3.2)

where

M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty),

d(x, Tx)d(y, Ty) d(x, Ty)d(x,y) }
1+d(x,y) +dx, Ty) + d(y, Tx) " 1 + d(x, Tx) + d(y, Tx) + d(y, Ty)

forallx,y € X withx < y;
(ii) there exists xo € X such that xg < Txo and xo < T*xo;
(ili) either T is continuous, or X is regular.
Then T has a fixed point x* € X and {T"x¢} converges to x*.

Proof Employing again a mapping o : X x X — [0, 00) defined as

1, ifx<xyory=xux,
alx,y) =
0, otherwise,

we observe that the existence conditions of Theorem 2.2 hold and hence, T has a fixed
point which is the limit of the sequence {T"x,}. g

Several particular cases can also be deduced from the above results.

Corollary 3.1 Let (X,d) be a complete generalized metric space, T be a self mapping, T :
X — X, and a : X x X — R. Suppose that the following conditions are satisfied:
(i) T is an a-admissible mapping;
(i) T satisfies
d(Tx, Ty) < kM(x, y), (3.3)

where

M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty),

d(x, Tx)d(y, Ty) d(x, Ty)d(x, y)
1+d(x,y) +dx, Ty) + d(y, Tx) 1+ d(x, Tx) + d(y, Tx) + d(y, Ty) }

for some k € [0,1);
(iii) there exists xg € X such that a(xg, Txg) > 1, at(xg, T?x0) > 1;
(iv) either T is continuous, or X is a-regular.
Then T has a fixed point x* € X and {T"x} converges to x*. Further, if, for all x,y € F(T),
we have a(x,y) > 1, then T has a unique fixed point in X.
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Proof Define y/(¢) = kt. Clearly, ¥ € W. By Theorem 2.2, T has a unique fixed point. [

Corollary 3.2 Let (X,d, <) be a partially ordered complete generalized metric space and
T : X — X be a nondecreasing mapping. Suppose that the following conditions are satis-

fied:
(i)
d(Tx, Ty) < kM(x, y), (3.4)

where

M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty),

d(x, Tx)d(y, Ty) d(x, Ty)d(x,y) }
1+d(x,y) +d(x, Ty) + d(y, Tx) 1 + d(x, Tx) + d(y, Tx) + d(y, Ty)

for all x,y € X with x <y and some k € [0,1);
(il) there exists xo € X such that xq < Txo and xo < T*xo;
(iii) either T is continuous, or X is regular.
Then T has a fixed point x* € X and {T"xy} converges to x*.

Proof Define o : X x X — [0,00) as

1, ifx<yory=ux,
Ol(x:y) =
0, otherwise.

Corollary 3.1 implies that T has a fixed point. O
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