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Abstract
In this paper, we consider, discuss, improve, and complement recent fixed points
results for mappings satisfying cyclical contractive conditions established by Pacurar
and Rus (Nonlinear Anal. 72:1181-1187, 2010) and Chandok and Postolache (Fixed
Point Theory Appl. 2013:28, 2013). By using a new lemma we get much shorter and
nicer proofs of some results with the new concept of mappings.
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1 Introduction and preliminaries
It is well known that the Banach contraction principle [] is one of the fundamental results
in nonlinear analysis and fixed point theory, in general. It has various applications in many
branches of applied sciences. Also, there are several extensions and generalizations of this
principle. For example, Kirk et al. [] obtained an extension of the Banach principle for
mappings satisfying cyclical contractive conditions. They also proved in [] Edelstein’s,
Boyd-Wong, Geraghty and Caristy type theorem for new concept of mappings. For some
other generalizations also see ([, ] and []).

Following [], in  [], Pacurar and Rus proved a fixed point theorem for cyclic
ϕ-contractions. Also, very recent, following ideas from [], Chandok and Postolache []
proved a fixed point theorem for weakly Chatterjea-type cyclic contractions.

However, in the present paper, we show that all these results established in [] and []
are in the fact equivalent with well-known ordinary fixed point results in literature.

Let us start by recalling a definition from [, ], and [].

Definition . [] Let X be a non-empty set, p ∈ N, and f : X → X a map. Then we say
that

⋃p
i= Ai (where ∅ �= Ai ⊆ X for all i ∈ {, , . . . , p}) is a cyclic representation of X with

respect to f if and only if the following two conditions hold:
(I) X =

⋃p
i= Ai;

(II) f (Ai) ⊆ Ai+ for  ≤ i ≤ p – , and f (Ap) ⊆ A.

In  [] Kirk et al. proved the following result.
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Theorem . [] Let {Ai}p
i= be non-empty closed subsets of a complete metric space, and

suppose F :
⋃p

i= Ai → ⋃p
i= Ai satisfies the following conditions (where Ap+ = A):

() F(Ai) ⊂ Ai+ for  ≤ i ≤ p;
() ∃k ∈ (, ) such that d(F(x), F(y)) ≤ kd(x, y) ∀x ∈ Ai, y ∈ Ai+ for  ≤ i ≤ p.
Then F has a unique fixed point.

Remark . It is not hard to see that Theorem . holds if k = . Also, it easily follows that
Picard’s sequence {Fnx} converges to a unique fixed point of F for all x ∈ X.

Definition . [] A function ϕ : [,∞) → [,∞) is called a comparison function if it
satisfies:

(i)ϕ ϕ is increasing, i.e., t ≤ t implies ϕ(t) ≤ ϕ(t), for t, t ∈ [,∞);
(ii)ϕ (ϕn(t))n∈N converges to  as n → ∞, for all t ∈ (,∞).

There is a rich literature referring to ϕ-contractions, i.e., a self-operator defined on a
metric space, which satisfies

d
(
f (x), f (y)

) ≤ ϕ
(
d(x, y)

)
(.)

for any x, y ∈ X, where ϕ is a comparison function.

Definition . [] A function ϕ : [,∞) → [,∞) is called a (c)-comparison function if it
satisfies:

(i)ϕ ϕ is increasing, i.e., t ≤ t implies ϕ(t) ≤ ϕ(t), for t, t ∈ [,∞);
(ii)ϕ there exist k ∈ N, a ∈ (, ) and a convergent series of nonnegative terms

∑∞
k= vk

such that

ϕk+(t) ≤ aϕk(t) + vk , (.)

for k ≥ k and any t ∈ (,∞).

The following result is well known.

Lemma . [] If ϕ : [,∞) → [,∞) is a (c)-comparison function, then the following
hold:

(i) ϕ is a comparison function;
(ii) ϕ(t) < t, for any t ∈ (,∞);

(iii) ϕ is continuous at ;
(iv) the series

∑∞
k= ϕk(t) converges for any t ∈ (,∞).

Let Pcl(X) denote the collection of non-empty closed subsets of X. Then we have the
following.

Definition . [] Let (X, d) be a metric space, m a positive integer, A, . . . , Am ∈ Pcl(X),
Y =

⋃m
i= Ai, and f : Y → Y an operator. If:

(i)
⋃m

i= Ai is a cyclic representation of Y w.r.t. f ;
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(ii) there exists a comparison function ϕ : [,∞) → [,∞) such that

d
(
f (x), f (y)

) ≤ ϕ
(
d(x, y)

)
(.)

for any x ∈ Ai, y ∈ Ai+, where Am+ = A, then f is a cyclic ϕ-contraction.

The main result of [] is the following.

Theorem . [] Let (X, d) be a complete metric space, m a positive integer, A, . . . , Am ∈
Pcl(X), Y =

⋃m
i= Ai, ϕ : [,∞) → [,∞) a (c)-comparison function and f : Y → Y an oper-

ator. Assume that:
(i)

⋃m
i= Ai is a cyclic representation of Y with respect to f ;

(ii) f is a cyclic ϕ-contraction.
Then:
() f has a unique fixed point x∗ ∈ ⋂m

i= Ai and the Picard iteration {xn}n≥ given by
xn = f (xn–), n ≥  converges to x∗ for any starting point x ∈ Y .

() The following estimates hold:

d
(
xn, x∗) ≤

∞∑

n=

ϕn(d(x, x)
)
; (.)

d
(
xn, x∗) ≤

∞∑

n=

ϕ
(
d(xn, xn+)

)
. (.)

() For any x ∈ Y :

d
(
x, x∗) ≤

∞∑

n=

ϕk(d
(
x, f (x)

))
. (.)

It is worth to notice that Theorem . is a cyclical-type extension of the following ordi-
nary fixed point theorem.

Theorem . Let (X, d) be a complete metric space, and f : X → X an operator. Assume
that there exists a (c)-comparison function ϕ : [,∞) → [,∞) such that

d
(
f (x), f (y)

) ≤ ϕ
(
d(x, y)

)

for all x, y ∈ X.
Then:
() f has a unique fixed point x∗ ∈ X and the Picard iteration {xn}n≥ given by

xn = f (xn–), n ≥  converges to x∗ for any starting point x ∈ X .
() The following estimates hold:

d
(
xn, x∗) ≤

∞∑

n=

ϕn(d(x, x)
)
; (.)

d
(
xn, x∗) ≤

∞∑

n=

ϕ
(
d(xn, xn+)

)
. (.)
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() For any x ∈ X :

d
(
x, x∗) ≤

∞∑

n=

ϕk(d
(
x, f (x)

))
. (.)

Definition . [] Let � denote the set of all monotone increasing continuous functions
μ : [,∞) → [,∞), with μ(t) = , if and only if t = , and let � denote the set of all lower
semi-continuous functions ψ : [,∞) → [,∞), with ψ(t, t) > , for t, t ∈ (,∞) and
ψ(, ) = .

Definition . [] Let (X, d) be a metric space, m be a natural number, A, A, . . . , Am,
be non-empty subsets of X and Y =

⋃m
i= Ai. An operator T : Y → Y is called a weakly

Chatterjea-type cyclic contraction if:
()

⋃m
i= Ai is a cyclic representation of Y with respect to T ;

() μ(d(Tx, Ty)) ≤ μ( 
 (d(x, Ty) + d(y, Tx))) – ψ(d(x, Ty), d(y, Tx)) for all x ∈ Ai, y ∈ Ai+,

i = , , . . . , m, where Am+ = A, μ ∈ �, and ψ ∈ � .

In [] the authors proved the following result.

Theorem . [] Let (X, d) be a complete metric space, m ∈ N, A, A, . . . , Am be non-
empty closed subsets of X and Y =

⋃m
i= Ai. Suppose that T is a weakly Chatterjea-type

cyclic contraction. Then Thas a fixed point z ∈ ⋂m
i= Ai.

It is obvious that Theorem . is a cyclical-type extension of the following ordinary
fixed point theorem.

Theorem . Let (X, d) be a complete metric space, T : X → X be (so-called Chatterjea-
type contraction) such that

μ
(
d(Tx, Ty)

) ≤ μ

(


(
d(x, Ty) + d(y, Tx)

)
)

– ψ
(
d(x, Ty), d(y, Tx)

)
, (.)

for all x, y ∈ X, μ ∈ � and ψ ∈ � . Then T has a unique fixed point.

2 Main results
Here we will prove and use the following (new, useful, and very significant) result in proofs
of cyclic-type results (see also the proof of [], Theorem . as well as [], Lemma .).

Lemma . Let (X, d) be a metric space, f : X → X be a mapping and let X =
⋃p

i= Ai be a
cyclic representation of X w.r.t. f . Assume that

lim
n→∞ d(xn, xn+) = , (.)

where xn+ = fxn, x ∈ A. If {xn} is not a Cauchy sequence, then there exist a ε >  and two
sequences {n(k)} and {m(k)} of positive integers such that the following sequences tend to
ε+ when k → ∞:
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d(xm(k)–j(k), xn(k)), d(xm(k)–j(k)+, xn(k)),

d(xm(k)–j(k), xn(k)+), d(xm(k)–j(k)+, xn(k)+),

where j(k) ∈ {, , . . . , p} is chosen so that n(k) – (m(k) – j(k)) ≡  (mod p), for each k ∈N.

Proof If {xn} is not a Cauchy sequence, then there exist ε >  and sequences {n(k)} and
{m(k)} of positive integers such that

n(k) > m(k) > k, d(xm(k), xn(k)–) < ε, d(xm(k), xn(k)) ≥ ε (.)

for all positive integers k. Then using (.) and the triangle inequality, we get

ε ≤ d(xm(k), xn(k)) ≤ d(xm(k), xn(k)–) + d(xn(k)–, xn(k)) < ε + d(xn(k)–, xn(k)). (.)

Passing to the limit as k → ∞ in the above inequality and using (.), we obtain

lim
k→∞

d(xm(k), xn(k)) = ε+. (.)

Note that, by the way the j(k) were chosen, xm(k)–j(k) and xn(k) (for k large enough, m(k) >
j(k)) lie in different adjacently labeled sets Ai and Ai+ for certain i ∈ {, , . . . , p}. This will
be used further in the proofs of Theorems . and ..

Using the triangle inequality, we get

∣
∣d(xm(k)–j(k), xn(k)) – d(xm(k), xn(k))

∣
∣

≤ d(xm(k)–j(k), xm(k))

≤
j(k)–∑

l=

d(xm(k)–j(k)+l, xm(k)–j(k)+l+) →  as k → ∞ (.)

(from (.)), which, by (.), implies that

lim
k→∞

d(xm(k)–j(k), xn(k)) = ε. (.)

Using (.), we have

lim
k→∞

d(xm(k)–j(k)+, xm(k)–j(k)) =  and lim
k→∞

d(xn(k)+, xn(k)) = .

Again using the triangle inequality, we get

∣
∣d(xm(k)–j(k), xn(k)+) – d(xm(k)–j(k), xn(k))

∣
∣ ≤ d(xn(k)+, xn(k)).

Passing to the limit as k → ∞ in the above inequality, and using (.) and (.), we get

lim
k→∞

d(xm(k)–j(k), xn(k)+) = ε.
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Similarly, we have

lim
k→∞

d(xm(k)–j(k)+, xn(k)+) = ε. �

If p =  we obtain the following known result.

Corollary . [] Let (X, d) be a metric space and let {xn} be a sequence in X such that

lim
n→∞ d(xn+, xn) = .

If {xn} is not a Cauchy sequence, then there exist an ε >  and two sequences {n(k)} and
{m(k)} of positive integers such that the following sequences tend to ε+ when k → ∞:

d(xm(k), xn(k)), d(xm(k), xn(k)+), d(xm(k)–, xn(k)),

d(xm(k)–, xn(k)+), d(xm(k)+, xn(k)+), d(xm(k)+, xn(k)), . . . .

Now, we announce our first result (probably new because of using the new lemma,
Lemma . with the comparison function). It generalizes several known results in the lit-
erature [–].

Theorem . Let (X, d) be a complete metric space, ϕ : [,∞) → [,∞) a comparison
function and f : X → X. If

d
(
f (x), f (y)

) ≤ ϕ
(
d(x, y)

)
(.)

for all x, y ∈ X, then f has a unique fixed point z ∈ X and all sequences of Picard iterates
defined by f converge to z.

Proof If x is an arbitrary point from X we can consider a Picard sequence as follows:

xn+ = f (xn), n = , , , . . . .

If xn+ = xn for some n, then xn is a fixed point of f . So, we will suppose that xn+ �= xn for
all n.

Now, applying (.) putting x = xn and y = xn–, we obtain

d(xn+, xn) = d
(
f (xn), f (xn–)

) ≤ ϕ
(
d(xn, xn–)

)

≤ ϕ(d(xn–, xn–)
) ≤ · · · ≤ ϕn(d(x, x)

) → , as n → ∞.

Since d(xn+, xn) →  we can prove that {xn} is a Cauchy sequence in the space (X, d) by us-
ing Corollary .. Indeed, suppose that {xn} is not a Cauchy sequence. Then Corollary .
implies that there exist ε >  and two sequences n(k) and m(k) of positive integers such
that

n(k) > m(k) > k, d(xm(k), xn(k)–) < ε, d(xm(k), xn(k)) ≥ ε. (.)
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Now, using (.) with x = xm(k) and y = xn(k)–, we get

d(xm(k)+, xn(k)) ≤ ϕ
(
d(xm(k), xn(k)–)

) ≤ ϕ(ε) < ε (.)

(for each comparison function ϕ: ϕ(t) < t for all t > ).
Taking the limit in (.) as k → ∞ and using Corollary ., we get

ε = lim
k→∞

d(xm(k)+, xn(k)) ≤ ϕ(ε) < ε,

which is a contradiction. Hence, {xn} is a Cauchy sequence. Therefore, there exists z ∈ X
such that xn → z. Since, according (.) f is a continuous, we see that f (z) = z is a fixed
point of f . Uniqueness follows easily from (.). Theorem . is proved. �

Remark . It is clear that Theorem . holds if ϕ is also (c)-comparison function. It this
case, it follows that the main result from []-Theorem . above is a cyclic-type extension
of Theorem ., where ϕ is a (c)-comparison function. Also, if ϕ is a (c)-comparison func-
tion in our Theorem . we have the same error estimates (.)-(.) as in []-Theorem ..

Now, we shall prove that Theorem . and Theorem . with a (c)-comparison func-
tion ϕ are equivalent, that is, Theorem . holds if and only if Theorem . holds.

Theorem . Theorem . and Theorem . with (c)-comparison function are equivalent.

Proof First of all, Theorem . implies Theorem .. Indeed, putting in Theorem . Ai = X
for all i = , , . . . , m we obtain result.

Conversely, we shall show that Theorem . implies Theorem .. If x ∈ ⋃m
i= Ai then

Picard’s sequence {f nx} is obviously a Cauchy sequence (the proof is as in []) and con-
verges to some z ∈ ⋃m

i= Ai. Also, it is clear that infinitely many terms of {f nx} lie in each Ai.
From this it follows that

⋂m
i= Ai �= ∅, because the z lie in each Ai. Further, since (accord-

ing to (.)) f :
⋂m

i= Ai → ⋂m
i= Ai, the restriction f |⋂m

i= Ai of f on
⋂m

i= Ai satisfies (.) and
(
⋂m

i= Ai, d) is a complete metric space, Theorem ., where ϕ is a (c)-comparison func-
tion, implies that the mapping f has a unique fixed point in

⋂m
i= Ai, that is, Theorem .

holds. Theorem . is proved. �

Remark . From (II) of Definition . it follows that f :
⋂m

i= Ai → ⋂m
i= Ai in the case that

⋂m
i= Ai �= ∅. Further, if Picard’s sequence {f nx}, where f :

⋃m
i= Ai → ⋃m

i= Ai, x ∈ ⋃m
i= Ai is

Cauchy, then
⋂m

i= Ai �= ∅. Also, if such f has a fixed point, say z, then by (II) of Definition .
it follows that z ∈ ⋂m

i= Ai, that is,

Fix(f ) �= ∅ ⇒
m⋂

i=

Ai �= ∅. (.)

This follows directly from the conditions f (Ai) ⊆ Ai+, i = , , . . . , m.

If a certain (non-cyclic) fixed point result is known, in order to obtain the respective
cyclic-type fixed point result, it is enough to prove that the respective cyclic contractive
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condition implies that
⋂m

i= Ai �= ∅. Indeed, in this case (
⋂m

i= Ai, d) is a complete metric
space and the restriction of f to

⋂m
i= Ai satisfies the given standard condition.

By using Lemma . we prove the following result.

Theorem . Theorem . and Theorem . are equivalent.

Proof It is clear that Theorem . is true, if Theorem . is. Conversely, we will prove that
Theorem . implies Theorem .. Indeed, if x ∈ ⋃m

i= Ai, then for the Picard sequence
xn = f (xn–), xn �= xn–, n = , , . . . we have as in [] that d(xn+, xn) ↓ .

Now, putting in (II), Definition ., x = xm(k)–j(k), y = xn(k) we obtain

μ
(
d(xm(k)–j(k)+, xn(k)+)

) ≤ μ

(


(
d(xm(k)–j(k), xn(k)+) + d(xm(k)–j(k)+, xn(k))

)
)

– ψ
(
d(xm(k)–j(k), xn(k)+), d(xm(k)–j(k)+, xn(k))

)
. (.)

Taking the limit in (.) as k → ∞, we get by Lemma .

μ(ε) ≤ μ

(



(ε + ε)
)

– ψ(ε, ε) = μ(ε) – ψ(ε, ε),

that is, ψ(ε, ε) = . According to the property of the function ψ , it follows that ε = .
A contradiction. Hence, the Picard sequence xn = f (xn–) is Cauchy. Further, according
to Remark . we see that Theorem . implies Theorem .. The proof of Theorem .
is completed. �

An open question:
Prove or disprove the following:
• Let {Ai}m

i= be non-empty closed subsets of a complete metric space, and suppose
f :

⋃m
i= Ai → ⋃m

i= Ai satisfies the following conditions (where Am+ = A):
() f (Ai) ⊆ Ai+ for  ≤ i ≤ m and f (Am) ⊆ A;
() there exists a comparison function ϕ : [,∞) → [,∞) such that

d
(
f (x), f (y)

) ≤ ϕ
(
d(x, y)

)
,

for all x ∈ Ai, y ∈ Ai+,  ≤ i ≤ m.
Then f has a unique fixed point x∗ ∈ ⋂m

i= Ai and Picard iteration {xn}n≥given by
xn = f (xn–) converge to x∗ for any starting point x ∈ ⋃m

i= Ai.
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