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Abstract

In this paper, we consider, discuss, improve, and complement recent fixed points
results for mappings satisfying cyclical contractive conditions established by Pacurar
and Rus (Nonlinear Anal. 72:1181-1187, 2010) and Chandok and Postolache (Fixed
Point Theory Appl. 2013:28, 2013). By using a new lemma we get much shorter and
nicer proofs of some results with the new concept of mappings.
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1 Introduction and preliminaries

It is well known that the Banach contraction principle [1] is one of the fundamental results
in nonlinear analysis and fixed point theory, in general. It has various applications in many
branches of applied sciences. Also, there are several extensions and generalizations of this
principle. For example, Kirk et al. 2] obtained an extension of the Banach principle for
mappings satisfying cyclical contractive conditions. They also proved in [2] Edelstein’s,
Boyd-Wong, Geraghty and Caristy type theorem for new concept of mappings. For some
other generalizations also see ([3, 4] and [5]).

Following [2], in 2010 [6], Pacurar and Rus proved a fixed point theorem for cyclic
@-contractions. Also, very recent, following ideas from [2], Chandok and Postolache [7]
proved a fixed point theorem for weakly Chatterjea-type cyclic contractions.

However, in the present paper, we show that all these results established in [6] and [7]
are in the fact equivalent with well-known ordinary fixed point results in literature.

Let us start by recalling a definition from [2, 7], and [6].

Definition 1.1 [2] Let X be a non-empty set, p € N, and f : X — X a map. Then we say
that UleAi (where W #A; C X for all i € {1,2,...,p}) is a cyclic representation of X with
respect to f if and only if the following two conditions hold:
M X =Ui Ai
(II) f(A) CAinforl<i<p-1,andf(4,) C A

In 2003 [2] Kirk et al. proved the following result.
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Theorem 1.2 [2] Let {A;} | be non-empty closed subsets of a complete metric space, and
suppose F : Uf-’:l A — UleAi satisfies the following conditions (Where Ap.1 = A1):

(1) F(A) CAjaforl<i<p;

(2) 3k €(0,1) such that d(F(x), F(y)) <kd(x,y) Vx€ A;,y € A1 for1 <i<p.

Then F has a unique fixed point.

Remark 1.3 It is not hard to see that Theorem 1.2 holds if k = 0. Also, it easily follows that

Picard’s sequence {F"x} converges to a unique fixed point of F for all x € X.

Definition 1.4 [6] A function ¢ : [0,00) — [0, 00) is called a comparison function if it

satisfies:

(i) @ isincreasing, ie., fy <, implies @(t;) < ¢(£), for 1, £, € [0, 00);
(ii)y (¢"(t))nen converges to 0 as n — oo, for all t € (0, 00).

There is a rich literature referring to ¢-contractions, i.e., a self-operator defined on a
metric space, which satisfies

d(f(@).f() < ¢(d(x.7)) (L.1)
for any x,y € X, where ¢ is a comparison function.

Definition 1.5 [6] A function ¢ : [0, 00) — [0, 00) is called a (c)-comparison function if it

satisfies:

(i) @ isincreasing, ie., fy <, implies @(t;) < @(£2), for 1, £, € [0, 00);
(i), there exist ko € N, a € (0,1) and a convergent series of nonnegative terms Y po; vk
such that

" (8) < ag"(®) + v, 1.2)
for k > ko and any ¢ € (0, 00).
The following result is well known.

Lemma 1.6 [6] If ¢ : [0,00) — [0,00) is a (c)-comparison function, then the following
hold:
(i) ¢ is a comparison function;
(i) @(2) <t foranyt e (0,00);
(iii) ¢ is continuous at 0;
(iv) the series ) o @*(t) converges for any t € (0,00).

Let Py(X) denote the collection of non-empty closed subsets of X. Then we have the
following.

Definition 1.7 [6] Let (X,d) be a metric space, m a positive integer, Ay,...,A,, € Py(X),
Y =" A, andf: Y — Y an operator. If:
(i) U™, A; is a cyclic representation of Y w.rt. f;
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(ii) there exists a comparison function ¢ : [0,00) — [0, 00) such that

d(fx),f () < p(d(x,)) (1.3)
foranyx € A;, y € Ajy1, where A,,,1 = Ay, then f is a cyclic ¢-contraction.
The main result of [6] is the following.

Theorem 1.8 [6] Let (X,d) be a complete metric space, m a positive integer, As, ..., Am €
Py(X), Y =", Ai, ¢ : [0,00) — [0, 00) a (c)-comparison function and f : Y — Y an oper-
ator. Assume that:

(i) U A is a cyclic representation of Y with respect to f;

(ii) f is a cyclic p-contraction.

Then:

() f has a unique fixed point x* € (%, A; and the Picard iteration {x,},>0 given by

%y = f(x,-1), n > 1 converges to x* for any starting point xy € Y.
(2) The following estimates hold:

Nk

d(x,x") < ) " (d(xo,x1)); (1.4)

n=1

K

d(xnx") < ) @(d®n%ni1)). (1.5)

Il
—

n

(3) ForanyxeY:

d(x,x%) < i o*(d(x.f(x))). (1.6)

n=1

It is worth to notice that Theorem 1.8 is a cyclical-type extension of the following ordi-
nary fixed point theorem.

Theorem 1.9 Let (X,d) be a complete metric space, and f : X — X an operator. Assume
that there exists a (c)-comparison function ¢ : [0,00) — [0, 00) such that

d(f(x)nf(y)) = @(d(x’y))

forallx,y e X.
Then:
(1) f has a unique fixed point x* € X and the Picard iteration {x,},>0 given by
xXn =f(xu-1), n > 1 converges to x* for any starting point xy € X.
(2) The following estimates hold.:

Nk

d(x,x") <) ¢ (d(xo, x1)); (1.7)

n=1

ok

d(xmx*) =< (p(d(xn)xn+l))~ (1.8)

1l
—

n
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(3) Foranyx e X:

[e¢]

d(x,x*) < Z(pk(d(x,f(x))). (1.9)

n=1

Definition 1.10 [7] Let ® denote the set of all monotone increasing continuous functions
w:[0,00) = [0,00), with u(¢) = 0, if and only if £ = 0, and let ¥ denote the set of all lower
semi-continuous functions v: [0,00)? — [0,00), with ¥ (t,£,) > 0, for ¢, € (0,00) and
¥(0,0) = 0.

Definition 1.11 [7] Let (X, d) be a metric space, m be a natural number, A;, Ay, ..., A,
be non-empty subsets of X and Y = (J; A;. An operator T : Y — Y is called a weakly
Chatterjea-type cyclic contraction if:
(1) U, A; is a cyclic representation of Y with respect to T
(2) wld(Tx, Ty) < (L (dlx, T9) + dly, T)) — Y (dx, T5), d(y, Tx) for all x € Ay, y € A,
i=1,2,...,m where A,,;1; =A;, u € ®,and ¥ € V.

In [7] the authors proved the following result.

Theorem 1.12 [7] Let (X,d) be a complete metric space, m € N, A,A,,...,A,, be non-
empty closed subsets of X and Y =", A;. Suppose that T is a weakly Chatterjea-type
cyclic contraction. Then Thas a fixed point z € (', A;.

It is obvious that Theorem 1.12 is a cyclical-type extension of the following ordinary

fixed point theorem.

Theorem 1.13 Let (X, d) be a complete metric space, T : X — X be (so-called Chatterjea-

type contraction) such that

1
w(d(Tx, Ty)) < (5 (dx, Ty) + d(y, Tx))) - (d(x, Ty),d(y, Tx)), (1.10)
forallx,ye X, u € ® and y € V. Then T has a unique fixed point.

2 Main results
Here we will prove and use the following (new, useful, and very significant) result in proofs

of cyclic-type results (see also the proof of [3], Theorem 2.1 as well as [8], Lemma 2.1).

Lemma 2.1 Let (X,d) be a metric space, f : X — X be a mapping and let X = | J} | A; be a

cyclic representation of X w.r.t. f. Assume that

lim d(xmxnﬂ) =0, (21)
n—00
where x4 = fx,, 1 € A1. If {x,,} is not a Cauchy sequence, then there exist a ¢ > 0 and two
sequences {n(k)} and {m(k)} of positive integers such that the following sequences tend to
&t when k — oc:
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A m(t)—jk)s Xnii))» Ay —j(k)+1r Xn(k) )s

AKX ()i (k) Fni)+1)s AKX ()= +15 Fn(k)+1)»
where j(k) € {1,2,...,p} is chosen so that n(k) — (m(k) — j(k)) =1 (mod p), for each k € N.

Proof If {x,} is not a Cauchy sequence, then there exist ¢ > 0 and sequences {n(k)} and

{m(k)} of positive integers such that

n(k) > m(k) >k, A%y Xu(o-1) < & AKXt Xn(i) = € (2.2)
for all positive integers k. Then using (2.2) and the triangle inequality, we get

& < dXmk) Xnk)) < AXm(k)s Xnk)-1) + A Xn(y-1, Xn(k)) < & + AXn(y-1, Xn(k))- (2.3)
Passing to the limit as k — oo in the above inequality and using (2.1), we obtain

Hm d(®), X)) = €°. (2.4)

k—o00
Note that, by the way the j(k) were chosen, %, and x,q) (for k large enough, m(k) >
j(k)) lie in different adjacently labeled sets A; and A;,; for certain i € {1,2,...,p}. This will
be used further in the proofs of Theorems 2.3 and 2.7.

Using the triangle inequality, we get

| A mi—j(k)> Xn(k)) = Ay Xni)) |

< dXm(t)—jtk)r Xm(k))

jlk)-1
< Z AXm(f)—j(k)+1 Xm(R)—jk)+141) — 0 as k — oo (2.5)
-0

(from (2.4)), which, by (2.5), implies that
lim d(xm(k)_,(k),xn(k)) =&, (2.6)
k—o00
Using (2.1), we have
lim (X -+, Xm-jcy) =0 and  lim d(®u@)+1, X)) = 0.
k— o0 k—00
Again using the triangle inequality, we get
| A m(i—j(k)s %n(i)+1) = At %nt)) | < AGniir1s %n(ry)-

Passing to the limit as k — oo in the above inequality, and using (2.1) and (2.6), we get

lm dXmg)—jk)» Xn)+1) = €.
k—00

Page 5 of 9
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Similarly, we have

lim d(Xmw)—jk)+15 %n(i) +1) = €- -
k—o00

If p = 1 we obtain the following known result.

Corollary 2.2 [8] Let (X,d) be a metric space and let {x,} be a sequence in X such that

lim d(x,.1,%,) = 0.

n—00

If {x,} is not a Cauchy sequence, then there exist an ¢ > 0 and two sequences {n(k)} and

{m(k)} of positive integers such that the following sequences tend to e* when k — 0o:

AKX (i) Xniic))» AXm()> Xnik)+1)s AXik)=1, Xn(k))s

AKX mik)=1) Xn(k)+1)s A X +15 Xn(l)+1)s AX () +1> X)) -« -+

Now, we announce our first result (probably new because of using the new lemma,
Lemma 2.1 with the comparison function). It generalizes several known results in the lit-
erature [9-12].

Theorem 2.3 Let (X,d) be a complete metric space, ¢ : [0,00) — [0,00) a comparison
function and f : X — X. If

d(f().f 1) < ¢(d(x,7)) (2.7)

forall x,y € X, then f has a unique fixed point z € X and all sequences of Picard iterates
defined by f converge to z.

Proof If xy is an arbitrary point from X we can consider a Picard sequence as follows:
X1 =f(x,), n=0,1,2,....

If x,.,1 = %, for some #, then x,, is a fixed point of f. So, we will suppose that x,,,1 # %, for
all n.
Now, applying (2.7) putting x = x,, and y = x,,_1, we obtain

d(xn+1r xn) = d(f(xn);f(xn—l)) = ¢(d(xn: xn—l))
< @ (d(®p1,%0-2)) < -+ < @"(d(x1,%0)) > 0, asn— 0.
Since d(x,41,%,) — 0 we can prove that {x,} is a Cauchy sequence in the space (X, d) by us-
ing Corollary 2.2. Indeed, suppose that {x,} is not a Cauchy sequence. Then Corollary 2.2

implies that there exist ¢ > 0 and two sequences n(k) and m(k) of positive integers such
that

n(k) >m(k) >k, dXpmE) Xnr)-1) < & AKX (k) Xnik)) = €. (2.8)
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Now, using (2.7) with x = %,y and y = x,,)-1, we get

AE (41 %)) < P(AEm(iy Xn-1)) < @(€) < & (2.9)

(for each comparison function ¢: ¢(¢) < ¢ for all £ > 0).
Taking the limit in (2.9) as kK — oo and using Corollary 2.2, we get

e = lim d®+1, Xn) < @(e) <&,
k— o0

which is a contradiction. Hence, {x,} is a Cauchy sequence. Therefore, there exists z € X
such that x, — z. Since, according (2.7) f is a continuous, we see that f(z) = z is a fixed
point of f. Uniqueness follows easily from (2.7). Theorem 2.3 is proved. 0

Remark 2.4 It is clear that Theorem 2.3 holds if ¢ is also (c)-comparison function. It this
case, it follows that the main result from [6]-Theorem 1.8 above is a cyclic-type extension
of Theorem 2.3, where ¢ is a (c)-comparison function. Also, if ¢ is a (c)-comparison func-

tion in our Theorem 2.3 we have the same error estimates (1.4)-(1.6) as in [6]-Theorem 1.8.

Now, we shall prove that Theorem 1.8 and Theorem 2.3 with a (c)-comparison func-
tion ¢ are equivalent, that is, Theorem 1.8 holds if and only if Theorem 2.3 holds.

Theorem 2.5 Theorem 1.8 and Theorem 2.3 with (c)-comparison function are equivalent.

Proof Firstofall, Theorem 1.8 implies Theorem 2.3. Indeed, puttingin Theorem1.8 A; = X
foralli=1,2,...,m we obtain result.

Conversely, we shall show that Theorem 2.3 implies Theorem 1.8. If xy € | J/”; A; then
Picard’s sequence {f"x,} is obviously a Cauchy sequence (the proof is as in [6]) and con-
vergestosomez € | J! A;. Also, it is clear that infinitely many terms of {f"xo} lie in each A;.
From this it follows that (12, A; # ¥, because the z lie in each A;. Further, since (accord-
ing to (1.1)) f: N, Ai = (i A, the restriction f|qyr, 4. of f on (2, A; satisfies (2.7) and
(N2, A;,d) is a complete metric space, Theorem 2.3, where ¢ is a (c)-comparison func-
tion, implies that the mapping f has a unique fixed point in ()", A;, that is, Theorem 1.8
holds. Theorem 2.5 is proved. d

Remark 2.6 From (II) of Definition 1.1 it follows that f : ()2, A; — [\, A; in the case that
M2, A; # §. Further, if Picard’s sequence {f"x}, where f : | J; A; — U A, x € U A is
Cauchy, then (", A; # . Also, if such f has a fixed point, say z, then by (II) of Definition 1.1
it follows that z € (", A;, that is,

Fix(f)#0 = [ )A:#0. (2.10)
i=1

This follows directly from the conditions f(4;) € A1, i=1,2,...,m.

If a certain (non-cyclic) fixed point result is known, in order to obtain the respective

cyclic-type fixed point result, it is enough to prove that the respective cyclic contractive
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condition implies that (12, A; # ¥. Indeed, in this case (), A;d) is a complete metric
space and the restriction of f to (), A; satisfies the given standard condition.
By using Lemma 2.1 we prove the following result.

Theorem 2.7 Theorem 1.12 and Theorem 1.13 are equivalent.

Proof ltis clear that Theorem 1.13 is true, if Theorem 1.12 is. Conversely, we will prove that
Theorem 1.13 implies Theorem 1.12. Indeed, if xy € | J."; A;, then for the Picard sequence
Xy =f(xy-1), %y %41, 1 =1,2,... we have as in [7] that d(x,,1,%,) | 0.

Now, putting in (II), Definition 1.1, X = X,k)-j(k)» ¥ = ¥n() We obtain

1
(A 11> Xn(i+1)) < 14 ( 3 (A~ Xn(iy+1) + A mii—j) 11 xn(k))))
= Y (dFom(—jh)» k) +1)> AEmii it +1 %n(h))) - (2.11)

Taking the limit in (2.11) as kK — oo, we get by Lemma 2.1

u(e) < u(%(s + 8)) - V(e e) = pule) —yis,e),

that is, ¥(g,¢) = 0. According to the property of the function v, it follows that ¢ = 0.
A contradiction. Hence, the Picard sequence x, = f(x,_1) is Cauchy. Further, according
to Remark 2.6 we see that Theorem 1.13 implies Theorem 1.12. The proof of Theorem 2.7
is completed. O

An open question:
Prove or disprove the following:
o Let {A;}!, be non-empty closed subsets of a complete metric space, and suppose
[ Ul A — U%L A satisfies the following conditions (where Ay = Ar):
(1) f(A) CAiforl <i<mandf(A,) C Ay
(2) there exists a comparison function ¢ : [0,00) — [0, 00) such that

d(fx),f ) < ¢(dx.)),

forallxe A, ye A1, 1 <i<m.
Then f has a unique fixed point x* € ([} A; and Picard iteration {x,},>1given by
%y = f (%,-1) converge to x* for any starting point xo € | J!", A;.
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