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Abstract

In this paper, we introduce the notion of a conditionally F-contraction in the setting
of complete metric-like spaces and we investigate the existence of fixed points of
such mappings. Our results unify, extend, and improve several results in the literature.
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1 Introduction and preliminaries

Recently, Wardowski [1] introduced the notion of a F-contraction mapping and investi-
gated the existence of fixed points for such mappings. The results of Wardowski [1] extend
and unify several fixed point results in the literature including the celebrated Banach con-
traction mapping principle.

In this paper, we present the notion of conditionally F-contractions of various types and
we investigate the existence of a fixed point for such mappings in metric-like spaces. We
also present some criteria for the uniqueness of a fixed point.

Throughout the paper, N and Ny denote the set of positive integers and the set of non-
negative integers. Similarly, let R, R* and R§ represent the set of reals, positive reals, and
the set of nonnegative reals, respectively.

Definition 1.1 [1] Let F be the family of all functions F: (0,00) — R such that
(F1) F is strictly increasing, i.e. for all x,y € R* such that x < y, F(x) < F(y);
(F2) for each sequence {,}i2, of positive numbers, lim,,_, o, &, = 0 if and only if
lim,,_, o F(a,) = —00;
(F3) there exists k € (0,1) such that lim,_, ¢+ «XF(e) = 0.

Definition 1.2 [1] Let (X,d) be a metric space. A mapping 7 : X — X is said to be a F-
contraction on (X, d) if there exist F € F and t > 0 such that

Vx,yeX, [d(Tx,Ty)>0=> 1+ F(d(Tx, Ty)) < F(d(x,y))]. 1)

Remark1.3 From (F1) and (1) it is easy to conclude that every F-contraction is necessarily

continuous.
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Recently, Piri and Kumam [2] extended the result of Wardowski [1] by replacing the
condition (F3) in Definition 1.1 with the following one:

(F3') F is continuous on (0, 00).

Let § denote the family of all functions F : R, — R which satisfy conditions (F1), (F2) and
(F3').

Under this new set-up, they proved a fixed point result that generalized the result of
Wardowski [1].

Definition 1.4 [2] Let (X, d) be a metric space and let F € §. A mapping T : X — X is said
to be a F-Suzuki-contraction if there exist F € § and t > 0 such that for all x,y € X with
Tx # Ty

%d(x, Tx) <d(x,y) = 1+F(d(Tx, Ty)) < F(d(x,y)).

Wardowski and Van Dung [3] introduced the notion of a F-weak contraction and proved

a fixed point theorem for F-weak contractions.

Definition 1.5 [3] Let (X, d) be a metric space. A mapping T : X — X is said to be a F-
weak contraction on (X, d) if there exist F € F and t > 0 such that, for all x, y € X satisfying
d(Tx, Ty) > 0, the following holds:

(2)

T+ F(d(Tx, Ty)) < F(max{d(x, ) dx, Tx), diy, Ty), 2 D)+ 40 Tx) })

2

Wardowski and Van Dung [3] gave an example to show that their result was a proper
extension of results in the literature.

There are many papers in the literature that generalize the notion of metric spaces as
well as the Banach contraction mapping principle (see [4—11] and the references therein).
The notion of a metric-like space was introduced by Hitzler [12] and re-introduced by
Amini-Harandi in [13].

Definition 1.6 (See [12]) Let X be a non-empty set. A mapping d: X x X — R} is said to
be a metric-like (dislocated) on X if for all x, y, z € X the following conditions are satisfied:

(D1) ifd(x,y) =0 then x = y.
(D2) d(x,y) = d(y,x).
(D3) d(x,y) <d(x,z) +d(z,7y).

The pair (X, d) is called a dislocated (metric-like) space.
Notice that if we replace the condition (D3) with
(D3*) d(x,y) <d(x,2) +d(z,y) — d(z,z)

in Definition 1.6 then, (X, d) turns to be a partial metric space (PMS). Fore more details
see e.g. [14-18].

Remark 1.7 (See [13]) Every partial metric is metric-like (dislocate).
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A sequence {x,}7°;, in a metric-like space (X, d),

(a) converges to x € X if lim,, oo d(x,,, x) = d(x,x),

(b) is called Cauchy in (X, d), if limy, ;00 (%, %) exists and is finite.

A metric-like space (X, d) is said to be complete if and only if every Cauchy sequence

{x,}0, in X converges to x € X so that

lim d(x,,x,,)= lim d(x,,x) = d(x,x).

n,m—> 00 n—00

We recall some basic definitions and crucial results on the topic. In this paper, we follow
the notation of Amini-Harandi [13].

Definition 1.8 (See [13]) Let (X, d) be a metric-like space and let U be a subset of X. We
say U is a d-open subset of X, if for all x € X there exists r > 0 such that B;(x,r) C U. Also,
V C X is a d-closed subset of X if (X\ V) is a d-open subset of X.

Lemma 1.9 (See [19]) Let (X, d) be a metric-like space. Then:
(A) ifd(x,y) =0 then d(x,x) = d(y,y) = 0;
(B) if {x,} be a sequence such that lim,,_, o, d(x,, x,41) = 0, then we have,

lim d(x,,%,) = lim d(x,41,%,41) = 0;
n—00 n—00

(C) ifx £y then d(x,y) > 0;
(D) d(x,x) < % Zij’ d(x,x;) holds for all x;,x € X where1 <i <wm;
(E) if {x,} is a sequence in a d-closed subset V of X with x,, — x as n — 0o, then x € V;
(F) if {%y)} is a sequence in X such that x,, — x as n — 0o and d(x,x) = 0, then
limy,, oo d(x,,,y) = d(x,9) forall y € X.

Definition 1.10 Let (X, d) and (Y, p) be metric-like spaces and {x,}:°; be a sequence in
X such that x, — x. A mapping f: X — Y is said to be continuous at a point x € X if

Sxn) = f(%)

2 Main results
We begin this section with the following definition.

Definition 2.1 Let (X,d) be a metric-like space. A mapping T : X — X is said to be a
conditionally F-contraction of type (A) if there exist F € § and v > 0 such that, for all
x,y € X with d(Tx, Ty) > 0,

%d(x, Tx) <d(x,y) = t+F(d(Tx,Ty)) < F(M7(x,9)), (3)
where

Mr(x,3) max{d(x,w,d(x, o), dy, Ty), 2 D)+ 40, T }

4

Theorem 2.2 Let (X,d) is a complete metric-like space. If T is a conditionally F-
contraction of type (A), then T has a fixed point x* € X.
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Proof Take x € X and construct a sequence {x,} as follows:
%, = Tx,_1 = T"x for all » € N where xy = x. (4)

If there exists n, € N such that d(x,,, Tx,,) = 0 then x, = x,,, becomes a fixed point which
completes the proof. Consequently, in the rest of the proof, we assume that, for every
neN,

0 < d(x,, Tx,). (5)
Hence, from (5), we have

1

Ed(x,,, Tx,) < d(x,, Tx,) forallm e N. 6)

Since T is conditionally F-contraction (note d(Tx,, T(Tx,)) = d(*y+1, Txy:1) > 0), from the
inequality (6), we have

T+ F(d(Tx,,, sz,,)) < F(max{d(x,,, Tx), d (%, Txn), d (T, T2xn),

d(x,, T?x,) + d(Tx,, Tx,) })
4

< F(max{d(x,,, Tx), d( T, sz,,),

A, Ton) + (T, T?%) + d(Tx, ) + A, Tx,y) })
4

= F(max{d(xn, Tx,), d(Tx,,, sz,,),

3d(x,, Tx,) + d(T,, T?x,) })
4

= F(max{d(x,,, Txy), d(T%ns sz,,) }) (7)

If there exists # € N such that max{d(x,, Tx,), d(Tx,, T*%,)} = d(Tx,, T*x,), then (7) be-

comes
T + F(d(To, T?%4)) < F(d(Tx0, T?%1)),
which is a contradiction. Thus, we conclude that
max{d(x,, Txy), d(Txn, T*%,) } = d (%, Tx),
for all » € N. Hence, the inequality (7) turns into

F(d(Txy, sz,,)) < F(d(xy, Tx,)) -t foralln €N, (8)
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which is equivalent to
F(d(x,,+1, Tx,,+1)) < F(d(x,,, Tx,,)) -t forallmeN.

Iteratively, we find that

F(d(xm Txn)) = (d(xn—l’ Txn—l)) -7

IA

F
F(d(xn—Z: Txn—2)) -2t
F

IA

(d(xy,_g, Txn_g)) -3t

< F(d(xo, Txo)) — nt. %)
From (9), we obtain lim,,_, » F(d(x,, Tx,)) = —oo, which together with (F2) gives
lim d(x,, Tx,) = lim d(x,,%,.1) = 0. (10)
n—oQ m—00
Now, we claim that
lim d(x,,x,) = 0. (11)
n,m—> 00

Arguing by contradiction, we assume that there exist € > 0 and sequences {p(#n)}>2, and

{q(n)}52, of natural numbers such that
p(n) > q(n) >n, AXp(nys Xqn)) = € AXp(n)-1,%qm) <€ forallmeN. (12)
From the triangle inequality, we get

€ < dXp(n) Xq0n) < AXp(nys Xpn)-1) + AXpm)—15 Xg(m))
< dKp(ny Xpn)-1) + €

= d®p(m)-1, TXp(m)-1) + € forallmeN. (13)
Thus from (10), (13), and the sandwich theorem, we get
Tim Ay, %q0m) = €. (14)
Again by the triangle inequality, for all # € N, we have the following two inequalities:
AXp(nys Xgin)) < AXp(n)s Xpimy1) + AXp(n)+15 Xgm)+1) + A Xgm)1, Xg(n)) (15)
and

d(xp(n)H; xq(n)+1) =< d(xp(n)ﬂ,xp(n)) + d(xp(n)rxq(n)) + d(xq(n)rxq(n)ﬂ)o (16)
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Letting n — oo in the inequalities (15) and (16), using (10) and (14), we obtain
nllrlgo d(xp(n)+1: xq(n)+l) = €. (17)
From (10) and (12), there exists N, € N such that
1 €
Ed(xp(n)’ Txp(,,)) < E < d(xp(,,),xq(n)), Vn > Nz.
Note from (17) for n large enough (i.e. # > N3 > N> say) we have d(Tx,(,), Txy(s) =
A(Xpmy+1,%g(m+1) > 0. Since T is a conditionally F-contractive mapping of type (A), we have
(with #n > N3)

T+ F(d(Txp(n) Txq(n)))

<F (max { A©p(n)> %q0m))» A%pin)» Thp()> AX gy Tog(m))

Apn), Tg(ny) + dXg0n), Thp(n) })
4

<F (max { AXp(n)r %q01))s AXp(n) Thp())s AXg () Tg())s

A(Xp(n) Txpny) + AXg(m> Tqon) + 2dXg(m> Xp()) })
4

< F(max{d(p), %4n), dXpmr Topin)), d Xy Toigin)),
max {d(Xp(n), %gn) ) Ap(n)) Toip(n))s Agn)s Tgin)) })
= F(max{d(xp(n), %gm)), A0 Topin))s A Xy, Toign)) }- (18)
Letting n — oo in the inequality above and using (10), (14), and (F3’) we obtain
T+ F(e) < F(e), (19)

a contradiction since T > 0. Hence

lim d(x,,%,)=0.

m,n— 00

Therefore, we conclude that {x,};2; is a Cauchy sequence in X. Now (X, d) is a complete
metric-like space, so there exists x* € X such that

d(x*,x*) = lim d(x,,,x*) = lim d(x,,x,)=0. (20)

Now note
d(x*, Tx*) < d(x*,x041) + d (001, Tx")
< d(x*,x,,+1) + d(x,,+1,x*) + d(x*, Tx*)

= 2d(x*,xn+1) + d(x*, Tx*).
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Thus from (20) and the sandwich theorem, we get

lim [d(x*,xn+1) + d(x,,+1, Tx*)] = d(x*, Tx*).

n—00

Now this and (20) yield

nlgglo d(x,,+1, Tx*) = d(x*, Tx*). (21)
We now prove that, for every n € N,
la’(acy,, Tx,) < d(xn,x*) or %d(Txn, szn) < d(Tx,,,x*), VneN. (22)
Arguing by contradiction, we assume that there exists 7 € N such that
la’(ac,,,, Txm) > d(xm,x*) and %d(Txm, szm) > d(Txm,x*), (23)
Now from (8) and (F;), we have
(24)

d(Tx szm) < dXp, Txpm).
It follows from (23) and (24) that

A Tom) < d (%, %) + d (5", Tx,n)
< %d(xm, T, + %d(Txm, szm)

1 1
< Ed(xm, Tx,,) + Ed(xm, Tx,,)
= d(xm’ Txm),

which is a contradiction. Hence (22) holds.
Suppose, now, part (I) of (22) is satisfied and d(x*, Tx*) > 0. Note from (21) there exists

N; € Nsuch that d(Tx,, Tx*) = d(x,41, Tx*) > 0 for n > Nj. Then from our assumption (with
n > Nj) we have
T+ F(d(xy,ﬂ, Tx*)) =T+ F(d(Txn, Tx*))

< F(max{d(xn,x*), A%, Txy), d(x*, Tx™),

d(x,, Tx*) + d(x*, Tx,) })
4

< F<max{d(x,,,x*), d(x,, Tx,), d(x*, Tx*),

2d(%,, x*) + d(x*ZLTx*) +d (%, Txy) }) (25)
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From (10) and (21), there exists N3 € N (with N3 > N;) such that for all 7 > N3

2d (%, x* *, Tx* nr 1%y
max{ o),y T, d(x*,Tx*), A(x,,x*) + d(x*, Tx*) + d(x x)}

4
d(x Tx)

Now from (25), we get
7+ F(d(sn, ")) < F(d(x", T5")), V> Ns. (26)
From (E3) and (21), by taking the limit as # — oo in (26), we obtain
v+ F(d(x", T5)) < F(d(x, T&")),

which is a contradiction.
Now suppose part (II) of (22) is true, and d(x*, Tx*) > 0. Note from (21) there exists
N, € N such that d(T(Tx,), Tx*) = d(x,42, Tx*) > 0 for n > N,. Then from our assumption

(with n > N,) we have
T+ F(d(xmg, Tx*)) =T+ F(d(szn, Tx*))

< F(max{d(Tx,,,x*),d(Txn, szn), d(x*, Tx"),

d(Tx,, Tx*) + d(x*, T?x,,) })
4

< F(max{d(Txn,x*),d(Txn, sz,,), d(x*, Tx*),

2d(Tx,, x*) + d(x*, Tx*) + d(Tx,., T*x,,) })
4

= F<maX{d(xn+1,x*),d(xn+1, Tapa), d(x", Tx*),

(27)

2d(xn+1: x*) + d(x*; Tx*) + d(xnﬂ; Txn+1) })
4 .

From (10) and (21), there exists Ny € N (with Ny > N,) such that for all # > N,

2d(xy41,%%) + d(x*, T6*) + d(xy41, Tx41) }
4

max{ %1, %), A1, Tosn), (%, Tie®),
=d(x", Ta").
From (27), we get
T+ F(d(%n12, Tx*)) < F(d(x*, Tx")), Vn>Nj. (28)
From (F3) and (21), taking the limit as 7 — cc in (28), we obtain
T+ F(d(x*, Tx")) < F(d(x", Tx")),

which is a contradiction. Hence, we conclude that x* is a fixed point of T'. O
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Definition 2.3 Let (X, d) be a metric-like space. A mapping 7 : X — X is said to be a
conditionally F-contraction of type (B) if there exist F € § and t > 0 such that, for all
x,y € X with d(Tx, Ty) > 0,

%d(x, Tx) <d(x,y) = 1 +F(d(Tx, Ty)) < F(max{d(x,y),d(x, Tx),d(y, Ty)}). (29)

Definition 2.4 Let (X,d) be a metric-like space. A mapping 7 : X — X is said to be a
conditionally F-contraction of type (C) if there exist F € § and t > 0 such that, for all
x,y € X with d(Tx, Ty) > 0,

%d(x, Tx) <dx,y) = T +F(d(Tx,Ty)) < F(d(x,y)). (30)

Theorem 2.5 Let (X,d) be a complete metric-like space. If T is a conditionally F-
contraction of type (B), then T has a fixed point x* € X.

Proof Following the proof in Theorem 2.2, we easily conclude the result. O

Theorem 2.6 Let (X,d) be a complete metric-like space. If T is a conditionally F-
contraction of type (C), then T has a fixed point x* € X.

Proof It can easily be derived by following the proof in Theorem 2.2. g

Next we consider an example to illustrate our main result. We consider a mapping T
which is not continuous, so not an F-contraction but it is a conditionally F-contraction of

type (C).

Example 2.7 Consider X ={0,1,2}. Let d: X x X — [0,00) be a mapping defined by

d(0,0)=d(1,1)=0,  d(2,2)=5/2,
d0,2)=d(2,0)=2,  d(1,2)=d(2,1) =3,
d(0,1) = d(1,0) = 3/2.

It is clear that d is a metric-like. Note that d(2,2) # 0, so d is not a metric. Clearly, (X, d)
is a complete metric-like space. Let T': X — X be given by

T0=0=T7T1 and 7T2=1.

Suppose that F(a) = ’;1 +a € F and T € (0,1/2). Since T is not continuous, 7T is not a
F-contraction by Remark 1.3.
We will consider the inequality

1

Ed(x, Tx) < d(x,y), (31)
where x,y € X with d(Tx, Ty) > 0 and the inequality

T+ F(d(Tx, Ty)) < F(d(x,)) (32)

for those x,y € X with d(Tx, Ty) > 0 which satisfy (31).
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Case 1: Let x = 0. Now d(T0,70) = d(T0,T1) = d(0,0) = 0 so we need only consider
y=21in (31) and (32). Now (31) is true since

1
Ed(O, T0)=0<d(0,2)=2.
Also note
3
d(To0,T2)=d(0,1) = 5 <2=4d(0,2).

Now inequality (32) is satisfied since

1
1:+F(d(T0,T2))=r—m+d(TO,T2)
- 1 +3<1 1 +3
= d0,2) 272 d0,2) 2

=—d(01 ) +2=—d(0 ) +d(0,2) = F(d(0,2)).

—

Case2:Letx =1.Now d(T0,T1) =d(T1,T1) =d(0,0) = 0 so we need only consider y = 2
in (31) and (32). Now (31) is true since

1
Ed(l’ T1)=0<d(1,2)=3.
Also note
3
d(T1,T2)=d(0,1) = 5 <3=d(1,2).

Now inequality (32) is satisfied since

1
T +F(d(T1, T2)) =T-—- m + d(Tl, T2)
- 1 3 - 1 1 3 1 9
T-— + = - - + ===+
- dl,2) 272 d1,2) 2 d(1,2)
1 1

=~dny *°" amy tALD-FE.2).

Case 3: Let x = 2. Now d(T2, T2) = 0 so we need only consider the case y € {0,1}. Note
d(T2,T1)=d(1,0)>0,d(T2,T0)=d(1,0) > 0, and also note

1 1 3

-d(2,T2)=-d(1,2) = =

2d( ) 2d( ) 5
and

d2,0)=2, d2,1) =3,

so (31) holds.
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Note
3
d(T2,T0)=d(1,0) = 5 <2=d(2,0)
and
3
d(T2,T1)=d(1,0) = 2 <3=d(2,1),
SO
T+ F(d(T2,T0)) < F(d(2,0))
follows as in Case 1 and
T+ F(d(T2,T1)) < F(d(2,1))

follows as in Case 2.
Hence T is a conditionally F-contraction of type (C). It is clear that O is the fixed point
of T.

3 Consequences
In [14, 20], Matthews introduced the notion of partial metric, a generalization of a metric,
as a part of the study of denotational semantics of dataflow networks.

Definition 3.1 (See [14]) Let X be a non-empty set. A mapping p: X x X — R{ is said to
be a partial metric on X if for all x, y,z € X the following conditions are satisfied:

(p1) x =y ifand only if p(x, x) = p(x,y) = p(y,);
(p2) plx,x) < p(x,y);

(p3) p(x,y) =pO,x);

(pa) p(x,2) < p(x,y) +p(y,2) = P, ).

In this case, the pair (X, p) is called a partial metric space (PMS).

Notice that the function d), : X x X — R* defined by d,(x,y) = 2p(x,y) — p(x,x) — p(y,y)
satisfies the conditions of a metric on X. Each partial metric p on X generates a T, topology
7, on X, whose base is a family of open p-balls {B,(x,¢) : ¥ € X, e > 0} where B,(x,¢) =
{y € X:p(xy) <px) + e} for all x € X and ¢ > 0. Consequently, it is easy to consider
several topological concepts. A sequence {x,} in the PMS (X, p) converges to the limit x
if p(x, %) = lim,_, o p(%, x,) and is said to be a Cauchy sequence if lim,, ;00 p(%y, %,,) €Xists
and is finite. A PMS (X, p) is called complete if every Cauchy sequence {x,} in X converges
with respect to 7,, to a point x € X such that p(x, x) = lim,, ;,—, o0 p(%, %,,). For more details,
see e.g. [14, 20—40] and the related references therein.

Lemma 3.2 (See e.g. [21, 22]) Let (X, p) be a complete PMS. Then
(A) Ifp(x,y) =0 then x =y.
(B) Ifx #y, then p(x,y) > 0.
(C) A sequence {x,} is a Cauchy sequence in the PMS (X, p) if and only if it is a Cauchy
sequence in the metric space (X, d,,).
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(D) A PMS (X, p) is complete if and only if the metric space (X, d,,) is complete. Moreover,
lim d,(x,x,) =0 < plx,x) = lim plx,x,) = lim  p(x,,x,). (33)
n—0o0 n—00 n,m—00

(E) Assume x, — z as n — 00 in a PMS (X, p) such that p(z,z) = 0. Then
limy,, 0o p(x,,y) = p(z,y) for every y € X.

Now we derive the analog of Theorem 2.2 in the context of partial metric spaces. In fact,
in the following theorem we conclude not only the existence of a fixed point of the given
mapping but also the uniqueness.

Theorem 3.3 Let (X,p) be a complete partial metric space and let T : X — X be a
self-mapping. Suppose that there exist F € § and t > 0 such that, for all x,y € X with
p(Tx, Ty) > 0,

1
gp(x, Tx) < p(x,y)

px, Ty) + p(y, Tx) })

= T+ F(p(Tx, Ty)) < F<max {p(x,y),p(x, Tx), p(y, Ty), 5

(34)
Then T has a unique fixed point x* € X.

Proof Since every partial metric space is a metric-like space, we obtain the proof by fol-
lowing the proofin Theorem 2.2. Note that the expression w in the inequality (3)

w in the inequality (34). This difference arises due to assumptions

is replaced by
(p2) and (p4) of partial metric spaces. Hence, taking (p2) and (p4) into account, following
the proof in Theorem 2.2 yields the existence of a fixed point (x* € X) of T

We now show the uniqueness of the fixed point of T. Suppose there is another fixed
point y* € X of T, such that x* # y*. Thus from Lemma 3.2, we have p(x*,y*) > 0. From

(p2), we have

1 1
Ep(x*, Tx*) = Ep(x*,x*) <p(x,x") < p(x*,5%).
Thus, from (p,), we obtain (note p(Tx*, Ty*) = p(x*, y*) > 0)

T+ F(p(x*9")) =7 + F(p(Tx*, Ty"))

* 0k * * (%, Ty*) + ", IxY)
§F<max p(x*, "), p(x*, Tx*), p(y ,Ty*),P y 2P(Y })

P(max{ploy) (a0 ), PSP

p*, y%) + p(y*, x) })
2

sF(max p(y")p(x" ") p (" 5")
= F(p(x",5"))-

This is a contradiction, and hence x* = y*. O
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The following two theorems can be obtained easily by repeating the steps in the proof
of Theorem 3.3.

Theorem 3.4 Let (X,p) be a complete partial metric space and let T : X — X be a
self-mapping. Suppose that there exist F € § and © > 0 such that, for all x,y € X with
p(Ix, Ty) > 0,

1
Ep(x, Tx) < px,y) = T+ F(p(Tx, Ty)) < F(max{p(x,y),p(x, Tx), p(y, Ty)}). (35)
Then T has a unique fixed point x* € X.

Theorem 3.5 Let (X,p) be a complete partial metric space and let T : X — X be a
self-mapping. Suppose that there exist F € § and © > 0 such that, for all x,y € X with
p(Ix, Ty) > 0,

1
Ep(x, Tx) < p(x,y) = T+ F(p(Tx, Ty)) < F(p(x,y)). (36)
Then T has a unique fixed point x* € X.

Remark 3.6 On can also easily conclude that the analog of Theorem 3.3-Theorem 3.5 in
the context of metric spaces since each metric space is a partial metric space.
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