Samet Fixed Point Theory and Applications (2015) 2015:232 ® Fixed Point Theory and Applications

DOI 10.1186/513663-015-0484-1

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Best proximity point results in partially
ordered metric spaces via simulation

functions

Bessem Samet’

“Correspondence:
bsamet@ksu.edu.sa
Department of Mathematics,
College of Science, King Saud
University, PO. Box 2455, Riyadh,
11451, Saudi Arabia

@ Springer

Abstract

We obtain sufficient conditions for the existence and uniqueness of best proximity
points for a new class of non-self mappings involving simulation functions in a metric
space endowed with a partial order. Some interesting consequences including fixed
point results via simulation functions are presented.

MSC: 90C26;47H10; 06A06

Keywords: best proximity point; fixed point; simulation function

1 Introduction
Recently, in [1] the authors introduced the class of simulation functions as follows.

Definition 1.1 We say that £ : [0,00) x [0,00) — R is a simulation function if it satisfies
the following conditions:
(i) £(0,0)=0;
(i) &(t,s) <s—t, foreveryt,s>0;
(iii) if {a,} and {b,} are two sequences in (0, 00), then

lim a, = lim b,>0 = limsupé(ay,, b,)<O0.
n—00 Hn— 00 H— 00
Various examples of simulation functions were presented in [1]. The class of such func-
tions will be denoted by Z.

Definition 1.2 ([1]) Let T : X — X be a given operator, where X is a nonempty set
equipped with a metric d. We say that T is a Z-contraction with respect to & € Z if

£(d(Tx, Ty),d(x,9)) = 0, forallx,yeX.

In [1], the authors established the following fixed point theorem that generalizes many
previous results from the literature including the Banach fixed point theorem.

Theorem 1.3 ([1]) Let T : X — X be a given map, where X is a nonempty set equipped with
a metric d such that (X,d) is complete. Suppose that T is a Z-contraction with respect
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to& € Z. Then T has a unique fixed point. Moreover, for any x € X, the sequence {T"x}
converges to this fixed point.

For other results via simulation functions, we refer to [2-7].

Let (X,d) be a metric space. Consider a mapping T : A — B, where A and B are
nonempty subsets of X. If d(x, Tx) > 0 for every x € A, then the set of fixed points of T
is empty. In this case, we are interested in finding a point x € A such that d(x, Tx) is mini-
mum in some sense.

Definition 1.4 We say that z € A is a best proximity point of 7" if
d(z,Tz) = d(A,B) := inf{d(x,y) x€A,ye B}.

Observe that if d(A, B) = 0, then a best proximity point of T is a fixed point of T

The study of the existence of best proximity points is an interesting field of optimiza-
tion and it attracted recently the attention of several researchers (see [1, 8—23] and the
references therein).

In the sequel, we will use the following notations. Set

Ag = {x € A:d(x,y) = d(A,B),for some y € B}
and
By ={y € B:d(x,y) = d(A, B),for some x € A}.

We refer to [19] for sufficient conditions that guarantee that Ay and By are nonempty.
Now, we endow the set X with a partial order <. Let us introduce the following class
of mappings. For a given simulation function § € Z, we denote by 7 the set of mappings
T : A — B satistying the following conditions:
(C1) for every x1,%2,91,y2 € A, we have

y1=2y2,  dx, D) =d(x, Tyn) =d(A,B) = x1 <%
(C2) for every x,y,u1,uy € A, we have
x=X),x #.% d(ul’ Tx) = d(ub TJ’) = d(A’B) == g(d(ul: Ltz), m(x’y)) >0,

where

d(x, ur)d(y, us)

Ay Y )}'

m(x,y) = max{

Our aim in this paper is to study the existence and uniqueness of best proximity points

for non-self mappings T : A — B that belong to the class 7, for some simulation function
tEeZ.

2 Main results
Our first main result is the following.
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Theorem 2.1 Let T € T, for some & € Z. Suppose that the following conditions hold:
(1) (X,d) is complete;
(2) A is closed with respect to the metric d;
(3) T(Ao) < Bo;
(4) there exist xy,x1 € Ag such that

d(x1, Txo) = d(A,B), %o < x1;

(5) T is continuous.
Then T has a best proximity point, that is, there is some z € A such that d(z, 1z) = d(A, B).

Proof By condition (4), we have
d(xy, Txo) = d(A, B),

for some xp,x; € Ag such that xy < x1. Condition (3) implies that Tx; € By, which yields
d(x2, Tx1) = d(A, B),

for some x; € Ay. Since xy < x1, condition (C1) implies that x; < x,. Continuing this pro-
cess, by induction, we can construct a sequence {x,} C Ao such that

d(x,.1, Tx,) =d(A,B), n=0,1,2,... (2.1)

and

Suppose that for some p = 0,1,2,..., we have x,,1 = x,. In this case, we get d(x,, Tx,) =
d(A, B), that is, x,, is a best proximity point of T'. So, without restriction of the generality,
we may suppose that

Xy X1, n=0,1,2,....
Since

Xy =X Xyl Xy F Xpsls d(xy, Txp-1) = d(xy, Txy) =d(A,B), n=1,2,3,...,
it follows from condition (C2) that

%-(d(xn)xn+l)7m(xn—lrxn)) > 01 n= 11 273)“')

where

d(xn—ly xn)d(xm xn+1)
d(xn—b xn)

(X1, %) = max{ :d(xn—lxxn)}

= max{d(xn) xn+1)7 d(xn—l: xn) } .
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Suppose that for some 1y =1,2,3,..., we have

max {d (g, g +1)s AEng-15%ng) } = AXng» X 11)-
In this case, we obtain

0 < &(d(%ng» Xng1)s A%ng» Xng+1))-

On the other hand, since d(x,,,x,,41) > 0, using the property (ii) of a simulation function,

we obtain

E(d(ngs Xngs1)s A(Fngs Xng41)) < 0,
which is a contradiction. As a consequence,

max{d(x,,,x,,+1),d(xn_l,xn)} =dx,_1,%,), n=123,.... (2.2)
Thus, we obtain

E(d (s Xni1) A&, %)) >0, n=1,2,3,.... (2.3)
From (2.2), we deduce that the sequence {r,} defined by

Iy =dXy,%041), n=0,1,2,...
is decreasing, which yields

lim r,=r,

n—00

where r € [0,00). Suppose that r > 0. Using (2.3) and the property (iii) of a simulation
function, we deduce that

0 <lim supé(d(x,,,xml),d(xn_bxn)) <0,

n— 00

which is a contradiction. As consequence, we have
lim d(x,,%,.1) = 0. (2.4)

n—0o0
Let us prove now that {x,} is a Cauchy sequence. We argue by contradiction by supposing
that {x,} is not a Cauchy sequence. In this case, there is some ¢ > 0 for which there are
subsequences {x,,)} and {x,)} of {x,} such that

n(k) >m(k) >k, Aoy, X)) = & AXmk) Fn(ry-1) < €

Using the triangle inequality, we have

& < dXm(t) Xn() < AXm)s Xn-1) + AXn(k)-1, X)) < € + AXng)-1, Xn(k))-
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Thus we have
& < dXpm()s Xn() < € + A(Xn)—1,%n), forall k.

Letting k — oo and using (2.4), we obtain
im d(®), Xngo) = €. (2.5)
n— 00

Again, the triangle inequality yields
| A1 %m(t) = Ay %) | < A1 %nry), ~ for all k.

Letting k — 00, using (2.4) and (2.5), we obtain
lim d(%0)-1, Xm(i)) = €. (2.6)
n— o0

Similarly, we have
|15 Fmii)-1) = A1, %) | < AGm@ey-1%misy),  for all k.

Letting k — 00, using (2.4) and (2.6), we obtain
im d(X,()-1, Xm()-1) = €. (2.7)
n—oQ

Observe that for k large enough, we have
Xpn(k)-1 = Xn(k)-15 Xim(k)-1 7 Xn(k)-1
and
AKXy Tom()-1) = AFny Thny—1) = d(A, B).
Then condition (C2) yields
S(d(xm(k),xn(k)), m(xm(k),l,xn(k),l)) >0, forallk. (2.8)

On the other hand, for all k, we have

AKX (k)-15 Xm(k) ) A (X n()1, Xn(k))
AXp(i)-1> En(i)-1)

M(X(k)-1> Xn(k)-1) = max{ s APm()-1> Xn(k)-1) }

Passing k — oo and using (2.4) and (2.7), we get
Lim m1(%yk)-1 Xn(r)-1) = €. (2.9)
k—o00

Using (2.5), (2.9), (2.8) and the condition (iii) of a simulation function, we have

0 < limsup & (dXm(r)s Xn(x))s M Xm(i-1, %n(i-1)) < 0,
k— o0
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which is a contradiction. As consequence, the sequence {x,} is Cauchy. Since A is a closed
subset of the complete metric space (X,d) (from conditions (1) and (2)), there is some
z € A such that

lim d(x,,z) = 0.

n—00

The continuity of T (from condition (5)) yields
lim d(Tx,, Tz) = 0.
n—0oQ
Since d(x,.1, Tx,) = d(A,B) for all = 0,1,2,..., we obtain
d(A,B) = lim d(x,,1, Tx,) = d(z, Tz),
that is, z € A is a best proximity point of 7. This ends the proof. 0

Next, we obtain a best proximity point result for mappings T € 7T that are not neces-
sarily continuous.
We say that the set A is (d, <)-regular if it satisfies the following property:

{a,} C Aisnondecreasingw.r.t. < and lim d(a,,a)=0 = a=sup{a,}.

n—00

Theorem 2.2 Let T € T, for some & € Z. Suppose that the following conditions hold:
(1) (X,d) is complete;
(2) Ay is closed;
(3) T(Ao) € Bo;
(4) there exist xo,x1 € Ag such that

d(xl, TXO) = d(A,B), X0 X X1;

(5) A is(d, x)-regular.
Then T has a best proximity point, that is, there is some z € A such that d(z, Tz) = d(A, B).

Proof Let us consider the sequence {x,} C A defined by (2.1). Following the proof of The-
orem 2.1, we know that {x,} is a Cauchy sequence. Since Ay is closed, there is some z € A
such that

lim d(x,,z) = 0.
n— o0

From condition (3), we have Tz € By, which yields
d(ylr TZ) = d(A:B)r

for some y; € Ay. On the other hand, the regularity condition (5) implies that

x, <z, foralln.
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Since for all n,
% 22, dna, Txy) = d(y1, Tz) = d(A, B),
condition (C1) yields
Xy <y, forallm.
On the other hand, we know that z = sup{x,}, which implies that
zZ=3nN.
Thus we have
d(y, Tz) = d(A,B), z=<y.

Again, since Ty; € By, there is some y; € A such that d(y,, Ty1) = d(A, B). Condition (C1)
yields y; < y,. Thus we have

Ay, i) =d(A,B), 3 =y».

Set yo = z and continuing this process, we can build a sequence {y,} C A such that
AW, Tyn) =d(A,B), n=0,1,2,...

and
VORNZ2P 2 X XY X0

Following similar arguments as in the proof of Theorem 2.1, we can prove that {y,} is a
Cauchy sequence in the closed subset A of the complete metric space (X, d), which yields

lim d(y,,y) =0,

for some y € Ag. The regularity assumption (5) implies that y = sup{y,}. So, we have
Xy Xz=yg Xy =Xy, <y, foraln

We claim that z = y. In order to prove our claim, suppose that d(z,y) > 0. Set

I={n:x,=2z}.

We consider two cases.
Case 1. If |I| = o0.
In this case, there is a subsequence {x,, } of {x,} such that

Xn, =2, forallk,

which implies that z is a best proximity point. So, this case is trivial.
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Case 2. If |I| < o0.
In this case, for #n large enough, we have

Xy 72, x4 =<z=y, foralln.
From condition (C2), for n large enough, we obtain
S(d(xwrl)ynﬂ)r m(xmyn)) >0,

where

d(xnr xn+l)d(ym yn+1)
d(xn;yn)

(X, Yn) = maX{ ,d(xmyn)}.

Observe that
lim d(xn+1:yn+l) = lim m(xmyn) = d(Z,y) > 0.
n—0oQ n—0Q
From the property (iii) of simulation functions, we obtain

0 < limsup & (d(Xus1, Y1) 1%, ¥n)) <0,

n—00

which is a contradiction. As consequence, we have z = y.

Since z = y, we obtain
Xy 2z=yg XN <=2y, Xy=z foralln,
which implies that
yn=2, foralln.

Since d(y,+1, Tyv,) = d(A, B), we have d(z, Tz) = d(A, b), that is, z is a best proximity point
of T. This completes the proof. 0

Note that the assumptions in Theorems 2.1 and 2.2 do not guarantee the uniqueness of
the best proximity point. The next example shows this fact.

Example 2.3 Let X be the subset of R® given by
X ={(0,0,1),(1,0,0),(0,0,-1),(~1,0,0)}.
We endow X with the partial order < defined by
xy,2) < (x,y,7) < «x=<a,y<y,z<Z.
Let d be the Euclidean metric on R®. Then (X, d) is a complete metric space. Set

A={(0,0,1),(1,0,0)} and B=1{(0,0,-1),(-1,0,0)}.
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In this case, we have
d(A,B)=+2, Ao=A, By=B.
Let T : A — B be the mapping defined by
T(x,9,2) = (—z,—y,—x), (x,9,2) € A.

Then T is continuous and T € T for every & € Z. Moreover, it can be shown that all
the other conditions of Theorems 2.1 and 2.2 are satisfied. However, z; = (0,0,1) and
z2 = (1,0,0) are two best proximity points of T .

In the next theorem, we give a sufficient condition for the uniqueness of the best prox-
imity point.

Theorem 2.4 In addition to the assumptions of Theorem 2.1 (resp. Theorem 2.2), suppose
that

for every (x,y) € Ag X Ay, there is some w € Ag such that x <w,y < w.

Then T has a unique best proximity point.

Proof From Theorem 2.1 (resp. Theorem 2.2), the set of best proximity points of 7 is not
empty. Suppose that z;,2z; € Ap are two distinct best proximity points of T, that is,

d(z1, Tz1) = d(z2, Tzz) = d(A, B), d(z1,22) > 0.

We consider two cases.
Case 1. If z; and z;, are comparable.
We may assume that z; < z,. From condition (C2), we have

S(d(zl’ ZZ), m(21,22)) = 0:

where

d(z1,21)d(z2, 22)

d(z1,22) ’d@w)} = d(z1,2,).

m(z1,22) = max{
Thus we have
£(d(z1,22),d(21,20)) = 0,
which is a contradiction with the property (ii) of a simulation function.
Case 2. If z; and z, are not comparable.

In this case, there is some w € A such that

z21Xw, z=Xw, wé{z, 2}
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Since T'(Ap) € By, we can build a sequence {w,,} C Ag such that
AWy, Tw,) =d(A,B), n=0,1,2,...

with wy = w. From condition (C1), we get
zn=<w, n=0,12,....

If for some k, we have z; = wy, using condition (C1), we have wy,1 < z1, which yields
Wis1 = z1. Arguing similarly, we obtain w,, = z; for every n > k. Thus we have

lim d(w,,z) = 0.
n—0oQ

If w, # z1 for every n, from condition (C2), we have
s(d(zl’ WVI+1)’m(Zl’WVl)) > 01 n= 0,1,2,,..,

where

d(z1,21) AWy Wps1)
d(z1, wy)

WI(Z1, Wn) = max{ ,d(Zl, Wn)} = d(zlr er)'

Thus we have
£(d(z1, Wpn1),d(z1,wn)) =0, n=0,1,2,....
On the other hand, from the property (ii) of a simulation function, we have
0 < &(d(z1, Wni1), d(z1, wn)) < d(z1, W) — d(z1, Wni1), n=0,1,2,....
We deduce that the sequence {s,} defined by
Sy =d(z1,w,), n=0,12,...

converges to some s > 0. But the property (ii) of a simulation function gives us that s = 0.
Thus, in all cases, we have

lim d(w,,z) = 0.

n—00

Analogously, we can prove that

lim d(w,,z,) = 0.
n—0oQ

Finally, the uniqueness of the limit yields the desired result. O
In the following corollaries we deduce some known and some new results in best prox-

imity point theory via various choices of simulation functions.
We denote by F the set of mappings T : A — B satisfying the following conditions:
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(F1) for every x1,%3,91,y2 € A, we have

Y1 =92 dx, Tn) =dx, Ty) =d(A,B) = x1 X%

(F2) for every x,y,u,uy € A, we have

d(uy, Tx) = d(uy, Ty) = d(A, B)

= du, ) < kmax{%ﬂ%}’lh),d( ,y)},

x=<y,xZy,

for some constant k € (0,1).
Take &(¢,s) = ks — ¢, for t,s > 0, we deduce from Theorems 2.1, 2.2 and 2.4 the following

results.

Corollary 2.5 Let T € F. Suppose that the following conditions hold:

(1) (X,d) is complete;
(2) A is closed with respect to the metric d;

(3) T(Ao) S Bo;
(4) there exist xo,x1 € Ag such that

d(xlr TxO) = d(A,B), X0 X X1;

(5) T is continuous.
Then T has a best proximity point, that is, there is some z € A such that d(z, 1z) = d(A, B).

Corollary 2.6 Let T € F. Suppose that the following conditions hold:

(1) (X,d) is complete;

(2) Ay is closed;

(3) T(Ao) < Bo;

(4) there exist xq,x1 € Ag such that

d(x1, Txo) =d(A,B), %o < x1;

(5) A is(d,<)-regular.
Then T has a best proximity point, that is, there is some z € A such that d(z, Tz) = d(A, B).

Corollary 2.7 In addition to the assumptions of Corollary 2.5 (resp. Corollary 2.6), sup-

pose that

forevery (x,y) € Ag X Ay, there is some w € Ag such that x < w,y < w.

Then T has a unique best proximity point.
We denote by G the set of mappings 7' : A — B satisfying the following conditions:

(G1) for every x1,x9,%1,y2 € A, we have

Y12y, A, Tn) =dx, Ty) =d(A,B) = %1 <xy;
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(G2) for every x,y,u;,us € A, we have

d(uy, Tx) = d(uy, Ty) = d(A, B)

= dUA,uz)SrnaX{ggﬁfgkﬁZ£éﬁ,dC%y)}
d(x,y)

_ (p(max{ A, u)d(y, u2) ,d(x,) })

xX=y,xZY,

d(x,y)
where ¢ : [0,00) — [0, 00) is lower semi-continuous function and ¢'({0}) = {0}.
Take &(¢,s) = s — ¢(s) — ¢, for t,s > 0, we deduce from Theorems 2.1, 2.2 and 2.4 the

following results obtained in [23].

Corollary 2.8 Let T € G. Suppose that the following conditions hold:

(1) (X,d) is complete;
(2) A is closed with respect to the metric d;

(3) T(Ao) S Bo;
(4) there exist xq,x1 € Ag such that

d(x1, Txo) =d(A,B), %o < x1;

(5) T is continuous.
Then T has a best proximity point, that is, there is some z € A such that d(z, Tz) = d(A, B).

Corollary 2.9 Let T € G. Suppose that the following conditions hold:

(1) (X,d) is complete;

(2) Ag is closed;

(3) T(Ao) S Bo;

(4) there exist xy,x1 € Ag such that

d(xl) TxO) = d(A,B), X0 X X1;

(5) A is (d, =)-regular.
Then T has a best proximity point, that is, there is some z € A such that d(z, 1z) = d(A, B).

Corollary 2.10 [n addition to the assumptions of Corollary 2.8 (resp. Corollary 2.9), sup-
pose that

forevery (x,y) € Ag X Ay, there is some w € Ag such that x <w,y < w.

Then T has a unique best proximity point.

We denote by H the set of mappings T : A — B satisfying the following conditions:

(H1) for every x1,%9,%1,y2 € A, we have

912Xy, dx, Tn) =dx, Ty) =d(A,B) = x1 <xy;
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(H2) for every x,y,u;,u; € A, we have

x=2y,x7y, d(u, Tx) = d(us, Ty) = d(A, B)

=  d(m,u) < (p(max{ %W,d(x,y)})
8 max{ d(x, u1)d(y, uz)

dwy) Y )}’

where ¢ : [0,00) — [0,1) is a function such that limsup,_, ,+ ¢(¢) < 1, for all » > 0.
Take &(t,s) = sp(s) — ¢t, for t,s > 0, we deduce from Theorems 2.1, 2.2 and 2.4 the follow-

ing results.

Corollary 2.11 Let T € H. Suppose that the following conditions hold:
(1) (X,d) is complete;
(2) A is closed with respect to the metric d;
(3) T(Ao) € Bo;
(4) there exist xo,x1 € Ag such that

d(xlr TxO) = d(A)B)r X0 X X1;

(5) T is continuous.
Then T has a best proximity point, that is, there is some z € A such that d(z, Tz) = d(A, B).

Corollary 2.12 Let T € H. Suppose that the following conditions hold:
(1) (X,d) is complete;
(2) Ay is closed;
(3) T(Ao) < Bo;
(4) there exist xo,x1 € Ag such that

d(xlr TxO) = d(A)B)r X0 X X1;

(5) A is(d,<)-regular.
Then T has a best proximity point, that is, there is some z € A such that d(z, 1z) = d(A, B).

Corollary 2.13 In addition to the assumptions of Corollary 2.11 (resp. Corollary 2.12),
suppose that

forevery (x,y) € Ag X Ay, there is some w € Ag such that x < w,y < w.

Then T has a unique best proximity point.

Finally, take A = B = X in Theorems 2.1, 2.2 and 2.4, we obtain the following fixed point
theorems.
For a given simulation function £ € Z, we denote by C; the class of mappings 7: X — X
satisfying the following conditions:
(I) for every x,y € X, we have

x=xy = Tx=xTy
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(II) for every x,y € X, we have

d(x, Tx)d(y, Ty)

X2yx€y = E(d(Tx, Ty),max{ avy)

,d(x,y)}) > 0.

Corollary 2.14 Let T € C¢, for some & € Z. Suppose that
(1) (X,d) is complete;
(2) there exists some xy € X such that xo < Txo;
(3) T is continuous.
Then T has a fixed point, that is, there is some z € X such that z = Tz.

Corollary 2.15 Let T € C¢, for some & € Z. Suppose that
(1) (X,d) is complete;
(2) there exists some xo € X such that xo < Txo;
(3) X is (d,=x)-regular.
Then T has a fixed point, that is, there is some z € X such that z = Tz.

Corollary 2.16 In addition to the assumptions of Corollary 2.14 (resp. Corollary 2.15),
suppose that

for every (x,y) € X x X, there is some w € X such that x < w,y < w.

Then T has a unique fixed point.
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