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Abstract

We prove a new fixed point theorem of Schauder type, which applies to
discontinuous operators in noncompact domains. In order to do so, we present a
modification of a recent Schauder-type theorem of Pouso. We apply our result to
second-order boundary value problems with discontinuous nonlinearities. We
include an example to illustrate our theory.

MSC: Primary 47H10; secondary 34A36; 34B15

Keywords: Schauder’s theorem; fixed point; discontinuous operator; separated
boundary conditions

1 Introduction

In the recent and interesting paper [1], Pouso proved a novel version of Schauder’s theorem
for discontinuous operators in compact sets. Pouso used this tool to prove new results on
the existence of solutions of a widely studied second-order ordinary differential equation
(ODE) subject to Dirichlet boundary conditions (BCs), namely

u” =f(t,u), u(0) =u(1) =0,

where f is an L!-bounded nonlinearity. The approach in [1] relies on a careful use of ideas
of set-valued analysis and viability theory.

In this manuscript, we further develop the ideas of Pouso. First, we prove that a
Schauder-type theorem for discontinuous operators can be formulated for arbitrary
nonempty, closed, and convex (not necessarily bounded) subsets of a Banach space. Se-
cond, we apply our new result to prove the existence of solutions of a large class of dis-
continuous second-order ODEs subject to separated BCs, complementing the results of

[1] and improving them also in the special case of Dirichlet BCs.

2 Schauder’s fixed point theorem for discontinuous operators

For completeness, we begin this section by recalling the classical Schauder fixed point
theorem.
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Theorem 2.1 ([2], Theorem 2.A) Let K be a nonempty, closed, bounded, convex subset
of a Banach space X and suppose that T : K — K is a compact operator (that is, T is
continuous and maps bounded sets into precompact ones). Then T has a fixed point.

A well-known consequence of Theorem 2.1 is the following.

Corollary 2.2 ([2], Corollary 2.13) Let K be a nonempty, compact and convex subset of a
Banach space X, and T : K — K a continuous operator. Then T has a fixed point.

The main result in [1] is an improvement of Corollary 2.2, where the continuity of the
operator T is replaced by a weaker assumption. We briefly describe the main idea: given a
compact subset K of a Banach space X and an operator T : K — K, which can be discon-
tinuous, it is possible to construct a multivalued mapping T by ‘convexifying’ T as follows:

Tu:= ﬂ E(T(Bg(u) n K)) for every u € K, (2.1)

>0

where B, (1) denotes the closed ball centered in u with radius &, and co denotes the closed
convex hull. The operator T in (2.1) is an upper semicontinuous mapping with convex and
compact values (see [3, 4]), and therefore Kakutani’s fixed point theorem guarantees that
T has a fixed point in K. If we impose an extra assumption that, roughly speaking, states
that a fixed point of T must be a fixed point of T, then we obtain the desired result.

The following characterization sheds light on the definition of the multivalued opera-
tor T. It is formulated for compact subsets, but it works for arbitrary nonempty subsets of
a Banach space (see also [1], Proposition 3.2).

Proposition 2.3 Let K be a compact subset of a Banach space X, and T : K — K. Then
the following statements are equivalent:
(1) y € Tu, where T is as in (2.1);
(2) forevery e >0 and every p > 0, there exists a finite family of vectors u; € B.(u) N K
and coefficients 1; € [0,1] (i =1,...,m) such that Y 1; =1 and

<p.

m
y - Z )\i TM,‘
i=1

The variant of Schauder’s theorem in compact subsets given by Pouso is the following.

Theorem 2.4 ([1], Theorem 3.1) Let K be a nonempty, compact and convex subset of a
normed space X, and T : K — K. Furthermore, assume that

{uyNTu C{Tu} forallueKk,

where T is as in (2.1). Then T has a fixed point.

Theorem 2.4 is very interesting and powerful; however, when we want to look for so-
lutions for a certain boundary value problem (BVP), the fact of working in a compact
domain could be quite restrictive. In order to overcome this difficulty, we first recall that
Theorem 2.1 admits the following extension to unbounded domains.
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Theorem 2.5 ([5], Theorem 4.4.10) Let M be nonempty, closed and convex subset of a
Banach space X, and T : M — M a continuous operator. If T(M) is precompact, then T
has a fixed point.

Secondly, we recall the following result due to Bohnenblust and Karlin.

Theorem 2.6 ([2], Corollary 9.8) Let M be a nonempty, closed and convex subset of a
Banach space X and suppose that
(i) T:M — 2M s upper semicontinuous;
(i) T(M) is relatively compact in X;
(ili) T'(u) is nonempty, closed, and convex for all u € M.
Then T has a fixed point.

Now we introduce the main result in this section, which is an extension of Theorem 2.5
to the case of discontinuous operators.

Theorem 2.7 Let M be a nonempty, closed, and convex subset of a Banach space X, and
T : M — M a mapping satisfying

(i) T(M) is relatively compact in X;

(i) {u} NTu C {Tu} for all u € M, where T is as in (2.1).

Then T has a fixed point in M.

Proof The multivalued operator T is upper semicontinuous with Tz nonempty, convex
and compact for each u € M. Now we show that condition (i) implies that T(M) is relatively
compact on X. Indeed, for each # € M and all ¢ > 0, we have that

coT (B.(u) N M) C coT (M),

and therefore T(M) is a closed subset of the compact set coT(M) (note that the closed
convex hull of a compact set in a Banach space is also compact; see, for example, [6],
Theorem 5.35).

Since T(M) is relatively compact, we obtain by application of Theorem 2.6 that T has a
fixed point. Finally, condition (ii) implies that the obtained fixed point of T is a fixed point
of T. O

Remark 2.8 Notice thatif T is continuous then Tu = {Tu} for all u, and so previous results
regarding operator T actually generalize known results about single-valued operators.

3 Second-order BVPs with separated BCs

In this section, we apply the previous abstract result on fixed points for discontinuous
operators in order to look for W>!-solutions for the following singular second-order ODE
with separated BCs:

u’(t) +gt)f (t,u(t)) =0 for almost every (a.e.) £t € I = [0,1],
au(0) - Bu'(0) =0, (3.1)
yu(l) +6u'(1) =0,

where o, 8,7,6 >0and ' = yB +ay + ad > 0.
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This kind of second-order BVPs have received a lot of attention in the literature. For
example, in the monograph [7] the method of lower and upper solutions is used to look
for C2-solutions in the case of continuous nonlinearities and W?!-solutions in the case
of Carathéodory ones. This method is also applied in [8] to a continuous ¢-Laplacian
problem with separated BCs. On the other hand, a monotone method is applied in [9] in
order to look for extremal solutions for a functional problem with derivative dependence
in the nonlinearity. As a main novelty of the present work, we allow the nonlinearity f
to have a countable number of discontinuities with respect to its spatial variable, and we
require no monotonicity conditions. Moreover, the function g can be singular.

To apply our new fixed point theorem to the BVP (3.1), we recall that u € W>!(I) is
a solution of (3.1) if (and only if) u is a solution of the following Hammerstein integral

equation:

1
u(t):/(; k(t,s)g(s)f(s,u(s)) ds, (3.2)

whenever the integral in (3.2) has sense and where £ is the corresponding Green function,

which is given by (see, for example, [10])

(3.3)

k(ts)_l (y+6-yo(B+as) if0=<s=<t=<l,
T | (Brat)y+8—ys) if0<t<s<Ll

It is known [10] that k is nonnegative. Furthermore, note that k is continuous (and there-
fore bounded) in the square [0,1] x [0,1] and that its partial derivatives g—f and % can
be discontinuous on the diagonal ¢ = s. However, these partial derivatives are essentially
bounded on the square.

In the sequel, we consider the Banach space X = C!(I) of continuously differentiable

functions defined on I with the norm
llu| = sup‘u(t)’ + sup‘u'(t)}.
tel tel

Lemma 3.1 Assume that:

(Hi) geL'(l);

(Hp) there exist R > 0 and Hg € L*°(I) such that for a.e. t € I and all u € [-R,R] we have
[f (£, u)| < Hr(2);

(Hs) the following estimate holds:

| Hgllzoo (M1 + M) <R,
where

8—k (¢, 5)g(s)| ds; (3.4)

at

1 1
M = sup/ k(t,s) ‘g(s)’ ds, My = sup/
tel JO tel JO

(Hy) foreachu € Bg = {u € X : ||u|| < R} the composition t € I — f(t, u(t)) is a measurable
Sfunction.



Figueroa and Infante Fixed Point Theory and Applications (2016) 2016:57 Page 5 of 11

Then the operator T : By —> X given by

1
Tu(t):/o k(t,s)g(s)f(s,u(s)) ds

is well defined and maps By, into itself.

Remark 3.2 Since k is the Green’s function related to a homogeneous second-order BVP,
Tu € W*Y(I) for all u, so, in particular, (Tu)’ is absolutely continuous (then Tu € X), and
(Tu)" exists almost everywhere on I. This will be used later in our argumentations.

Proof of Lemma 3.1 Let R > 0 given by condition (H;). First, note that the kernel k has
the form (3.3). Therefore, for each ¢ € [0,1], k(¢, -) is a continuous function, and for s # ¢,
the function s € [0,1] — 3—’; (¢,s) is well defined and integrable. Then, conditions (H;), (Hs)
and (Hg) imply that for u € By the function Tu is well defined.

On the other hand, for u € Bx we have

|g(s) | V(s, u(s)| ds

1 1 ok
| Tu|| < sup/ k(t,9)|g(s)||f (s, u(s))| ds + sup/ ‘B—(t,s)
tel Jo tel Jo | 0t
< [HRlloo(M1 + M),
and then condition (Hs) implies that || Tu|| < R. O
Lemma 3.3 Under the assumptions of Lemma 3.1, T(Bg) is relatively compact in X.

Proof We have shown in Lemma 3.1 that T(Bg) C Bg. Therefore, the set T(Bg) is totally
bounded in X. Now, to see that T(By) is equicontinuous, we only have to notice that, for
a.e. t € I and every u € By, we have

(Tw)" ()] < |g(6)|Hr(?),

which implies that
(T (8) — (Tu) (5)] < / (T ()| dr < / ()| () .

Then T(Bg) is relatively compact in X. O

In a similar way as in Definition 4.1 of [1], we introduce the admissible discontinuities
for our nonlinearities.

Definition 3.4 We say that y : [a,b] C I — R, y € W?!([a, b]), is an admissible discon-
tinuity curve for the differential equation u”(¢) + g(¢)f (¢, u(t)) = 0 if one of the following
conditions holds:

@) —y"(@) =g@)f (¢, y(t) fora.e. t € [a,b];
(ii) there exist ¥ € L}([a,b]), ¥ > 0 almost everywhere, and & > 0 such that

either —y" () + ¥ (t) < g(t)f (¢,9)
fora.e.t€[a,blandally € [y(t) —-&,y()+ s], (3.5)
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or —y"(8) = ¥ (8) > g(O)f (¢, )
fora.e.t €[a,b]landally € [y(t) —&,y(t)+ 8]. (3.6)

If (i) holds, then we say that y is viable for the differential equation; if (ii) holds, we say
that y is inviable.

The previous definition says, roughly speaking, that a time-dependent discontinuity
curve y is admissible if one of the following holds: either y solves the differential equation
on its domain, or, if it does not, the solutions are pushed ‘far away’ from y.

To prove our main result on the existence of solutions for problem (3.1) by using ad-
missible discontinuity curves, we need some auxiliary theoretical results on integrable

functions. The reader can see their proofs in [1].

Lemma 3.5 ([1], Lemma 4.1) Leta,b € R,a<b,andletg,hc L' (a,b),g>0a.e,andh>0
a.e.in (a,b).
For every measurable set ] C (a,b) with m(]) > 0, there is a measurable set Jy C J with

m(J \ Jo) = O such that, for every o € Jy, we have

m f[fo,t]\/g(s) ds —0= lim f[t,ro]\fg(s) ds

< . 37
t—>1§ thO h(s) ds =1y ft 0 h(S) ds ( )

Corollary 3.6 ([1], Corollary 4.2) Leta,b € R, a < b, and let h € L'(a, b) be such that h > 0
a.e.in (a,b).

For every measurable set ] C (a,b) with m(J) > 0, there is a measurable set Jo C ] with
m(J \ Jo) = 0 such that, for all Ty € Jy, we have

o f[ro,twh(s) ds e f[t,ro}ﬂ] h(s) ds'

= lim = 3.8
t—1g fft() h(s)ds =1y .ft 0 h(s)ds ( )

Corollary 3.7 ([1], Corollary 4.3) Let a,b € R, a < b, and let f,f, : [a,b] — R be abso-
lutely continuous functions on [a, b] (n € N) such that f,, — f uniformly on [a, b] and, for a

measurable set A C [a, b] with m(A) > 0, we have
lim f/(t) =g(t) foraa.teA.

If there exists M € L'(a, b) such that |f'(t)| < M(t) a.e. in [a,b] and also |f.(t)| < M(t) a.e.
in [a,b] (neN), then f'(t) = g(t) fora.a.t € A.

Now we can show the main result in this section.

Theorem 3.8 Let f and g satisfy (H1)-(Ha) and the following:

(Hs) there exist admissible discontinuity curves y, : I, = [ay, b,] — R, n € N, such that for
a.e. t €I the function f(¢,-) is continuous in [-R,R] \ Un:teln{y,,(t)}.

Then problem (3.1) has at least one solution in Bg.
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Proof We consider the multivalued operator T associated to T as in (2.1). Therefore, T
is upper semicontinuous with nonempty, convex and compact values and, as T, maps Bx
into itself. Moreover, T(Bg) is relatively compact in X by Lemma 3.3. Therefore, if we
show that {u} N Tu C {Tu}, then we obtain by Theorem 2.7 that T has a fixed point in Bg,
which corresponds to a solution of the BVP (3.1). This part of the proof now follows the
lines of [1], Theorem 4.4, but we include it for completeness and for highlighting the main
differences between the two results. Thus, we fix u € B and consider three cases.

Casel: m({t € I, : u(t) = y,(¢)}) =0 forall m € N.

Then we have that f(t, ) is continuous for a.e. ¢ € I, and therefore if u; — u in By then
we obtain f(t, ur(t)) — f(t,u(t)) for a.e. t € I. This, together with (H) and (Hs), implies
that Tu; converges uniformly to Tu in X. Then, T is continuous at #, and therefore we
obtain Tu = {Tu}.

Case 2: there exists n € N such that y,, is inviable and m({t € I, : u(t) = y,.(¢t)}) > 0. We
will show that, in this case, u ¢ Tu.

To do this, assume that y,, satisfies (3.6) (the other case is similar). Let ¢ € L'(I) and
& > 0 given by (3.6) and set

J={telu®) =y}, M) = |g(®)|Hr(.

Notice that (H;) and (H,) imply that M € L'(I), and so we deduce from Lemma 3.5 that
there is a measurable set Jy C J with m(Jy) = m(J) > 0 such that, for all 7 € Jy, we have

2 MOdS 2, MO d

im - =0= lim ——Z———. (3.9)
t>15 (1/4) ffo Y(s)ds =1y (1/4) [° ¥ (s)ds

By Corollary 3.6 there exists J; C Jo with m(J \ /1) = 0 such that, for all 7 € J;, we have

Jroaon VOIS | s V)4

= o w(s)ds e ANARTOID 10

Let us now fix a point 7y € /;. From (3.9) and (3.10) we deduce that there exist £_ < 7
and ¢, > 19, tx sufficiently close to 7y, such that the following inequalities are satisfied:

2 / Mis)ds < / ") ds (3.11)
[t0,6+1V 4 )
/ Y(s)ds > / v(s)ds > 1/t+ ¥ (s) ds, (3.12)
(0,107 (0.2 1Vo 2 J
2/ M(s)ds < l/m Y (s)ds, (3.13)
[tV 4
/ v(s)ds > 1/TO v(s)ds. (3.14)
[t_, 701V 2 Je

Finally, we define the positive number

o :min{%/:o w(s)ds,%/: w(s)ds}, (3.15)
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and we are now in a position to prove that u# ¢ Tu. By Proposition 2.3 it suffices to prove

the following claim.

Claim Let ¢ > 0 be given by our assumptions over y,, and let p be as in (3.15). For every
finite family u; € B,(u) N\ Bg and »; € [0,1] (i =1,2,...,m) with 3" A; = 1, we have

u-— Z)\,‘TM,‘

> p.

cl

Let u; and A; be as in the claim and, for simplicity, denote v = Y ;Tu;. Then for a.a.
te]={tel,:u(t)=y,(t)} we have

VI(E) =Y M(Tw)' () = Y hig()f (& wi(®)). (3.16)

i=1 i=1

On the other hand, for every i € {1,2,...,m} and every ¢ € J, we have
|u,-(t) - y,,(t)| = |ui(t) - u(t)| <&,

and then the assumptions on y,, ensure that, for a.a. ¢ € J, we have

VI(e) =Y ng)f (i) < Y ki (0) - () =" () - Y (0). (317)
i=1 i=1

Now we compute

70
Vi(tg) —V(t) = / V'(s)ds = / V'(s)ds + / V'(s)ds
t [t_,To]nT [t-70]\V

< / u'(s)ds — / Y (s)ds
[t-zolV [t-zolV

+/ M(s)ds (by (3.17), (3.16) and (H,))
[t 70l

— o (zo) 1l () /

u”(s)ds—/ P (s) ds+/ M(s)ds
[t-70lV [t-,70l0V

[t-70lV

<l (r0) — () - /

[t-, 70l

w(s)ds+2/[ ]\]M(S)dS

<u'(to) —u'(t.) - i /TO v (s)ds (by (3.13) and (3.14)).

Hence, ||u —v|c1 >V (t_) — u'(t_) > p, provided that V(7o) > u/(1).

Similar computations with ¢, instead of £_ show that if v/(zp) < #'(70), then we also have
ll = v|]|c1 > p. The claim is proven.

Case 3: m({t € I, : u(t) = y,(£)}) > 0 only for some of those n € N such that y, is viable.
We will show that, in this case, u € Tu implies u = Tu.

To see that, we consider the subsequence of all viable admissible discontinuity curves in

the conditions of Case 3, which we can denote without loss of generality by {y,},en. We
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have m(J,,) > 0 for all n € N, where

Jn= {t el,: M(t) = yn(t)}~

For each n € N and for a.a. ¢ € J,,, we have

u'(0) =y, (£) = gO)f (&, vu(t)) = g@)f (¢, u(2)),

and therefore u”(t) = f(t, u(t)) a.e. in J = | J,,cn

Now we assume that # € Ty, and we prove that it also implies that u”(¢) = g(£)f (¢, u(z))
a.e.in I\ J, thus showing that u = Tu.

Since u € Tu, for each k € N, we can use Proposition 2.3 with ¢ = p = 1/k to guarantee
that we can find functions uy ; € By (1) N By and coefficients Ay ; € [0,1] (i = 1,2, ..., m(k))
such that > Ax; =1and

m(k) 1
u-— Z )Lk’iTuk,l' < %
i=1 cl

Let us denote vy = Zimz(lk)kk,iTuk,i. Notice that v, — ' uniformly in I and

1
ot — uller < X

forallk e Nandalli€ {1,2,...,m(k)}.
For a.a. t € I\ J, we have that g(¢)f(¢,-) is continuous at u(t), so for any ¢ > 0, there is
some ky = ko(t) € N such that, for all k € N, k > k¢, we have

g (& uri(®)) — g(O)f (t,u®))| <& forallie {1,2,...,m(k)},

and therefore

m(k)
Vi@ - g0)f (&, u()| < hilg@f (& mii(0)) — g () (£, u(®)) | <.
i=1

Hence, v((t) — g(t)f (t, u(t)) for a.a. t € I\ J, and then Corollary 3.7 guarantees now that
u’(t) =g(t)f(t,u(t)) foraa.t el \]J.

Then, we have proven that {u} N Tu C {Tu} for all u € Bg. By application of Theorem 2.7
we obtain that T has at least one fixed point in Bg, which corresponds to a solution of the
BVP (3.1) in Bg. O

Remark 3.9 Note that if g(£)f(£,0) = 0 for almost all ¢ € [0,1], then O is a solution of the
BVP (3.1). Therefore, when g(£)f(¢,0) # 0 in a set of positive measure, then Theorem 3.8
provides the existence of a nontrivial solution. In this case, since the kernel k is nonnega-
tive and if, moreover, g(¢)f (¢, #) > 0 almost everywhere, then we obtain the existence of a

nonnegative solution with a nontrivial norm.
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Remark 3.10 The improvement with respect to Theorem 4.4 of [1] relies not only on the
fact that we can deal with a more general set of BCs but also on the fact that we do not
require global L' estimates on f, allowing a more general class of nonlinearities. On the
other hand, notice that our result can be extended to other type of BCs whenever condition
(Hs3) makes sense for the corresponding Green’s function.

Finally, we illustrate our results by an example.

Example 3.11 For n € N, we denote by ¢(x) the function such that ¢(1) = 2 and, for n > 2,
¢(n) counts the number of divisors of #. Thus defined, ¢(n) > 2 for all n € N, ¢ is not
bounded, and, since there are infinitely many prime numbers, liminf,_, .o¢(n) = 2. Now
we define the function

(t,u) € (0,1] x Ri— f(t,u) = ¢*(n(t,u)), *€(0,1), (3.18)

where

1 ifue(—o0,-t),
n(t,u):=1n if —f<u<--Land -t<u<o,
n if(n-DVt<u<ntandu>0.

We are concerned with the ODE

A
W) PG e tel=[01], (3.19)

Vt
coupled with separated BCs.

We claim that this problem has at least one solution. In order to show this, note that we
can rewrite the ODE (3.19) in the form u”(¢) + g(t)f (¢, u(t)) = 0, where g(¢) = and f= f
with f as in (3.18). We now show that the functions g and f satisfy conditions (Hl)—(H5).

First, it is clear that g € L(I), and so (H;) holds. On the other hand, since for all » € N
it is ¢ (1) < max{2,n}, we obtain that we have u € [-n, 1] = |f(¢, u)| < max{2, n}* for each
n € N. Then, if we take R € N, R > 2, large enough such that M; + M, < R'™* (with My, M,
as in (3.4)), then we can guarantee that (H;) and (Hs) hold.

To check (Ha), note that for every continuous function u, we can write the composition
telr— f(t u(t))as

t— f(t u(t)) Zfﬁ (1) (2, (8) + x7,(8)) + ¢ xxc (2), (3.20)

n=1

where x denotes the characteristic function, and I,,, J,, K are the following measurable

sets:
=u1([ 1)/t n/t) N [0,+00)), neN,
w=u ([ t,n;jlt)m [-£,0)), nel,
= u™((~00,—t)).

Then (3.20) is a measurable function, and therefore condition (Hy) is satisfied.
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Finally, we check condition (Hs). Fora.a. t € I, the function f (¢, -) has a countable number

of discontinuities of the form y,(t) = k+/t, and P (¢) = k_—+11t, k € N C N, but all these dis-

continuity curves are inviable for the differential equation. Indeed, notice that, for k € N
and ¢ € I, we have —y;/(t) = u% >0, -7/(t) =0 and

2}»
g)f(t,y) < _ﬁ <-2<-1 forallyeR,

taking into account that ¢(n) > 2 for all n € N. Then, condition (Hs) holds (it suffices to
take, for example, the same function = 1 for all discontinuity curves).

We can conclude that the differential equation (3.19), coupled with separated BCs, has at
least one solution in By provided that M; + M, < R'~*. Note that the solution is nontrivial
since the zero function does not satisfy the ODE.

In the special case of « = 8 =y =8 =1 and A = 1/3, we obtain (rounded to the third
decimal place) M; + M, = 2,336 and R = 4.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All the authors contributed equally and significantly in writing this article. All the authors read and approved the final
manuscript.

Author details

'Departamento de Anélise Matematica, Facultade de Mateméticas, Universidade de Santiago de Compostela, Santiago
de Compostela, 15782, Spain. “Dipartimento di Matematica e Informatica, Universita della Calabria, Arcavacata di Rende,
Cosenza, 87036, Italy.

Acknowledgements

The authors wish to thank Professor Rodrigo Lépez Pouso and both referees of the manuscript for their constructive
comments. R Figueroa was partially supported by Xunta de Galicia, Conselleria de Cultura, Educacién e Ordenacion
Universitaria, through the project EM2014/032 ‘Ecuaciéns diferenciais non lineares. G Infante was partially supported by
GN.AMPA. - INdAM (Italy). This paper was partially written during a visit of R Figueroa to the Dipartimento di Matematica
e Informatica, Universita della Calabria. R Figueroa wants to thank all the people of this Dipartimento for their kind and
warm hospitality.

Received: 4 December 2015 Accepted: 22 April 2016 Published online: 30 April 2016

References
1. Lopez Pouso, R: Schauder’s fixed-point theorem: new applications and a new version for discontinuous operators.
Bound. Value Probl. 2012, 7 (2012)
. Zeidler, E: Nonlinear Functional Analysis and Its Applications I. Springer, New York (1986)
. Aubin, JP, Cellina, A: Differential Inclusions: Set-Valued Maps and Viability Theory. Springer, Berlin (1984)
. Deimling, K: Multivalued Differential Equations. de Gruyter, New York (1992)
. Lloyd, NG: Degree Theory. Cambridge University Press, London (1978)
. Aliprantis, CD, Border, KC: Infinite Dimensional Analysis. A Hitchhiker’s Guide, 3rd edn. Springer, Berlin (2006)
De Coster, C, Habets, P: Two-Point Boundary Value Problems: Lower and Upper Solutions. Elsevier, Amsterdam (2006)
. Cabada, A, O'Regan, D, Pouso, RL: Second order problems with functional conditions including Sturm-Liouville and
multipoint conditions. Math. Nachr. 281, 1254-1263 (2008)
9. Carl, S, Heikkila, S: On the existence of minimal and maximal solutions of discontinuous functional Sturm-Liouville
boundary value problems. J. Inequal. Appl. 4, 403-412 (2005)
10. Lan, KQ: Multiple positive solutions of semilinear differential equations with singularities. J. Lond. Math. Soc. 63,
690-704 (2001)

0 NOU AW



	A Schauder-type theorem for discontinuous operators with applications to second-order BVPs
	Abstract
	MSC
	Keywords

	Introduction
	Schauder's ﬁxed point theorem for discontinuous operators
	Second-order BVPs with separated BCs
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


