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Abstract
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1 Introduction

As a generalization of a metric space, the concept of a probabilistic metric space has been
introduced by Menger [1, 2]. Fixed point theory in a probabilistic metric space is an impor-
tant branch of probabilistic analysis, and many results on the existence of fixed points or
solutions of nonlinear equations under various types of conditions in Menger PM-spaces
have been extensively studied by many scholars (see e.g [3, 4]). In 2006, Mustafa and
Sims [5] introduced the concept of a generalized metric space, based on the notion of
a generalized metric space, many authors obtained many fixed point theorems for map-
pings satisfying different contractive conditions in generalized metric spaces (see [6—12]).
Moreover, Zhou et al. [13] defined the notion of a generalized probabilistic metric space
or a PGM-space as a generalization of a PM-space and a G-metric space. After that, Zhu
et al. [14] obtained some fixed point theorems.

In 2002, Aamri and Moutawakil [15] defined a property for a pair of mappings, i.e., the
so-called property (E.A), which is a generalization of the concept of noncompatibility. In
2009, Fang and Gang [16] defined the property (E.A) for two mappings in Menger PM-
spaces and studied the existence of and common fixed points in such spaces. Recently,
Wu et al. [17] defined a property for two hybrid pairs of mappings satisfying the common
property (E.A) in Menger PM-spaces. Gu and Yin [18] introduced the concept of common
(E.A) property and obtained some common fixed point theorems for three pairs of self-
mappings satisfying the common (E.A) property in generalized metric spaces.
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The aim of this paper is to introduce the common (E.A) property in Menger PGM-
spaces, generalize the algebraic sum @ in [16], and study the common fixed point theorems
for three pairs of weakly compatible self-mappings under strict contractive conditions in
Menger PGM-spaces. Our results do not rely on any commuting or continuity condition
of the mappings.

2 Preliminaries
Throughout this paper, let R = (-00, +00), R* = [0, +00), and Z* be the set of all positive
integers.

A mapping F : R — R" is called a distribution function if it is nondecreasing left-
continuous with sup, g F(t) =1 and inf;eg F(£) =0

We shall denote by Z the set of all distribution functions while H will always denote the
specific distribution function defined by

H() = 0, t<0,
1, t>0.
A mapping A : [0,1] x [0,1] — [0,1] is called a triangular norm (for short, a £-norm) if
the following conditions are satisfied:
1) Aa1)=a;
(2) Ala,b) = A(b,a);
(3) a=b,c>d= Ala,c) > A(b,d);
(4) Ala, A(b,c)) = A(A(a,b),c).
A typical example of a t-norm is A,,, where A,,(a,b) = min{a, b}, for each a,b € [0,1].

Definition 2.1 [13] A Menger probabilistic G-metric space (for short, a PGM-space) is a
triple (X, G*, A), where X is a nonempty set, A is a continuous ¢-norm, and G* is a mapping
from X x X x X into 7 (Gj,, denotes the value of G* at the point (x,y,2)) satisfying the
following conditions:

(PGM-1) Gj;yz(t) =1forallx,y,ze Xand ¢t >0 ifandonlyifx =y =z
(PGM-2) G;xy(t) > G;yz(t) forall x,y,z € X withz#y and £ > 0;

(PGM-3) G;,.(t) =G, (t) = G}, (¢) = --- (symmetry in all three variables);
(PGM-4) xyz(t +8) > A(Gy, ,(5), GZyz(t)) forallx,y,z,a € X and s, £ > 0.

Example 2.1 [13] Let (X, G) be a G-metric space, where G(x,7,2) = |[x—y| + |y —z| + |z —x].
Define G*, (t) = for all x,7,z € X. Then (X, G*, A,,) is a Menger PGM-space.

X),2 t+nyz)

Definition 2.2 [13] Let (X, G*, A) be a Menger PGM-space and x( be any point in X. For
any € > 0 and § with 0 < § <1, and (¢, §)-neighborhood of x; is the set of all points y in X
for which G (¢)>1-6§ and G (€) >1-38. We write

X0:Y5 Y%0,%0

Nxo(e,(S):{yeX G: (e)>1-6,G (e)>1—8},

X0:97Y V%0:%0

which means that Ny (¢, §) is the set of all points y in X for which the probability of the
distance from x to y being less than € is greater than 1 — 4.

Definition 2.3 [13] Let (X, G*, A) be a PGM-space, and {x,} is a sequence in X.
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(1) {x,} is said to be convergent to a point x € X (write x,, — x), if for any € > 0 and
0 < 8 <1, there exists a positive integer M, 5 such that x,, € N, (€, ) whenever
n>Mes;

(2) {x,} is called a Cauchy sequence, if for any € > 0 and 0 < § < 1, there exists a positive
integer M, s such that G:n:xm:xl(e) >1-§ whenever n,m, [ > M, s;

(3) (X,G* A) is said to be complete, if every Cauchy sequence in X converges to a point
in X.

Remark 2.1 Let (X, G*, A) be a Menger PGM-space, {x,} is a sequence in X. Then the
following are equivalent:
(1) {x,} is convergent to a point x € X;

(2) Gy, ., x(t) > 1lasn— oo, forall £ >0;
() Gy, xx(t) > 1asn— oo, forall£>0.

We can analogously prove the following lemma as in Menger PM-spaces.

Lemma2.1 Let (X, G* A) be a Menger PGM-space with A a continuous t-norm, {x,}, {y,},
and {z,} be sequences in X and x,y,z € X, if {x,} — %, {y,} = v, and {z,} > zas n — oco.
Then

(1) liminf,_, o ngmymz"(t) > G;,y,z(t)for all t > 0;

(2) Gt (t+0)>limsup,_, . G: (¢) forall t > 0.

X)),z Xn:YnZn

Particularly, if £, is a continuous point of G, .(-), then lim,—. o0 Gx, 4,2, (f0) = Gx,y,z(t0).

Lemma 2.2 [14] Let (X, G*, A) be a Menger PGM-space. For each € (0,1], define a func-
tion G by

G (x,9,2) = iItlf{t >0:G*

%92

(t)>1—A},

forx,y,z € X, then
(1) Gi(x,9,2) <t if and only l.fG;ck,y,z(t) >1—A;
(2) Gi(x,9,2) =0 forall » € (0,1] ifand only ifx = y = z;
(3) G2 =G (1,x%,2) =G (y,2,%) =- - -;
(4) if A = Ay, then for every X € (0,1], G{(x,9,2) < G} (x,a,a) + G} (a,,2).

Definition 2.4 [19] Let f and g be self-mappings of a set X. If w = fx = gx for some x in X,
then x is called a coincidence point of f and g, and w is called point of coincidence of f
and g.

Definition 2.5 Let S and T be two self-mappings of a Menger PGM-space (X, G*, A).
S and T are said to be weakly compatible (or coincidentally commuting) if they commute
at their coincidence points, i.e., if Tu = Su for some u € X implies that TSu = STu.

Definition 2.6 [18] Let (X,d) be a G-metric space and A, B, S, and T four self-mappings
on X. The pairs (4, S) and (B, T) are said to satisfy the common (E.A) property if there exist
two sequences {x,} and {y,} in X such that lim,_, o Ax, = lim,_, Sx, = lim,_, o By, =
lim,, oo Ty, = t for some ¢ € X.
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Definition 2.7 Let (X,G*, A) be a Menger PGM-space and A, B, S, and T four self-
mappings on X. The pairs (4,S) and (B, T) are said to satisfy the common (E.A) prop-
erty if there exist two sequences x, and y, in X such that lim,_, o Ax, = lim,_, o Sx, =

lim,,_, oo By, = lim,_, o Ty, = t for some ¢ € X.

Definition 2.8 [16] Let Fy, F, € &. The algebraic sum F; & F, of F; and F; is defined by

(FL® F>)(t) = sup min{Fi(1),F>(t)} (2.1)

t1+ty=t
forallz e R.
As a generalization, we give the following definition.

Definition 2.9 Let Fy, F, F3 € 9. The algebraic sum F; @ F, ® F; of Fy, F,, and F; is defined
by

(FL®@F, ®F3)(t)= sup min{F(t1), Fy(t,), F5(t3)} (2.2)

t1+ty+t3=t
forall £t € R.
Remark 2.2 Let F3(¢) = H(t), then (2.1) and (2.2) are equivalent.

Definition 2.10 [20] Let ¢ : R* — R* be a function and ¢"(£) be the nth iteration of ¢(¢),
(i) ¢ is nondecreasing;
(ii) ¢ is upper semi-continuous from the right;
(i) Y o2y @"(t) < +oo forall £ > 0.
We define @ the class of functions ¢ : R* — R* satisfying conditions (i), (ii), and (iii).

Lemma 2.3 Let (X, G*, A) be a Menger PGM-space and x,y,z € X. If there exists ¢ € D,
such that

ij‘y,z(¢>(t) +0) > G, (D), (2.3)
forallt>0.Thenx=y=z.
Proof Let A € (0,1] and we put a = G} (x,,2). Since ¢(-) is upper semi-continuous from

the right at the point a, for given € > 0, there exists s > a such that ¢(s) < ¢(a) + €. By
Lemma 2.2, s > G5 (%, y,y) implies that G;,yvz(s) >1-A. So, it follows from (2.3) that

G;k,yyz(q')(s) +€) > G;vyyz(qﬁ(s) +0) > Gyyo(8)>1 -2,
which implies that G5 (x,y,2) < ¢(s) + € < ¢(a) + 2¢. By the arbitrariness of €, we get a =

G (%,9,2) < ¢(a), thus a = 0, i.e., G}(x,9,2) = 0. By (2) of Lemma 2.2, we conclude that
x=y=2z 0
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3 Main results
In this section, we will establish some new common fixed point theorems in Menger PGM-

spaces.

Theorem 3.1 Let (X, G*, A) be a Menger PGM-space. Suppose the self-mappings f, g, h,
R, S,and T : X — X satisfy the following conditions:

}kx,gy,hz (¢ (t)) z min { G;;x,Sy, Tz (t)’ G}(x,Rx,Rx (t)’ G;y,Sy,Sy (t)’ GZZ,TZ,TZ(t)’
[G}kx,Sy, Tz D G;k?x,gy, Tz @ G;k?x,Sy,hz] (?’t )’

[ };c,gy,Tz ® G}kx,Sy,hz ® G}k?x,gy,hz](?’t)} (3-1)

forallx,y,andz € X, t >0, where ¢ € ®. If one of the following conditions is satisfied, then
the pairs (f,R), (g,S), and (h, T) have a common fixed point of coincidence in X:
(i) the subspace Rx is closed in X, fx C Sx, gx C Tx, and the two pairs of (f,R) and (g, S)
satisfy the common (E.A) property;
(ii) the subspace Sx is closed in X, gx C Tx, hx C Rx, and the two pairs of (g,S) and
(h, T) satisfy the common (E.A) property;
(ili) the subspace Tx is closed in X, fx C Sx, hx C Rx, and the two pairs of (f,R) and
(h, T) satisfy the common (E.A) property.
Moreover, if the pairs (f,R), (g,S), and (h, T) are weakly compatible, thenf, g, h, R, S, and

T have a unique common fixed point in X.

Proof First, we suppose that the subspace Rx is closed in X, fx C Sx, gx C Tx, and the
two pairs of (f, R) and (g, S) satisfy the common (E.A) property. Then by Definition 2.6 we

know that there exist two sequences {x,} and {y,} in X such that

g = 0 R = 0 o = 000, Sn =

n—00

for some ¢ € X. Since gx C Tx, there exists a sequence {z,} in X such that gy, = Tz,. Hence
lim,,_, oo 12, = a. Next, we will show lim,,_, », iz, = a. In fact, if lim,_, o hz, = z # a, then

from (3.1) we can get

G}kxn,gyn,th (¢(t)) 2 min { G;‘?xn.S;vn,Tzn (t)’ Gj:mexanxn (t)’ G;J’nvsyn»syn (t)’ GZZmTZn»TZn (t)’
[G}Fxn,Syn,Tzn @ G};xn,gyn,Tzn ® G}k?xn,Syn,hz,,](St)’

[ }kxnvgyn:TZn ® G}kxnysyn.hzn @ G}k?xn,gyn,hz,,](gt)}'

On letting n — 00, and by (2) of Lemma 2.1, we can obtain

G} ,.(¢(t) + 0) = limsup Gl mhon (9(2)
n—0o0
> min [ L,1,1,G;, (),

hm [G};nvs}’n:Tzn @ G}.;xnvg)/anZn @ G}k?meyn,hzn](%)’

n—00

lim [Gfxn:gyanZn ® G;xn,syn,th @ G;;xnvgynvhzn](gt)}' (32)

n—00
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In addition, by Definition 2.7, it is easy to verify that

*
nlLIgO[Gfx Sy, Tzn S2] GRx,, 8VnsTzn 2] GRxn Syn» hz,,](gt)

> hm mln { Gfx Syn,Tzn (t) G;xn &> Tzn (t)’ G;k?xn'synyhzn (t)}

n— 00

@), G

> min{G: (), G r a0} =G

a,a,a

Similarly, we also have

nlinolo[Gfxn &Vn:Tzn ® Gfxn Syn.hzn ® GRxn £Yn» hz,,] (Bt) z G: a, Z( )

Then (3.2) is

HﬂZ(¢(t) +0) z GZaz( )

for all £ > 0. By Lemma 2.3, we have a = z. So, lim,,_,» hz, = a.

Page 6 of 14

(3.3)

Since Rx is a closed subset of X and lim,,_, ., Rx,, = a, there exists p € X such that a = Rp,

we claim that fp = a. Suppose not, then by using (3.1), we obtain

};’vgynrhzn (¢(t)) > min { GRP Syn:Tzn (t) Gfp Rp,Rp (t) gyn SynsSyn (t) GZzn,Tz,,,Tz,, (t)’

[G};J,Syn,Tzn S G}k?pgyn Tzy S2] G}kep,Syn,hzn](gt)’

[ijp,gymTZn b G}kp,Syn,th ® Gzp,gymhm](gt)} ’

Taking n — oo on the two sides of the above inequality, similar to (3.3), we get

G};v“’a (¢(t) + 0) z min{l’ G;pv“'a (t)’ LL nanc;lo[G_;’Syanzn ® G};Pg}/n Tzp ® G};P’Syn»hzn](gt)’

lim [GngJ’n Ten D Gl syizn D GRpgyn, iz ] (32)

n—00 }

> min{1,G;,,,(0,1,1,G;,, (), G}, ,(0)} = G}, , ,(8).

By Lemma 2.3, we have fp = a = Rp. Hence, p is the coincidence point of the pair (f, R).
By condition fx C Sx and fp = a, there exists u € X such that a = Su. Now we claim that

gu = a. In fact, if gu # a, then from (3.1), we have

};,gu,hzn (¢(t)) z mln{ G}k?p,Su,Tzn (t)’ G}kp,Rp,Rp (t)’ G;u,Su,Su (t)’ GZzn,Tzn,Tzn (t)’
[Gf*p,Su,sz, 2] G}kepgu Tz, 2] G}kep,Su,hzn](gt)’

[Gf*p,gu, Tzn D Gj;a,Su,hzn D G;;p,gu,hzn ] (3t) } .

Letting n — oo on the two sides of the above inequality, we get

G:gu u(¢( ) + 0) = mln{l 1 Ggua ﬂ( )’ 1’ nli)ngo[G;p,Su,Tzn S G}:p,gu,Tzn S G;(?p,Su,hzn](St)’

nlipgo[G;,gu,Tzn S G}k}?,Su,hzn @ Rpgu hzy (St)}

> min{1,1, Griaa )1, Gl (D), G:g,m(t)} G gua®)-
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By Lemma 2.3, we can also obtain gu = 4, and so u is the coincidence point of the pair

S).

Since gX C TX, there exists v € X such that a = Tv. We claim that &v = a. If not, from
(3.1), we have

G (B() +0) = Gl (9(0))
= min{Gpy 5., 1(8), Gy vy o (O G558 G i, ()
(G5t ® Glpguts @ G| (30
(Gl © Gl © Grpgun )3}
= min{L, L1, G, 00, [Gu © Gl ® G ]31),
(Gl ® Gy ® G| 30)}

= min{l’ 1’ 1’ GZv,a,a(t)’ GZ,a,hv(t)’ :,a,hv(t)} = :,a,hv(t)‘

By Lemma 2.3, we have hv = a = Tv, so v is the coincidence point of the pair (4, T).
Therefore, in all the above cases, we obtain fp = Rp = a, gu = Su = hv = Tv = a. Now, weak
compatibility of the pairs (f, R), (g,S), and (i, T) give fa = Ra, ga = Sa, and ha = Ta.
Next, we show that fz = a. In fact, if fa # a, then from (3.1) we have

}ka,u,a (¢(t) + O) 2 mln{ G;(?u,Su, Tv(t)’ Gf*a,Ra,Ra (t)’ G;u,Su,Su (t)’ GZV,TV, Tv(t)’
[G;a,Su,Tv @ GZa,gu, Tv @ G;k?u,Su,hv] (Bt)’

[G}ka,gu,Tv ® G}(a,Su,hv S G}k?u,gu,hv] (St)}
> min{G}, ., LLL[Gh oy ® Ghyne ® Ghaga) (30

"fa,a,a

[ }ka,a,a 2] G;a,a,hv 2] G}k%a,a,a](gt)}

> min{1,1,1, Ghina(t) Ghaa(t), G};,ﬂyu(t)} =G}, q(0).

From Lemma 2.3 we know fa = a and so fa = Ra = a. Similarly, it can be show that ga =
Sa =a and ha = Ta = a, so we get fa = ga = ha = Ra = Sa = Ta = a, which means that a is a
common fixed pointof f, g, 1, R, S, and T.

Next, we will show the uniqueness. Actually, suppose that w € X, w # a is another com-
mon fixed point of f, g, i, R, S, and T. Then by (3.1), we have

G;,a,a (¢(t) + 0) Z min { G;;w,Sa,Ta (t)’ }kw,Rw,Rw(t)’ G;a,Sa,Sa (t)’ GZa,Ta,Ta (t)’
[G;W,Sa,Tu @ G}k?w,ga,Ta @ Gj:(’w,Sa,ha] (Bt)’

[G;w,ga,Tu 2] G;W,Sa,hu @ G;k?w,gu,lm](gt)}
> min{G},,,(0,1,1,1,[G,,, ® G, ® G, ,](30),

w,a,a

%
[Gw,a,a

@ G:/,a,hv 52 G;,a,a](gt)}

>min{1,1,1,G} (), G}, .(0), G, (D)} = G, (D).

w,a,a

By Lemma 2.3 we have a = w, a contradiction, so, f, g, /1, R, S, and T have a unique common

fixed point.
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Finally, if condition (ii) or (iii) holds, then the argument is similar to the above, so we

omit it. This completes the proof of Theorem 3.1. d
Taking ¢(£) = 1t, A € (0,1), then we can obtain the following results.

Corollary 3.1 Let (X, G*, A) be a Menger PGM-space. Suppose the self-mappings f, g, h,
R, S,and T : X — X satisfy the following conditions:

}kx,gy,hz ()"t) z min { G}k%x,Sy, Tz (t)’ G;x,Rx,Rx (t)’ G;y,Sy,Sy (t)’ G;klz, Tz,1z (t)’
[G}kx,Sy, Tz @ G;F%x,gy,Tz ©® G}k%x,Sy,hz] (Bt)’

[G}kx,gy,Tz @ G}kx,Sy,hz ® G}k?x,gy,hz] (Bt)}

forallx,y,and z € X, where A € (0,1). If one of the following conditions is satisfied, then the
pairs (f,R), (g,S), and (h, T) have a common fixed point of coincidence in X:
(i) the subspace Rx is closed in X, fx € Sx, gx C Tx, and the two pairs of (f,R) and (g, S)
satisfy the common (E.A) property;
(ii) the subspace Sx is closed in X, gx C Tx, hx C Rx, and the two pairs of (g,S) and
(h, T) satisfy the common (E.A) property;
(iii) the subspace Tx is closed in X, fx C Sx, hx C Rx, and the two pairs of (f,R) and
(h, T) satisfy the common (E.A) property.
Moreover, if the pairs (f,R), (g,S), and (h, T) are weakly compatible, the f, g, h, R, S, and

T have a unique common fixed point in X.

Theorem 3.2 Let (X, G*, A) be a Menger PGM-space. Suppose self-mappings f, g, h, R, S,
and T : X — X satisfying the following conditions:

}kx,gy,hz(t) = W{m(x»y» z t)} (3-4)
forall x,y, and z € X, where

m(x, VD t) = min{GZx,Sy, Tz(t)’ G;x,Rx,Rx(t)’ G;y,Sy,Sy(t)’ G;’;Z,TZ,TZ(t)’
[ }kx,Sy,Tz ® G;F{x,gy,Tz ® G}k?x,Sy,hz](gt)’

[G}kx,gy,Tz ® G}Fx,Sy,hz ® G;Fbc,gy,hz] (St) }’

Y is continuous and W (t) > t for all t > 0. If one of the following conditions is satisfied, then
the pairs (f,R), (g,S), and (h, T) have a common fixed point of coincidence in X:
(i) the subspace Rx is closed in X, fx C Sx, gx C Tx, and the two pairs of (f,R) and (g, S)
satisfy the common (E.A) property;
(ii) the subspace Sx is closed in X, gx C Tx, hx C Rx, and the two pairs of (g,S) and
(h, T) satisfy the common (E.A) property;
(ili) the subspace Tx is closed in X, fx C Sx, hx C Rx, and the two pairs of (f,R) and
(h, T) satisfy the common (E.A) property.
Moreover, if the pairs (f,R), (g,S), and (h, T) are weakly compatible, the f, g, h, R, S, and

T have a unique common fixed point in X.
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Proof First, we suppose that condition (i) is satisfied. Then there exist two sequences {x,}
and {y,} in X such that

lim fx, = hm Rx, = hm n gy = hm Syn =1,
n—00
for some ¢ € X.
Since gx C Tx, there exists a sequence {z,} in X such that gy, = Tz,. Hence lim,,_, o Tz, =
a. We claim that lim,,_, » 5z, = a. In fact, if lim,,_, , hz, = z # a, it is not difficult to prove
that there exists ¢y > 0 such that

V(G (t0)) > G (t0). (3.5)

If not, we have G}, , (£) > (G, .(?)) > G,

a,a,z a,a,z

by (3.4), there exists £y > 0 such that

(t) for all ¢ > 0, which is a contradiction. Then

}kx,,,gyn,hzn (tO) > w{m(xmymzm tO)}’ (36)

where

W {m(xnrynx Zn» tO)}
= w {mln{ szn,Syn,Tzn (tO)’ G}kxn,Rxn,Rxn (tO)’ G;yn,Syn,Syn (tO)’ GZzn,Tzn,Tzn (tO)’

* * *
[Gfxn,syn‘TZn @ GRxnvgJ’anZn @ GRxnySyn:th](gtO)’

[Gf*xn,gyy,,Tzn @ G;xn,Syn,hzn @ G;k?xn,gyn,hzn](gt())} } (37)

Letting n — o0 in (3.7) and by the property of ¥, we can obtain

lim w{m(x,,,yn,zmto)}

n—00

= w { lim mln{GRxn Syn,Tzn (tO) Gfxn Rxy,Rxy, (tO) gyn SYi,Syn (tO)’ GZzn,Tzn,Tz,,, (tO)’
[G;xnxsyanzn @ szn,gy,,,Tz,, @ G;xmsyn,hzn](?’to);

[Gf*xn:g)’anZn ® G;xn,Syn,th ® G}k?xn,gyn,hzﬂ](gt())} } (3.8)

As the proof of Theorem 3.1, we know

lim [Gfx Syn>Tzn @ G;;xn &> Tzn ® GRxn Syn hzn](?’t()) = G: uz( )

n—00

lim [Gfxn &V Tzn D Gfxn Syn.hzn D GRxﬂ V> hzn] (3t0) = GZ a, z(tO)'

n—00

Then (3.8) is

lim w{m(x,,,yn,z,,,to)} w{mm{l L1,G;, (%), G}, .(t), G;‘,M(to)}}

=Y {Gl,.(00)}. (3.9)
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Without loss of generality, we assume that £, in (3.5) is a continuous point of G, ,(-). By
the left-continuity of the distribution function and the continuity of ¥, there exists § > 0
such that

¥ (G} ,.(1) > G} .. (0),

for all £ € (¢y — 8, to]. Since G, ,(-) is nondecreasing, the set of all discontinuous points of
G,4.(+) is a countable set at most. Thus, when ¢, is a discontinuous point of G, 7;,5,(-),
we can choose a continuous point # of Gz, 1,,5,(-) in (£ — 8, %] to replace £,.

Letn — oo in (3.6), then we have G}, , (t0) > ¥ {G, , .(t0)}, which contradicts (3.5). Then

a,a,z
a =z lim,_, o, hz, = a.

Since Rx is a closed subset of X and lim,,_, o, Rx,, = a, there exists p in X such that a = Rp,
we claim that fp = a. Suppose not, then by using (3.4), we obtain

G};,gyn,hzn &=y {min{G}kep,syn,Tzn (®), G}:y,Rp,Rp (@), G;yn,Syn,Syn (@), GZZ,,,TZ,“TZ,, (),
[G;p,Syn,Tzn 2] G}kip,gyn,Tzn S2) G}k?p,Syn,hzn](gt)’
[G;P:gyn:TZn ® G;ﬂ,Syn,th ® G;p,gyn,hzn](gt)} }
Similarly, we can get fp = Rp = a. Hence, p is the coincidence point of the pair (f, R).

By the condition fx C Sx and fp = 4, there exists u € X such that 4 = Su. Now we claim
that gu = a. In fact, if gu # a, then from (3.4), we have

G}kp,gu,hzn (t) 2 w {mln{ G}kep,Su, Tzy (t)’ G};?,Rp,Rp (t)’ G;u,Su,Su (t)’ GZz,,,Tzn,Tzn (t)’
[G;p,Su, Tz S G;p,gu, Tzy ® G}k{p,Su,hzn ] (3 3 )’
[G}kpvg"’vTZVl @ Gf*p)suvhzn @ G;prgurhzn ] (Bt) } };

in the same way, we can also obtain gu = g, and so u is the coincidence point of the pair

g39).
Since gX C TX, there exists v € X such that a = Tv. We claim that &v = a. If not, from
(3.4) and the property of i, we have

g (D) = W {min{GZp,Su,Tv(t)’ G, rorp () G 51,50 (8) Gy, 1,13 (8)

[Ghsi1s @ Grpgutv ® Grpsuin ) (31),
(Gt ® Gl s D Grpum] 3D} }

= ¥{min{L,1,1, G}, 1), [GF 00 ® Gla ® G| 30),
[Glna ® Gaa © Glain] 3D}

> Y{min{1,1,1, G}, 4 (8), G} (8), Gl (0)}}

= ¥{GLn®} > G o),

a contradiction. Hence sv = Tv = g, and so v is the coincidence point of the pair (4, T).
Therefore, in all the above cases, we obtain fp = Rp =a, gu =Su=a, and hv = Tv = a.

Now, the weak compatibility of the pairs (f, R), (g,S), and (i, T) give fa = Ra, ga = Sa, and
ha = Ta.
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Next, we show that fz = a. In fact, if fa # a, then from (3.4) we have

e = WAMIN{ Gy, 5, 1/(8), GF, v ra ) G550 (8, Gl 3,13 (8),
(Ghusir ® Gragu s ® Gasuin) 30 [ Gl ® Gsiim © Gragun]30)
= Y {min{Gr,0a (0, LLL[Gf 0 ® Grana D Graa) B1),
(Gl ® Gl ® Gl B0}
> Y {min{1,1,1,G}, , ,(£), G}, 4(£), G} 0 a(8)}}

= V{Glua®)} > Gl ®),

which is a contradiction, hence fa = a and so fa = Ra = a. Similarly, it can be shown that
ga =Sa =a and ha = Ta = a, so we get fa = ga = ha = Ra = Sa = Ta = a, which means that
a is a common fixed point of f, g, i, R, S, and T

Next, we will show the uniqueness. Actually, suppose that w € X, w # a is another com-
mon fixed point of f, g, i, R, S, and T. Then by (3.4), we have

Gra(t) = W{min{ G, o0 72 (), Gy o G 5,50 G 10,10 0);
[G;W,Sa,Ta ® Grugama ® Grw,sana) (BE),
[Gluea 1 ® Glusana ® Grugana B0}
> ¢ {min{G}, ,,(),1,1,1,(G},,, ® G, ® Gl,,](30),
[Ghra ® Gy @ G| 30}
> y{min{1,1,1, G}, ,(8), G}, (), G}, ., (O}}

= w{ wzza( )} > G;aa( )

which is a contradiction, so f, g, s, R, S, and T have a unique common fixed point.
Finally, if condition (ii) or (iii) holds, then the argument is similar to the above, so we
omit it. This completes the proof of Theorem 3.2. d

Taking ¥ () = pt, p € (1, +00), then we can obtain the following results.

Corollary 3.2 Let (X, G*, A) be a Menger PGM-space. Suppose the self-mappings f, g, h
R, S,and T : X — X satisfy the following conditions:

}kx,gy hz(t) zZp mln{ GRx ,SY, Tz(t) Gfx Rx, Rx(t) gy Sy, Sy(t)’ GZZ,TZ,TZ(t)’
[G;x,Sy, Tz @ G;:’x,gy, Tz @ G;k?x,Sy,hz] (St)’

[G}(x,gy,Tz S G;x,Sy,hz S sz,gy,hz] (Bt)}’

forall x,y, and z € X, where p € (1,+00). If one of the following conditions is satisfied, then
the pairs (f,R), (g,S), and (h, T) have a common fixed point of coincidence in X:
(i) the subspace Rx is closed in X, fx C Sx, gx C Tx, and the two pairs of (f,R) and (g, S)
satisfy the common (E.A) property;
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(ii) the subspace Sx is closed in X, gx C Tx, hx C Rx, and the two pairs of (g,S) and
(h, T) satisfy the common (E.A) property;

(ili) the subspace Tx is closed in X, fx C Sx, hx C Rx, and the two pairs of (f,R) and
(h, T) satisfy the common (E.A) property.

Moreover, if the pairs (f,R), (g,S), and (h, T) are weakly compatible, the f, g, h, R, S, and
T have a unique common fixed point in X.
4 An application

In this section, we will provide an example to exemplify the validity of the main result.

Example 4.1 Let X = [0,1], G;y,z(t) = m, from Example 2.1, we know

(X, G*, A) is a PGM-space. We define the mappings f, g, i, R, S, and T by

0, x€(0,1], 0, x€(0,1],
fx: 1 (1 i] gx: 1 (1 i]

7) X € E) ’ g: X e Ey ’

0, x€[0,1], 0, x€l0,1],
hx =14 [1 2 Rx=1, [1 d

6’ xe(—,l], 3 xE(E,l],

0, x€l0,3), 0, x€[0,3],
Sx=11%, x=1, Tx=1% =x=1,

3, xe(31, 2, xe(31l.

Noting that f, g, &, R, S, and T are discontinuous mappings, RX is closed in X. From the
definition of f, g, 1, R, S, and T, we have fx C Sx, gx C Tx; let x,, = % + %, Y = % + %, then
the pairs (f,R) and (g, S) satisfy the common (E.A) property. Thus, the condition (i) in
Theorem 3.1 is satisfied. It is not difficult to find that (f,R), (g,S), and (k, T) are weakly

compatible. Let ¢(¢) = % (t). Next we will show that (3.1) is also satisfied.

To prove (3.1), we just need to show G;x,gy,hz(¢(t)) > G;}x,Sy,Tz(t); we discuss the following
cases.

Case (1). For x,7,z € [0, %], we have Gf*x,gy,hz(¢(t)) =1, then (3.1) is obviously satisfied.
Case (2). Forx,y,z € (%, 1], we have

t t
sk G*
"f.gy,hz (¢ (t)) 1 z 7 Rx,Sy,Tz(t)‘
t+ 5 t+ 0

Case (3). Forx,y € [0, %], z€ (%, 1], it is not difficult to find that Gj%x,Sy,Tz(t) = :%é’ neither
y € [0, %) nor y = % On the other hand, G;x,gy,hz(d’(t)) = ﬁ, we have

gz (@@®) = GRa,sy,7:(0)-
Case (4). For x,z € [0, %], ye (%,1], similar to Case (3), we have

t
Grgrie(#(0)) = PO z PO GRasy, 12(1)-
5 2

Case (5). Fory,z € [0, %], X € (%, 1], we have G}*xygy,hz(¢(t)) £

=7 Next we divide the study
5
into two subcases.
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(a) Ify=z=3,x € (3,1], we have Gy, g, 1,(t) = @, then

G;x,gy,hz (¢ (t)) z G}k?x,Sy, Tz (t) .

(b) Ify# 1 orz#3,x€(3,1], we have Ghu,sy,7:() = é, then

G;x,gy,hz (d) (t)) z G;;x,Sy, Tz (t)

is also satisfied.
Case (6). For x € [0, %], Y, 2 € (%,1], we have

t t

> —5 =Gp ().
4 = 3 Rx,Sy, Tz
t+ 5 t+ 3

}kx,gy,hz (¢ (t)) =

Case (7). Fory € [0, %], X,z € (%, 1], we have G;x,gy,hz((p(t)) = ﬁ. Next we divide the study
into two subcases.
(a) Ify €0, 3), %,z € (3,1], we have Gy, 12(0) = :%4’ then
3

G_?x,gy,hz (('b (t)) z G}k?x,Sy, Tz (t) .

(b) Ify=1,x2€(3,1], we have Gy, 7:(t) = ﬁ, then
21

1
2
G}kx,gy,hz (¢ (t)) z G}kix,Sy, Tz (t) .

Case (8).Forz € [0, %], X,y € (%, 1], we have }kx'gy,hz((j)(t)) = @. Next we divide the study
into two subcases.
(a) Ifz€[0,3), %,y € (3,1], we have Gy, 1) = t%’” then
3

G;x,gy,hz (¢ (t)) z G;x,Sy, Tz (t) .

(b) Ifz= 3,2,y € (3,1], we have Gj, 5, () = ~'5, then
i

G;x,gy,hz (¢ (t)) z G;;x,Sy, Tz (t) .

Then in all the above cases, f, g, &, R, S, and T satisfy the conditions (3.1) and (i) of
Theorem 3.1. So, f, g, i, R, S, and T have a unique common fixed point in [0,1]. In fact, 0
is the unique common fixed point of f, g, i, R, S, and 7.
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