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Abstract

This work is devoted to analyzing the feasibility study of a Moudafi viscosity
projection method with a weak contraction for a finite family of quasinonexpansive
mappings in a Hadamard space. To this end, we need to construct a countable family
of nonexpansive mappings satisfying AKTT condition with a weak contraction by
choosing an appropriate control sequence under certain conditions.
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1 Introduction

Let C be a nonempty subset of a metric space (X, d). Suppose that, for each x € X, there
exists a unique point Pcx € C such that d(x, Pcx) = d(x, C) = inf,cc d(x, y). Then, the map-
ping Pc of X onto C is called the metric projection.

The well-known Banach contraction principle is an important tool in the theory of
metric spaces; it guarantees the existence and uniqueness of fixed points of certain self-
mappings of metric spaces. One generalization of the contraction principle for weak con-
tractions is obtained by Alber and Guerre-Delabriere [1] in Hilbert spaces. A mapping
f:X — Xis called a p-weak contraction if

d(f(x)»f(y)) <dx,y) - ¢(d(xry)): x,y€X,

where ¢ : [0,00) — [0, 00) is a continuous and nondecreasing function with ¢(¢) = 0 if and
onlyif £ =0.

Let T: C — X be amapping. If d(Tx, Ty) < d(x,y) forallx,y € C, then T is nonexpansive.
We denote by §(T') the set o fixed points of T. The mapping T is quasinonexpansive if §(T)
is nonempty and

d(Ix,y) <d(x,y), xe€C,yeF(T).

A point p € C is said to be a strongly asymptotic fixed point [2] of T if there exists a se-
quence {x,} in C that converges strongly to p and lim,_, o d(x,, Tx,) = 0. We denote by
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§(T) the set of strongly asymptotic fixed points of T'. It is known that the fixed point set of
a quasinonexpansive mapping defined on a CAT(0) space (see Section 2 for the definition)
is closed and convex.

Approximation methods for finding specific fixed points of a family of nonexpansive
mappings in Hilbert, Banach, and geodesic metric spaces have been studied by many re-
searchers; see, e.g., [3—9] and the references therein. One well-known method, called the
shrinking projection method, was first proposed by Takahashi et al. [10] and has been
applied to a variety of approximation problems; see, e.g., [11, 12]. In particular, Kimura
and Takahashi [11] applied this method to the zero-point problem for a maximal mono-
tone operator defined in a Banach space and obtained strong convergence theorems. To
generate the iterative sequence by the shrinking projection method, they use the metric
projection onto a closed convex set C,, for each n € N. It is noticeable that the larger the
integer 7, the more complicated the shape of C,,. Hence, the calculation of the projection is
tedious as n gets larger. In 2011, Kimura et al. [2] overcome this difficulty and introduce the
so-called averaged projection method of Halpern type for a family of quasinonexpansive
mappings by combining the Halpern iteration. They still use the metric projection ap-
proach; nevertheless, the subsets corresponding to these projections have simpler shapes
than the classical ones. Let us denote by §(%) the common fixed point set of all mappings
in a family ¥. Their theorem is stated as follows.

Theorem 1.1 (Kimura et al. [2], Theorem 3.1) Let C be a closed convex subset of a Hilbert
space H, T = {T;:j=1,...,N} a finite family of quasinonexpansive mappings of C into H
with §(%) # @ and %(T,») =3(T}) forj=1,...,N.Let u,x, € C and define the sequence {x,} by

y; =y + (1 — o) Tixy,

C={zeC:|y,-2| <lxa—zl}, j=1....N,

n,

/',(chixn, k=1,...,mj=1,...,N,

N
Wk =Y Bl k=1...m,
j=1

n
Kpe1 = St + (1= 6,) Z VYnikWn,k»
k=1

where {a,}, {/Sf, :j=1,...,N}L {Vuk : k < n}, and {8,} are sequences in [0,1] satisfying the
following conditions:
(i) liminf,_ oo, <1,
(i) Bh>0forj=1,...,N,and Z}XI,BL =1lforneN,
(il) Y poy Yk =1forn € N, lim, o Yux > 0 for k € N, and Y 021 S0 |Vusik — Vukl < 00,
(iv) 1imy00 8y =0, Y ooy 8y =00, and y ey [8ys1 — 8, < 00.

Then {x,} converges strongly to the point Py<u.

The problem of whether or not we can construct a shrinking projection method analo-
gous to that given in Theorem 1.1 for solving a common fixed point problem for a finite
family of quasinonexpansive mappings in a geodesic metric space is still open. The pur-
pose of this paper is to analyze the feasibility study of Moudafi viscosity type of projection
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method with a weak contraction for a finite family of quasinonexpansive mappings in a
complete CAT(0) space, also known as a Hadamard space.

This paper is organized as follows. In Section 2 we recall the definition of geodesic met-
ric spaces and summarize some useful lemmas and the main properties of CAT(0) spaces.
Besides, without vector addition as in a Banach space, we present an inequality to estimate
the distance between two elements defined by finite convex combination ‘@’ in a CAT(0)
space; see Lemma 2.2. In Section 3 we construct a sequence of nonexpansive mappings
satisfying AKTT condition by choosing an appropriate control sequence under certain
conditions; see Theorem 3.2. Therefore, a convergence theorem of a new Moudafi vis-
cosity approximation follows from Theorem 3.2; see Theorem 3.3. Using Theorem 3.3,
we also derive a strong convergence theorem by a Moudafi type viscosity approximation
with a weak contraction for a family of quasinonexpansive mappings; see Theorem 3.4. As
a particular case where a weak contraction is constant in Theorem 3.4, a strong conver-
gence theorem by the averaged projection method of Halpern type is then obtained; see
Theorem 3.5.

2 Preliminaries

Let (X, d) be a metric space. For x,y € X, a geodesic path joining x to y (or a geodesic from
x to y) is an isometric mapping c: [0,£] C R — X such that ¢(0) = %, c(€) = y, that is,
d(c(t),c(t') = |t — ¢| for all ¢,¢' € [0,£]. Therefore, d(x,y) = £. The image of c is called a
geodesic (segment) from x to y, and we shall denote a definite choice of this geodesic seg-
ment by [x,y]. A point z = ¢(¢£) in the geodesic [x,y] will be written as z = (1 - A)x @ Ay,
where A = t/¢, and so d(z,x) = Ad(x,y) and d(z,y) = (1 — A)d(x, ). A subset C of X is convex
if every pair of points x,y € C can be joined by a geodesic in X and the image of every such
geodesic is contained in C.

A geodesic triangle A(x1,%7,%3) in (X, d) consists of three points x; € X (i = 1,2,3), its
vertices, and a geodesic segment between each pair of vertices, its sides. If a point x € X lies
in the union of [x;,%;], i,j € {1,2, 3}, then we write x € A(x1,%2,%3). A comparison triangle
for the geodesic triangle A(xy,x5,%3) in X is a triangle A(X;,%,%3) in the Euclidean plane
[E? such that di2 (%;, %)) = d(x;, %)) for i,j € {1,2,3).

A geodesic triangle A in X is said to satisfy the CAT(0) inequality if, given a comparison
triangle A in E? for A,

d(x,y) <dg2(x,y5) forx,ye€A,

where X,y € A are the corresponding comparison points of x, y. The geodesic metric space
X is called a CAT(0) space if all geodesic triangles in X satisfy the CAT(0) inequality. Note
that Hilbert spaces are CAT(0).

Lemma 2.1 Let (X,d) be a CAT(0) space, and let a, 8 € [0,1]. Then:
(i) Forx,y€ X, we have

d(ax® (1 -a)y, Bx® (1- B)y) = la — Bld(x,).
(i) ([13], Chapter 11.2. Proposition 2.2) For x,y,p,q € X, we have

d(ax S(1-a)y,apd(1- a)q) <adx,p)+ (1 -a)dy,q).



Huang and Kimura Fixed Point Theory and Applications (2016) 2016:36 Page 4 of 13

In particular, if p = q, this reduces to
d(ax @ (1-a)y,p) < ad(x,p) + 1 - a)d(y,p).
(iti) ([14], Lemma 2.5) For x,y,z € X, we have
d(ax ®1- oz)y,z)2 <ad(x,z)? +(1- o:)a,’(y,z)2 —a(l- oz)d(x,y)z.
We will extend the equality in Lemma 2.1(i) to any finitely many elements in X. First, we

recall the notion of a finite sum ‘@’ defined by Butsan et al. [4]. Fix n € N with n > 2 and
let {ory, ..., ) C(0,1) with Y y_; o =1 and {xy,...,%,} C X. By induction we define

@O[kxk = (1 Ol,,) (1 _ XD D 1— xnl) D ayxy. (21)

k=1 "

The definition of € in (2.1) is an ordered one in the sense that it depends on the order of
points xy,...,x,. However, we occasionally use the notation o1x; @ aoxs @ - - - B o, for
such a point. Lemma 2.1(ii) assures that, for y € X,

d(@ akxk,y) <Y ad(xgy). (2.2)
k=1 k=1

Lemma 2.2 Let (X,d) be a CAT(0) space, and for n € N with n > 2, let {ox};_, and
{Bi}}_; C (0,1) be two sequences such that Yy _ox = 1 B = 1. Then, for x1,...,%x, € X,

we have
n n
d(@ @ﬂ)
k=1 k=1
<= (o + or2)dl (1, %2)

T log +an ﬂ1+132

3 2
d(x ,X3)
‘Zm“k ZkllBk kZ kZ o

j j-1
d(x LX)
’Zklak ZkllB Z kZ o

n-1
el ul Y P,
k=1 _ﬂn

Proof We will prove the result by induction.
Step 1. According to Lemma 2.1(ii), (2.1), and (2.2), we derive

d (@ X @ /Skxk)
k=1 k=1
n-1 a n-1 ﬂk
=< d((l _an) @ -« xk) D ayxy, (1 _an) @ 1 ,ank D apxy,

k=1 "
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n-1
+ d((l —ay) (@ 1- xk) ® auxy, (1 - Bn) (@ 1 lBkﬂ ) S?) ﬁnxn>

k=1
<(1—a)d<é§ Fk xké_é Pr xk>+|a —ﬂ|d<é_§ixkx)
o Lo k=11_ﬂ" k=11_ﬂ"
<(l-« )d(é il Xi é P xk)
i oo L= B
B
+lon = Bl D Tl wn).
k=1 _:Bn

Step 2. Apply the inequality in Step 1 for the case # — 1 to obtain

k=1 k=1
-2 2
1-o,q—ay, éa A X p Br
- 1-qa, o1 l-a,q—-ay 1-8u1- 8
n-2
Q-1 ﬁn 1 k
d(xp, %-1)-
1- oy 1 k; 1- ﬁn 1~ ﬂn "

Step 3. Recall that )y, o = > ;_; Br = 1. Hence, the two inequalities in Step 1 and Step 2
imply that

d <@ Xk @ ﬂkxk>
k=1 k=1

n-2 n-2 ,Bk
<(A-oay1—-a,d o — X
e 8 @1 Qp-1 — Oy gl_ﬂnfl_ﬁn
a -1 n-2 ﬁ
n-1 k
o - k) T Ao xn1)
Zziak Ziﬂk Zl gl_ﬁn—l_ﬂn o

n-1
o Bl Y P,
k=1 - :3;'1

Continuing the process in Step 1 to estimate the first term of this inequality on the right-

hand side, after n — 2 steps, we have

d (@ Xk @ ﬂkxk)
k=1 k=1

o
< 2

Tlaptay B+ B

(o1 + g)d(x1,%2)

a3

1%k Zk 1,3/(

3 2
D ok Z by g, o)
k=1 k=1
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j j-1

= 2 G s gy )

k=1 B

‘Zk 1% Zk 1:31

k

e
Br
+ --+|an—ﬁn|21_ﬂnd<xk,xn>. -
k=1
Let {,}?°, be a sequence in (0,1) such that ) .-, &, = 1. For notational convenience, let

825

O =

o0
> a,Q:Zaj for k e N,
219 jok+1

The following result is an immediate consequence of Lemma 2.2.

Lemma 2.3 Let (X, d) be a CAT(0) space, and for n e N (n > 2), let {o}y_;, {Br}f., € (0,1)
be such that Y ;_ ax =Y r_; Bx = 1. Then for x,...,x, € X, we have

n n n
d<@akxk@ﬁkxk) MY -l
k=1 k=1 k=1
where M = max{d(x;,x;) : i,j =1,...,n}.
It is remarkable that Dhompongsa et al. [5] define an infinite sum ‘@’ as follows. Let

{o,} € (0,1) with Y77, &, = 1, and let {x,,} be a bounded sequence in a complete metric
space X. Choose arbitrary u € X. Suppose that lim, o Yz, & = 0. Define the sequence

{y»} in X by
Vi = 01X D oy @ -+ - Dk, D o) U

Then, according to (2.1),

n
Y = (Z 0(/(>Z,, (&) O[;,M, (2.3)
k=1

where

oy,
y==— DO =
" Zk 1% > i- 10‘k

Recall that {y,} is a Cauchy sequence [5] and therefore converges to some pointx € X. We

can write

00
X = @anx,,.
n=1

By (2.3), d(yu, 24) = o, d(z,, u). Hence, {z,} also converges to x, and the limit x is indepen-
dent of the choice of u.
To verify our main results in Section 3, the following property is required and crucial.
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Lemma 2.4 (Dhompongsa et al. [5], Lemma 3.8) Let C be a closed convex subset of a com-
plete CAT(0) space X, {T,,} a sequence of nonexpansive mappings on C with (o, F(T,,) # ¥,
and {a,} a sequence in (0,1) such that y . o, =1 and lim,_.o Y z-, ) = 0. Define the

oo

19 Tux, x € C. Then S is nonexpansive, and §(S) =

mapping S : C — C by Sx = P
Mzt S(T).

3 Projection method

Let C be a closed convex subset of a complete metric space X. A family {T,} of nonexpan-
sive self-mappings of C is said to satisty AKTT condition [3] if for every bounded subset
BofC,

Zsup{d(Tmlx, T.x):x € B} < 00.

n=1

In this case, the sequence {T),x} is Cauchy for each x € C and so converges in X. We recall
the following convergence theorem with a weak contraction for a sequence of nonexpan-
sive mappings with AKTT condition.

Theorem 3.1 (Huang [15], Theorem 4.11) Let X be a complete CAT(0) space, C a closed
convex subset of X, {T,,} a family of nonexpansive mappings on C satisfying AKTT condition
such that ()2, §(T) #, f a p-weak contraction on C, where ¢ is strictly increasing, and
{a,} is a sequence in (0,1] satisfying

(C1) limy— o0 00y = 0;

(C2) Y02 oy = 00;

(C3) either Yy 21 st — atul < 00, or limy,_, oo (041 /0t) = 1.
Define the mapping S : C — C by Sx = lim,_, o Tyx for x € C. Suppose that §(S) =
ﬂflil $(T,). Then the sequence {x,} defined by x, € C and

KXn+l = anf(xn) @ (1 - an)Tnxn
converges strongly to a point x € C such that x = Px(5)f (%).

We now construct a sequence of nonexpansive mappings satisfying AKTT condition by
choosing an appropriate control sequence under certain conditions.

Theorem 3.2 Let C be a closed convex subset of a complete CAT(0) space X, T = {T,} a
family of nonexpansive mappings on C with §(%) # 0, and {y,x : k <n} C (0,1) a sequence
satisfying

(D) Y iy vuk=LVneN;

(D2) Ak =1limy o Yur >0, Vk €N, and lim, o0 Y g, A = 0;

(D3) Y52y Yokt | Pueik — Vnk| < 00, where Yy ni1 = 0 and

Vnk

— k=1,...,n+1.
Y1t + Vuk

J7n,k =

For each n € N, define the mapping S,,: C — C by

n
Spx = @ Vi Tkx.
k=1
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Then {S,} is a family of nonexpansive mappings satisfying AKTT condition and

Moreover, the mapping S : C — C defined by Sx = lim,_,« S,x is also nonexpansive, and

3'(5) = ﬂiil %(Sn)
Proof Fix any n € N. We may assume that y,,x = 0 for all kK > #n. Then Lemma 2.4 states

that S, is nonexpansive and §(S, ﬂk 18(Ty). Thus,

(3(S) = () 3(T) #0.

n=1 k=1

For every bounded subset B of C, the set {Tyx : x € B,k € N} is bounded since
My S(Tw) # 9. Let

M =diam{Tyx: x € B,k € N},

so that by Lemma 2.3, for x € B and n € N, we have

n n n
d(Synx,Syx) < d (@ Vnsrk Ti, @ Vnk Tkx) + Vn+1,n+1d<Tn+1x; @ Yk Tkx)

k=1 k=1 k=1

n n
= M Z |)7rl+1,k - fn,k| + M)/n+1,n+1 Z Vnk
k=1 k=1

n
=M Z |)7n+1,k - yn,k| + M?n+l,n+1

k=1
n+l
= MY Fwerk — Tkl
k=1
It follows that
oo n+l
Zsup Spa1%, Su) : xeB <MZZ|Vn+1k_Vnk|<OO

n=1 k=1

Therefore, {S,} is a family of nonexpansive mappings on C satisfying AKTT condition
such that ()2, F(S,) # . It follows that {S,x} converges for all x € C, and thus S is well
defined.

If m,n € N and m > n, then we get

Z | Pk = Pkl < Z(Wml,k — Viukl + | Pnsnke = Pusrkl + -+ [P = Vn1x])
k=1

m-— n
ZZ V16 — ikl

j=n k=1

j+l

§
L

[Vjs1.k = Vikl-
n k=1

~.
Il



Huang and Kimura Fixed Point Theory and Applications (2016) 2016:36 Page 9 of 13

Recall that A = lim,,_, o 7,4 for k € N. We take the limit as 7 — 0o to obtain
oo j+l
Zm—ym <Y ek - il

j=n k=1

and then take the limit as # — oo to obtain
n
lim ; Ak = Vuk] = 0. (31)

On the other hand, the absolute convergence of the series

oo n+l

Z Z();rwl,k - ?n,k)

n=1 k=1

implies the convergence of its partial sums

m n+l m+1 m+1
Z Z();wrl,k - )7n,k) = (Z )7m+1,k> - )71,1 = (Z )7m+1,k> -1

n=1 k=1 k=1 k=1

Hence, by (3.1), Y po; Ax converges (in fact, to > ¢, 7uk), and so does Y o) Ax because
Mc < k. Let A = 3 22, Ak Define the mapping W : C — C by

Wx = @ T,x.

Then by (D2) Lemma 2.4 guarantees that W is nonexpansive and §(W) = (2, $(T,,). If

W,x = @Z Tkx, xeC,

then {W,x} converges to Wx. Recall that

Nk )
7 —)\.k f()rk—l,...,”
(Z}'——l ]

Fix any x € C. Then by Lemma 2.3 and (3.1) we get

n
d(S,x, W,x) < KZ |7uk — 2l = 0 asm— oo,
k=1

where K = max{d(Tx, Tjx) : i,j = 1,...,n}. This shows that Wx = Sx for all x € C, as re-
quired. 0

The following result follows immediately from Theorems 3.1 and 3.2.
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Theorem 3.3 Let C be a closed convex subset of a complete CAT(0) space X, T ={T,} a
family of nonexpansive mappings on C such that §(%) # 0, and f a p-weak contraction on
C, where @ is strictly increasing. Let {at,} C (0,1] and {y,x : k < n} C (0,1) be two sequences
such that {a,} satisfies (C1)-(C3) and {y,x : k < n} satisfies (D1)-(D3). Let x; € C and define
the sequence {x,} by

n
Xn+l = ar(f(xn) @ (1 - Ol,,) @ Ynk Tkxn'
k=1

Then {x,} converges strongly to a point x € C such that X = Py \f (%).

Proof Foreachn e N,let S, : C — C be the mapping defined by

n
Spux = @ Vi Txx.
k=1

Then by Theorem 3.2, {S,} is a family of nonexpansive mappings satisfying the AKTT
condition and ()2, §(Sx) = (oy §(T,). We can write

Xn+l = arzf(xn) @ (1 - oty)Spxn.

Define the mapping S: C — C by Sx = lim,,_,» S,x for x € C, so that S is nonexpansive
and §(S) = N2, F(S,). Consequently, Theorem 3.1 assures the strong convergence of {x,,}
with limit %, say, such that x = Pgs)f (%). O

Using Theorem 3.3, we establish a strong convergence theorem by a Moudafi type of
shrinking projection method for a family of quasinonexpansive mappings as follows.

Theorem 3.4 Let C be a closed convex subset of a complete CAT(0) space X such that {z €
C:d(u,z) <d(v,2)} is a convex subset of C foreveryu,ve C. Let T={T;:j=1,...,N} bea
finite family of quasinonexpansive mappings of C into X with §(%) # 0 and %(T,') =3(T))
forj=1,...,N, and f a @-weak contraction on C, where ¢ is strictly increasing. Let {a,},
{8} be sequences in (0,1], and {,32 :j=1,...,N} and {y,x : k < n} be sequences in (0,1). Let
x1 € C and define the sequence {x,} by

y; :anxn@(l_sn)zjm
C{q = {ze C:d(y{q,z) < d(x,,,z)}, j=1,...,N,

v

n,k

:Pcixn: kZl,...,ﬂ,jzl,...,N,
k

N
W”’k:®ﬂ;<‘/n,k’ kzl,...,l’[,
j=1
n
KXntl = anf(xn) e 1-oy) @ YnkWhn,k»
k=1

where {a,} satisfies (C1)-(C3), {yux : k < n} satisfies (D1)-(D3), and {5,}, {ﬁL} satisfy the
following conditions:
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(i) liminf, o8, <1;
(ii) Zfil B, =1forneN.
Then {x,} converges strongly to a point x € C such that X = Py \f (%).

Proof First, we can see that every C,, is closed and convex by the assumption on the space.
To prove that the metric projection P, is well defined, let z € §(%). Since T; is quasinon-
k

expansive, we have

d(¥},2) < 8,d(x,2) + (1 8,)d(Tjx,, 2) < d(x,,2),
and so z € C),. This implies that

P#3X)cC, j=1,..,N,neN.

Thus, the metric projection onto C), is well defined. For # € N, define Q,:C— Cbhy
N
Qx=EPBPx xeC.
j=1

It follows from Lemma 2.4 and condition (ii) that Q,, is nonexpansive and §(Q,,) = ﬂj\il C],‘,.

According to our construction, we can write
Wik = Q¥ k=1,...,m,

n
Xn+l = ar(f(xn) S 1-a,) @ Yk Qrxn, neN.
j=1

Hence, Theorem 3.3 and conditions (C1)-(C3) and (D1)-(D3) assure the strong conver-
gence of {x,} to a point € C such that X = Prf (%), where

o0 N N oo
F=§@Q) =S =NNG-
n=1 n=1 j=1 j=1 n=1

Notice that §(¥) C F. Condition (i) asserts that there exists a convergent subsequence {,,}
of {8,} such that lim;_, 8, < 1. Since X € C,, for allj=1,...,N and n € N, we obtain

A %) = d(yn;, %)
= d(anixni @ (1 - (Sy,i)j}xm,&)
= d(x}'ll‘! anixn,‘ @ (1 - ani)j}xn,‘) - d(xnirfc)

= (1 - 8ni)d(xnl‘) T}'xnl‘) - d(xni,.;é‘),

which yields

=5, AKX %) = d(x;5 Tikn,).
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We then take the limit as i — oo and get

lim d(x,,, Tix,)=0, j=1,...,N.
1— 00

This shows that x € §(T/) =3§(T;) forj=1,...,N, thatis, ¥ € F(T). Since §(%) C F, we then
have X = Ppf(X) = Pg(x)f (%), which completes the proof. |

Consequently, when f is constant in Theorem 3.4, we obtain the following strong con-
vergence theorem by a new Halpern type of shrinking projection method.

Theorem 3.5 Let X, C, € = {T;:j=1,...,N}, and the sequences {o,}, {5,}, {ﬂ{, 1) =
1,...,N}, {yuk : k < n} be as in Theorem 3.4. Let u,x; € C and define the sequence {x,}
by

y’n = 871xn @ (1 - 8,,)7}'96,,,
C={zeC:d(y,2) <d@,2)}, j=1,...,N,

v

nk

:PC/x,,, k=1,...,nj=1,...,N,
3

N
Wik =D B k=1..m,
j=1

n
KXpe1 = 0t B (1 - atyy) @ Vi kWn,k-
k=1

Then {x,} converges strongly to the point Pgu.
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