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Abstract

In this article, a Krasnoselskii-type and a Halpern-type algorithm for approximating a
common fixed point of a countable family of totally quasi-¢p-asymptotically
nonexpansive nonself multi-valued maps and a solution of a system of generalized
mixed equilibrium problem are constructed. Strong convergence of the sequences
generated by these algorithms is proved in uniformly smooth and strictly convex real
Banach spaces with the Kadec-Klee property. Several applications of our theorems are
also presented. Finally, our theorems are a significant improvement of several
important recent results.
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1 Introduction

In what follows, we assume that X is a real Banach space with dual space X*, K is a
nonempty, closed, and convex subset of X, and — and — will, respectively, denote strong
and weak convergence.

(See, e.g., Wang and Zang [1] for a similar definition for self maps.) Let G : K — 2% be
any map. A point u € K is called a fixed point of G if and only if # € Gu and it is called an
asymptotic fixed point of G if there exists a sequence {u,} in K that converges weakly to u
and lim,,, oo d(4,, Gu,,) := limy,_, oo inf,), e G, |14 — 1|l = O (see Chang et al. [2]). We denote
the set of fixed points and asymptotic fixed points of G by F(G) and F(G), respectively.

A subset K of X is said to be a retract of X, if there exists a continuous map P: X — K
such that Pu = u, for all u € X. It is well known that every nonempty, closed, convex subset
of a uniformly convex Banach space X is a retract of X. A map P: X — K is said to be
a retraction if P> = P. A map P: X — K is said to be a nonexpansive retraction, if it is
nonexpansive and it is a retraction from X to K.
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Define the Lyapunov functional ¢ : X x X — R by
P, v) = llull® = 2(u, Jv) + lvII>  Vu,veX. (11)
From the definition of ¢ it is obvious that
(el = 1v1)* < pCaav) < (lluell + IV1)* Vv e X. 1.2)
In what follows, we assume that P: X — K is a nonexpansive retraction.

Definition 1.1 A nonself multi-valued map G : K — 2% is said to be relatively asymptoti-
cally nonexpansive if F(G) # 0, F(G) = F(G), and there exists a real sequence {8,} C [1,00),
B, | 1 such that ¢(p,n,) < Bud(p,u) Yu € K, p € F(G), n, € G(PG)" u, n > 1 (see, eg,
Wang and Zang [1] for a similar definition for self maps).

The following definitions appear in Bo and Yi [3].

Definition 1.2 A nonself multi-valued map G : K — 2% is said to be

o quasi-¢-nonexpansive if F(G) # ¥ and ¢(p,n,) < ¢(p,u) Yu € K, p € F(G),
s € GPG) \u, n>1;

* quasi-¢-asymptotically nonexpansive if F(G) # ) and there exists a real sequence
{Bu} C [1,00), B | 1 such that ¢(p, n,) < Bud(p,u) Yu € K, p € F(G), 1, € G(PG)"u,
n>1;

« totally quasi-¢-asymptotically nonexpansive if F(G) # ¥ and there exist nonnegative
real sequences {y,}, {8,} with y, — 0, 8, — 0 (1 — 00) and a strictly increasing and
continuous function p : R* — R* with p(0) = 0 such that

(P, 1n) < P, 1) + yup[d(0su)] + 8,
Yu e K,p € F(G),n, € GPG)" u,n > 1. (1.3)

Remark 1 From the definitions, it is easy to see that the class of relatively asymptot-
ically nonexpansive multi-valued nonself maps and the class of quasi-¢-nonexpansive
multi-valued nonself maps are proper subclasses of the class of quasi-¢-asymptotically
nonexpansive multi-valued nonself maps and that the class of quasi-¢-asymptotically non-
expansive multi-valued nonself maps is a proper subclass of the class of totally quasi-¢-
asymptotically nonexpansive multi-valued nonself maps, but the converse may not be true.

Definition 1.3 A countable family of multi-valued nonself maps, G; : K — 2X | =
1,2,3,...,is said to be
o uniformly quasi-¢-asymptotically nonexpansive if (2, F(G;) # # and there exists a
sequence {8} C [1,00), B, | 1 such that, for each i > 1,

$(p,n,) < Budp,w) VueK,p e[ \F(G),nm € G(PG) uyn=1

i=1

(see, e.g., Chang et al. [4]);
o uniformly totally quasi-p-asymptotically nonexpansive if ()5 F(G;) # ¥ and there
exist nonnegative real sequences {y,}, {8,} with y, = 0,8, = 0 (n — o0) and a
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strictly increasing and continuous function p : R* — R* with p(0) = 0 such that, for
eachi>1,

DB 1) < D 10) + Yup [P0 )] + 81

oo
VueK,pe( \F(G),nu € Gi(PG)" " un>1

i=1
(see, e.g., Yi [5]).

Remark2 From the definitions, it is easy to see that a countable family of uniformly quasi-
¢-asymptotically nonexpansive multi-valued nonself maps is a countable family of uni-
formly totally quasi-¢-asymptotically nonexpansive multi-valued nonself maps.

Remark 3 We also remark that a collection of countable families of uniformly totally
quasi-¢-asymptotically nonexpansive multi-valued nonself maps is a subcollection of a
collection of countable families of totally quasi-¢-asymptotically nonexpansive multi-
valued nonself maps.

A motivation for the study of the class of totally quasi-¢-asymptotically nonexpansive
self or nonself maps is the objective to unify various definitions of classes of maps, asso-
ciated with the class of relatively nonexpansive self or nonself maps, which are extensions
to arbitrary real Banach spaces of nonexpansive nonself maps, with nonempty fixed point
sets in Hilbert spaces. Our objective is to prove general convergence theorems applicable
to all these classes.

Definition 1.4 (See, e.g., Feng et al. [6] for a similar definition for self maps) A multi-
valued nonself map G : K — 2% is said to be
« equally continuous if for u,,v, € K we have

lim ||, —v,| =0 = lim [[n,, —n,,[=0
n—0o0 n—0o0
V1, € G(PG)" " uy,n,, € G(PG)" v,
« uniformly continuous if for u,, v, € K we have
lim ([, —vul| =0 = Lim |9y, =04, =0 VY0, € Gldy, Ny, € GVi;
n—00 n—00
« uniformly L-Lipschitz continuous if there exists a constant L > 0 such that
I = moll <Llu—vl  Vn, € G(PG)"'u,n, € G(PG)" v, n > 1.

Remark 4 1t is easy to see that the class of uniformly L-Lipschitz multi-valued nonself
maps is a proper subclass of the class of uniformly continuous multi-valued nonself maps
and the class of uniformly continuous multi-valued nonself maps is a proper subclass of
the class of equally continuous multi-valued nonself maps.

Let ¥ : K — R be a real-valued function, A : K — X* be a nonlinear map, and f : K x
K — R be a bifunction. The generalized mixed equilibrium problem is to find u* € K such



Chidume et al. Fixed Point Theory and Applications (2017) 2017:21 Page 4 of 15

that
f(u*,v) +y ) - lp(u*) + (V - u*,Au*) >0, VveKk. (1.4)

The set of solutions of the generalized mixed equilibrium problem is denoted by GMEP(f,
A, ).

The class of generalized mixed equilibrium problems includes, as special cases, the class
of mixed equilibrium problems (A = 0; see, e.g., Ceng and Yao [7] and the references con-
tained therein); the class of generalized equilibrium problems ({ = 0; see, e.g., Takahashi
and Takahashi [8]); the class of equilibrium problems (A = 0, ¢ = 0; see, e.g., Fan [9], Blum
and Oettli [10], and the references contained therein); the class of variational inequality
problems (h =0, ¢ = 0; see, e.g.,, Stampacchia [11]); and the class of convex minimization
problems (A=0, h=0).

The generalized mixed equilibrium problem has applications in physics, economics, fi-
nance, transportation, network and structural analysis, ecology, image reconstruction, and
elasticity. It includes, as special cases, fixed point problems, variational inequality prob-
lems, complementarity problems, equilibrium problems, optimization problems, Nash
equilibrium problems in noncooperative games, etc. (see, e.g., Blum and Otelli [10], Dafer-
mos and Nagurney [12], Su [13], Barbagallo [14], Moudafi [15], and the references con-
tained therein). In other words, the GMEP(f, A, V) is a unifying model for several prob-
lems arising in physics, engineering, science, optimization, finance, economics, etc. The
projection method, which was first introduced by Haugazeau [16], has been utilized to
solve the mixed equilibrium problem, the generalized equilibrium problem, and equilib-
rium problems in Banach spaces (see, e.g., Qin et al. [17], Cholamyjiak et al. [18], Cho et al.
[19], Ceng and Yao [7], and the references therein). The advantage of projection methods
is that strong convergence of iterative sequences can be guaranteed without any compact-
ness assumptions imposed on maps or subsets of spaces.

Several strong and weak convergence theorems for asymptotically nonexpansive, rela-
tively nonexpansive, quasi-¢-nonexpansive and quasi-¢-asymptotically nonexpansive self
or nonself maps have been established by various authors in the setting of Banach spaces
(see, e.g., Thianwan [20], Nilsrakoo et al. [21], Wang [22], Ma and Wang [23], Chidume et
al. [24, 25], and the references contained therein).

In 2012, Chang et al. [4] considered the class of uniformly quasi-¢-asymptotically non-
expansive nonself maps and studied, in a uniformly convex and uniformly smooth real
Banach space, the following Halpern-type algorithm:

u € X, chosen arbitrarily, K=K,
Vi =T oty + (1= 00,)(BuJuty + (1= BIGi(PG)"  uy)),  i>1,
Kpi={zeK,: Sup;>1 ¢(Z:yn,i) =< Oln(P(Z, w)+(1- O{n)¢(Z, Up) + On},

upa =g, u, n>1,

(15)

where 6, = (B, — 1) sup,p ¢(u,u,), F = (5 F(G;), and {G;}22 is a countable family of
uniformly L-Lipschitz continuous and uniformly quasi-¢-asymptotically nonexpansive
nonself maps. The authors prove that the sequence {u,}, generated by the above iterative
scheme, converges strongly to I1ru;, under the following conditions:
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(C1) lim,_ o 0y = 0;
(C2) 0<liminf,_ s By <limsup,_ o Bn<1;
(C3) Fisabounded and convex subset of K,

where @, € [0,1] and 8, € (0,1).
In the same year, Zhao and Chang [26] proved that the sequence {u,}, generated by
algorithm (1.5), converges strongly to I1ru; under conditions (C1), (C2), and the following

condition:
(C3*) Fisanonempty bounded subset of K,

where {G;}{?] is a countable family of uniformly L-Lipschitz continuous, closed and uni-
formly totally quasi-¢-asymptotically nonexpansive nonself maps.

Later in the same year, Yi [5] established the results in the paper of Zhao and Chang
[26], when {G;}?, is a countable family of uniformly L-Lipschitz continuous and uniformly
totally quasi-¢-asymptotically nonexpansive nonself maps, under conditions (C1), (C2),

and the following condition:
(C3**) F is a nonempty subset of K.

In 2014, Bo and Yi [3] proved that the sequence {u,}, generated by the iterative algorithm

u € X, chosen arbitrarily, K =K,
Y =T NawJur + A = o) (BJun + L= B)INg)), 1w € G(PG)" tuy,
Kpi={ze Ky : ¢z, y,) <onp(z,u1) + (1 — o) Pz, un) + 64},

Upi1 = HK,H.luh n=> 1,

converges strongly to ITru; under conditions (C1), (C2), and (C3**), where F := F(G) and
G is a uniformly L-Lipschitz continuous and totally quasi-¢-asymptotically nonexpansive
nonself multi-valued map, while 6, = y,, sup,.r (1, u,) + 8.

The results of Bo and Yi [3], Yi [5], Zhao and Chang [26], and Chang et al. [4] are im-
portant generalizations and improvements of important known results.

Motivated by these authors, it is our purpose in this paper to study the following
Krasnoselskii-type and Halpern-type algorithms:

uo € X, chosen arbitrarily, K =K, uy = g uo,
Iu=J N Juy + A =0)nii),  (n) € Gy, (PG, Y™ uy),
Zn = Ar,'nym (16)

Ky ={vekK,: ¢, z,) < o(v,u,) + w,},

Ups1 = HK,HluO; n= 1)

uo € X, chosen arbitrarily, K =K, uy = g, uo,
Yu =T Nouo + (L =0,)InS)), () € G, (PG, )™ uy),
Zn = Ar,vnym (L7)

I(n+l = {V € I(n : d)(V, Zn) < On¢(V’ MO) + (1 - O’,J(P(V, un) + a)n};

Upe1 = g, o, n>1
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We also aim to prove, in a uniformly smooth and strictly convex real Banach space X with
Kadec-Klee property, that the sequences generated by these algorithms converge strongly
to an element in W := (", F(G))) N (N5 GMEP(h;, A;, &), where {G;}%% is a count-
able family of equally continuous and totally quasi-¢-asymptotically nonexpansive nonself
multi-valued maps; {A;}7°,, A; : K — X* is a sequence of continuous and monotone maps;
{h;}7%, hi : K x K — R is a sequence of bifunctions satisfying appropriate conditions and
{¢i}35, & : K — R is a sequence of lower-semicontinuous and convex functions. Our the-
orems are significant improvements and generalizations of numerous results for this class
of nonlinear problems (in particular, the results of Bo and Yi [3], Yi [5], Zhao and Chang
[26], Chang et al. [4], Lv [27], Wang and Zhang [28], Dadashi and Postolache [29], Yao
and Postolache [30], and the results of a host of other authors [see Remark 6 below]).

2 Preliminaries

AmapJ: X — 2X" defined by Ju := {u* € X* : (u,u*) = ||lu|||lu*|l, ||u|l = ||u*|]} is called a
normalized duality map on X, where (-,-) denotes the duality pairing between elements
of X and X*.

We now present some lemmas that will be used in the sequel.

Lemma 2.1 (See Bo and Yi [3]) Let X be a smooth, strictly convex and reflexive Banach
space and K be a nonempty, closed, convex subset of X. Let G : K — X be a total quasi-¢-
asymptotically nonexpansive multi-valued mapping with &, = 0. Then F(G) is a closed and
convex subset of K.

Lemma 2.2 (See Chang et al. [2]) Let X be a uniformly smooth and strictly convex real
Banach space with Kadec-Klee property and let K be a nonempty closed convex subset of
X. Let {uy,} and {y,} be two sequences in K such that u,, — u* and ¢(u,,y,) — 0, where ¢
is the function defined by (1.1). Then y, — u*.

Lemma 2.3 (See Alber [31]) Let K be a nonempty closed and convex subset of a reflexive
strictly convex and smooth Banach space X. Then

(»b(ur H](y) +¢(H1<)’f)’) §¢(u’ V)r VueK,veX. (21)

Let K be a nonempty closed and convex subset of a Banach space X. For solving the
generalized mixed equilibrium problem (1.4), we assume that a bifunction #: K x K — R
satisfies the following conditions:

(Bl) h(u,u)=0,VueX,

(B2) h is monotone, that is, 4(x,v) + h(v,u) <0, Vu,v € X,

(B3) forallu,y,z € X, limsup, o h(tz + (1 - H)u,v) < h(u,v),

(B4) forall u € K, h(u,-) : K — R is convex and lower-semicontinuous.

Lemma 2.4 (See Zhang [32]) Let X be a smooth, strictly convex and reflexive Banach space
and let K be a nonempty closed convex subset of X. Let A : K — X* be a continuous and
monotone mapping, ¢ : K — R be a lower-semicontinuous and convex function,and h : K x
K — R be a bifunction satisfying the conditions (B1)-(B4). Let r > 0 be any given number
and u € X be any given point. Then the following observations hold:
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(1) There exists z € K such that

hz,v)+¢(v) = ¢(2) + (v—2,Az) + %(V—Z,]Z—]Li) >0, VveKk.

(2) If we define a mapping A, : K — K by

A (u) = {ze](:h(z,v)+§(v)—§(z)+ (v—2z,Az) + %(v—z,]z—]u) >0,

VVGK}, uek,

then the mapping G, has the following properties:

(a) Gy is single-valued;

(b) F(A,) = GMEP(,A,£) = E(A);

(c) GMEP(h,A,¢) is a closed convex set of K;

) ¢(g, M) + P(Avu,u) < plq,u) Vg € F(A,), ue X.

3 Main results
In what follows, i, and m,, are the unique solutions to the positive integer equation # =
(m—

i+ Tl)m (m>i,n=1,2,...). Thatis, for each n > 1, there exist unique i, and m,, such that

ilzl; i2:1, i3:2, i4:1,
i5:2, i6=3, i7:1, i8:2,...;
m; =1, my =2, ms =2, my =3,

Wl5=3, }’I’l6=3, I’ﬂ7=4, Wl8=4-,....

See Deng [33]. We now prove the following strong convergence theorem using a Krasno-
selskii-type algorithm.

Theorem 3.1 Let X be a uniformly smooth and strictly convex real Banach space with
Kadec-Klee property and let X* be its dual space. Let K be a nonempty closed and con-
vex subset of X and h; : K x K — R, i=1,2,3,..., be a sequence of bifunctions satis-
fying (B1)-(B4). Let A; : K — X*, i =1,2,3,..., be a sequence of continuous monotone
maps and G;: K — 2%,i=1,2,..., be an infinite family of equally continuous and totally
quasi-p-asymptotically nonexpansive nonself multi-valued maps with nonnegative real se-
quences {y,ﬁi)}, {69} and a sequence of strictly increasing and continuous functions {p;},
oi : RY — R*, such that y,Ei) — 0, 63) — 0and p;(0)=0.Let ;: K —> R, i=1,2,3,..., be
a sequence of convex and lower-semicontinuous functions. Suppose for each i, SY) =0 and
Q= (NZ F(G)) N (N5, GMEP(h;, A, &) is a nonempty subset of K. Then the sequence
{u,} generated by algorithm (1.6) converges strongly to Ilquy, where o € (0,1), r;, € [a,00)
for some a >0, and w, = y,(,,i;‘)pin (O, u,)] + 8,(5,’;),p € Q.

Proof The proof is presented in a number of steps.
Step 1: K,, is closed and convex for all n > 1.
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Clearly, Kj = K is closed and convex. Assume Kj, is closed and convex for some #n > 1.
It is easy to see that K1 = {v € K, : 2(v, Ju,, — Jz,,) < ||| — || zn|| + wy}. Consequently, it is
closed and convex. Hence, Step 1 is completed.

Step 2: Q C K, for all n > 1.

Again, we proceed by induction. Clearly, 2 C K;. Suppose Q C K, for some n > 1. Let
q € Q. Then, by applying Lemma 2.4(d), the definition of ¢, the convexity of | - ||, and the
totally quasi-¢-asymptotically nonexpansiveness of G;, we have

(@ 2n) = B Ar, yn) < (@ yn) = D(q ] (0T + (1= o)1)
= llgl* - 2{q, 0 Jun + A = )&} + |0 Ju + A = o)
< llqll* - 20(q, Jun) - 20 = 0)q, /) + o luall* + A - o) [0
= 0p(qun) + (1=0)p (g1l
< op(q,un) + (1= 0)[B(g, ) + 2 pi, (g, 1)) + 8]

< ¢(q un) + V7 01, (0(q, 1)) + 85 = §(q, 1) + Wpy

2

2

which implies that g € Kj;;;. Therefore, Q C K, for all n > 1.

Step 3: {¢(un, uo)} is convergent and lim,_, o @, = 0.

Since u, = k,up and K,,; C K, for all # > 1, we have ¢(u,, uo) < ¢ (4,41, o), which
implies that {¢(u,, uo)} is nondecreasing. Furthermore, by Lemma 2.3, we have

&1, uo) = ¢(Tx, o, o) < P(q, uo) — ¢(q, un) < (g, uo),

for all # > 1 and q € Q. Thus, {¢(u,, uo)} is bounded. Hence, {¢(u,, uo)} is convergent.
Furthermore, by inequality (1.2), {,} is bounded. Now, for each i > 1, define K; := {k >
l:k=i+ @,m > i,m € N}. Observe that if, for each i > 1, k € K, then y,g’k‘) = y,ij’i,
8%) = 83,),(, and p;, = p;. Also, my — 00 as k — 00, k € K;. Therefore, lim,_.o, @, = 0.

Step 4: u, — u*, z, — u*, and y,, - u* as n — oo, for some u* € K.

By the boundedness of {u,} and reflexivity of X, there exists a subsequence {u,,} of
{u} such that u,, — u* as k — oo. Since K, is weakly closed, u* € K,,, C K. Thus, u,, =
Mg, to implies that ¢ (i, o) < ¢(u*,uo) Vk > 1. By the weak lower-semicontinuity of

Il - II, we have

liminf (., o) = Hinf{ llgy | = 2, Jito) + 1o I}
> o |* - 2{ue", Juo) + luo I = b (" o),

which implies that ¢(u*, uo) < liminfy_, oo ¢ (2, o) < limsup;_, o, @, t0) < P(u*, ug).
Hence, limy_, o (1, ,u0) = ¢(u*, uo). Therefore, limy_. o ||z, || = [lu*||. By the Kadec-
Klee property of X, we have limy_u,, = u*. Since {¢(u,uo)} is convergent and
limy_, o0 @ (2, o) = P (1™, up), we have lim,,_, oo @ (1, 1) = (1, 149).

Claim: u,, — u*.

Suppose there exists a subsequence {u,,} of {x,,} such that u,, — p asj — co. By applying
Lemma 2.3, we have

¢(u*rp) = ]}gnoo (»b(unkr unj) = },llll;noo ¢(Mnk, HK”/ uO)
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< 1im (P (up,, uo) — ¢k, 1o, o))
Jok— 00 7

= P_Ifloow(””k’ o) — ¢, 10)) = P (u*, o) — ¢ (u*, 1u0) = 0,

J

which implies #* = p. Hence, the claim holds. Again, by Lemma 2.3 we have

O (Uit n) = G (i1, i, 100) < G, tho) — STk, o, 1h0) = P (i1, o) — P (1, Uo),

which implies that ¢(u,,41,u,) — 0 as n — oo. Since u,,; € Ky41, we have ¢(uy41,2,) <
d(Ups1, Un) + @,. Consequently, ¢(uy41,2,) = 0 as n — oo. Therefore, by Lemma 2.2, z,, —

u*. From ¢(q,z,) < ¢(q,y1) < ¢(q, un) + @, we have ¢(q,y,) < ¢(q, u,) + @,. Combining
this with the fact that z, = A, y, and Lemma 2.4(d), we have

¢(Zn,yn) = ¢(Arinymyn) = ¢(q’yn) - d)(qr Arinyn)

= ¢(% u,) - ¢(q’ Ar,vnyn) +w, = ¢(% u,) — d’(q’Zn) + Wy,

for any g € Q2. This implies that lim,,_, cc ¢(z4,y,) = 0. Again, by Lemma 2.2 we have y, —
u*.

Step 5: u* € Q.

We first show that u* € (5, F(G;). Note that G;, (PG;,)"*" = G;(PG;)"*~" whenever k €
K; for each i > 1. From Step 4 and by the uniform continuity of / on bounded subsets
of X, we have ||/yx — Ju*|| — 0, ||Jux — Ju*|| — 0 as k — oo. Thus, for each i > 1, 77}(4{1)]( €

G, (PG; )™y, we have

i = Ju*| = |0 Jur + 0= o)l —Ju*|
= [@=o) (g, —Ju) o ("~ Jur) |

= (L -o)|Jnf, —Ju*| - o |Ju* = Juux

)

which implies that limy_, ||]nf£,)k —Ju*|| = 0 for each i > 1. By the norm-to-weak continuity

of J71, we have, for each i > 1, r;ﬁ,?k — y* as k — oo. Furthermore,
e | = o[ = [ | = e[| < 17, = 1* | = .

Thus, for each i > 1, limg_, o ||n££,)k Il = |l#*||. Hence, by the Kadec-Klee property of X, we
have

lim n(i) =u* Vi>1 (3.1)
m
k—00 k

We now consider the sequence {wﬁ,)k }kek;» generated by

wl €GPyl C G (PGy) " uy, keK;Vi=1.

M1
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By the continuity of G;P, we have, for each i > 1, limy_, oo wg,)kﬂ =w*, w* € G;Pu* = Gu*,
since u#* € K. Using the continuity of both G; and (3.1), we obtain for each i > 1

”W(i) - ngl)k ” = HWU) - ngl)ku

M1 Myl + Hﬂiﬁ?m — Uk+1 || + ||uk+1 - uk”

+ ||uk—n$)k|| -0, k—oo.

Therefore, for each i > 1, w(,3k+1 — u* as k — 00. Hence, by the uniqueness of the limit, we
have w* = u*. Thus, u* € (2 F(G)).

We now show that u* € ﬂfl GMEP(h;, A;, ;). Let i > 1. Define a function ¥; : K x K —
R by

W, (u,v) = hi(u,v) + 5;(v) = Gi(u) + (v —u,Aju)  Vu,veK.

Then, as shown by Zhang [32], for each i, U; satisfies (B1)-(B4). Note that if k € Kj, for
each i > 1, then ¥;, = W; and A’ik = A;. Now, the equation z; = A’ik ¥k implies that, for
eachi>1,

1
Wiz, v) + —(v—zi,Jzk = Jyk) =0 VveK. (3.2)
v

L

By applying (B2), we have, for each i > 1,

1
—(v—zi Jax = Jyk) =z —Vilzi,v) =2 Viv,zi) Vv ek, (3.3)

i

which implies that

1 1 1
Vi(vzi) < — (v —zi Jzi = Jyi) < - v —zillJzr = Jyill < ;(llvll + M) IJzi = Jyill,

i l L

forallv e K, i > 1, and some M > 0. This implies that liminfy_, o ¥;(v,2x) <0 forallv e K,
i > 1. From (B4), we obtain, for i > 1, ¥;(v, u*) < liminfy_, o, W;(v,zx) <0 Vv e K. Let t €
(0,1)and v € K. Then v; = tv+ (1 - t)u* € K. Therefore, for each i > 1, ¥;(v;, u*) < 0. From
conditions (B1) and (B4) we have, for each i > 1,

0= \Ijl'(Vtr Vt) < t\I»’l'(Vt,V) + (1 - t)\pi(vt; M*) < t\IJj(Vt, V) - \Iji(vt’ V) > 0 VveKk.
By (B3), we have, for each i > 1, W;(u*,v) > limsup, , Wi(v;,v) > 0 Vv € K. Therefore, u* €
GMEP(h;, &, A;) for each i > 1. Hence, u* € ()] GMEP(h;, {1, A)).

Step 6: u* = Tquy.
Let v = TIquy. Since u* € 2, we have

d(v,u0) < (", u0). (3.4)
Also, since u, = Ik, uo and v € Q C K, we have

@, o) < (v, o).
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Since u, — u*, we have
¢ (u*,u0) < p(v,up). (3.5)

From inequalities (3.4) and (3.5) we obtain ¢(u*, uo) = ¢ (v, up). Thus, u* = v = Tlqug. This
completes the proof. d

We now prove the following strong convergence theorem using a Halpern-type algo-
rithm.

Theorem 3.2 Let X be a uniformly smooth and strictly convex real Banach space with
Kadec-Klee property and let X* be its dual space. Let K be a nonempty closed and con-
vex subset of X and h; : K x K — R, i =1,2,3,..., be a sequence of bifunctions satis-
fying (B1)-(B4). Let A; : K — X*, i =1,2,3,..., be a sequence of continuous monotone
maps and G; : K — 2X i=1,2,..., be an infinite family of equally continuous and to-
tally quasi-¢-asymptotically nonexpansive nonself multi-valued maps with nonnegative
real sequences {)/n(i)}, (69} and a sequence of strictly increasing and continuous functions
{0i}, pi : RY — R* such that yn(") — 0, (SS) — 0,and p;(0)=0.Let¢;: K-> R,i=1,2,3,...,
be a sequence of convex and lower-semicontinuous functions. Suppose, for each i, SY) =0
and Q := (N5, F(G)) N (N5 GMEP(h;, A, L)) is a nonempty subset of K. Then the se-
quence {u,}, generated by algorithm (1.7), converges strongly to Tlqu,, where {o,} C (0,1)
with lim,_, 0, =0, r;, € [a,00) for some a >0, and w,, = y,gﬁ),oin [o(p, u,)] + 8%),19 € Q.

Proof As in the proof of Theorem 3.1, the proof of this theorem is presented in six steps.

Step I: K, is closed and convex for all n > 1.

This follows easily by induction, just as in the proof of Theorem 3.1.

Step 2: Q C K, for all n > 1. Clearly, 2 C K;. Suppose Q2 C K, for some n > 1. Let g € Q.
Then by applying Lemma 2.4(d), the definition of ¢, the convexity of || - |2, and the totally
quasi-¢-asymptotically nonexpansiveness of G;, as in Step 2 of the proof of Theorem 3.1,
we have

¢(q»zn) = ¢(q, Arinyn)
< ¢(q,yn)
= ¢(q.) " (owfuo + (L - 0,)/n))

= llgll? = 2(g, 0o + (1 = )0 + || 0futo + (1 = 0, )T |

2

< llg* = 20,(q, Juo) = 2(1 = 0,) g, i) + owlluo I + (1 = 0,) | mis)
= 0u(q,u0) + (1 - ) (g, ')
< 0u9(q,u0) + (1= 0,)[D(q ) + ¥, i (D 1)) + 8]
< 0ud(q o) + (1= 0)B(q, ) + ¥ i, (d(g, un)) + 8%
= 0uP(q, uo) + (1 = 0,)P(q, Un) + wn,
which implies that g € K,,,;. Therefore, by induction, Q C K, for all n > 1.

Step 3: {¢(u,, up)} is convergent and lim,,_, o @, = 0.
This follows just as in Step 3 of the proof of Theorem 3.1.



Chidume et al. Fixed Point Theory and Applications (2017) 2017:21 Page 12 of 15

Step 4: u, — u*, z, — u*, and y,, — u* as n — oo, for some u* € K.

The verification of this step follows the same pattern as in the verification of Step 4 in
the proof of Theorem 3.1.

Step 5: u* € Q.

We first show that u* € (5, F(G;). Note that G;, (PG;,)"*" = G;(PG;)"*" whenever k €
K; for each i > 1. From Step 4 and the uniform continuity of / on bounded subsets of X,
we have ||Jyx — Ju*|| = 0 as k — oco. Thus, for each i > 1, nﬁﬁ,)k € Gy, (PGik)mk’luk, we have

|y =1 | = |owuo + @ = 0,0 —Ju* |
= (=00l = Ju*) 0 (Ju* = Juo) |

> (1= 0u)|/n8) —Ju* | = 0| Ju* ~ Juo

’

which implies that limg_, o ||/ nﬁ,?k —Ju*|| = 0 for each i > 1. The rest of the justification of
this step follows the same pattern as in the justification of Step 5 in the proof of Theo-
rem 3.1.

Step 6: u* = Iqu,.

This is the same as Step 6 of the proof of Theorem 3.1. Hence, the proof is completed. [

A prototype for the control parameter in Theorem 3.2 is the canonical choice, o, = %

4 Applications
In this section, we present some applications of Theorem 3.1. Similar applications of The-
orem 3.2 also follow.

4.1 Countable family of totally quasi-¢-asymptotically nonexpansive nonself
multi-valued maps and system of equilibrium problems

By setting A = 0, ¢ =0 in Theorem 3.1, the sequence {u,}, defined in Theorem 3.1, con-

verges strongly to Iguo, where Q2 := (N, F(G;)) N (N5 EP(h;)) and EP(h) is the set of

solutions of the equilibrium problem for 4.

4.2 Countable family of totally quasi-¢p-asymptotically nonexpansive nonself
multi-valued maps and system of convex optimization problems

By setting A =0, 41 =0 in Theorem 3.1, the sequence {u,}, defined in Theorem 3.1, con-

verges strongly to Igug, where Q := (5, F(G;)) N (N5, CMP(&;)) and CMP(¢) is the set

of solutions of the convex minimization problem for ¢.

4.3 Countable family of totally quasi-¢p-asymptotically nonexpansive nonself
multi-valued maps and system of variational inequality problems

By setting # =0, ¢ =0 in Theorem 3.1, the sequence {u,}, defined in Theorem 3.1, con-

verges strongly to Iqug, where Q2 := (N, F(G;)) N (N5, VIP(K, A;)) and VIP(K, A) is the

set of solutions of the variational inequality problem for A over K.

4.4 Application in classical Banach spaces

Let X =1,,1,, or W;"(Q), 1< p < o0, where W;”(Q) denotes the usual Sobolev space, and
let X* be the dual space of X. Clearly, X is uniformly convex and uniformly smooth. Con-
sequently, Theorem 3.1 is applicable in these spaces.
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Remark 5 (See, e.g., Alber and Ryazantseva [34], p.36) The analytical representations of

duality maps are known in /2, I7(G), and Sobolev spaces Wi (G), p € (1,00), and p~! +
-1

qg =1

4.5 Application in Hilbert spaces
The following theorem follows immediately from Theorem 3.1.

Theorem 4.1 Let H be a real Hilbert space and K be a nonempty closed and convex subset
ofH.Leth;: K xK — R,i=1,2,3,..., be a sequence of bifunctions satisfying (Bl1)-(B4). Let
A;: K — H be a sequence of continuous monotone maps and G;: K — 2H,i=1,2,..., be an
infinite family of equally continuous and totally quasi-asymptotically nonexpansive nonself
multi-valued maps with nonnegative real sequences {yn(i)}, {53)} and a sequence of strictly
increasing and continuous functions {p;}, p; : R* — R*, such that y,fi) — 0, 85,” — 0, and
pi(0)=0.Letg;: K — R,i=1,2,3,..., be a sequence of convex and lower-semicontinuous
functions. Suppose, for each i, (Sf) =0and Q:= (5 F(G)) N (N2, GMEP(hi, A, &) is a
nonempty subset of K. Then the sequence {u,}, generated by

ug € H, chosen arbitrarily, K =K, uy = g, uo,
yn=0u, + (L=, () € G, (PG, uy),
Zy = Grinyn;

Ky ={(veKy: [v=z,l” < IV - uull* + w,},

Upsl = PKn+1u07 n=> ]-;

converges strongly to Pqug, where P is the metric projection of H onto K, o € (0,1), r;, €
[a, 00) for some a > 0, and w,, = y,ifz)pin(llun -pl®)+ 8,(42’;).

Remark 6
(1) Theorem 3.2 improves the results of Bo and Yi [3] in the following ways:

+ In Theorem 3.2, a countable family of nonself multi-valued maps is considered,
whereas in Bo and Yi [3] a single nonself multi-valued map is considered.

+ The requirement that G is uniformly L-Lipschitz continuous in Bo and Yi [3] is
weakened to: for each i, G; is equally continuous in Theorem 3.2.

+ The algorithm in Theorem 3.2 involves only one control parameter {o,} C (0,1)
satisfying condition (C1), whereas the algorithm of Bo and Yi [3] contains two
control parameters {$,} C (0,1) and {o,} C [0,1], satisfying conditions (C1) and
(C2).

+ The Banach spaces considered in Theorem 3.2 are uniformly smooth and
strictly convex real Banach spaces with Kadec-Klee property, which include
uniformly smooth and uniformly convex real Banach spaces studied in Bo and
Yi [3].

(2) Theorem 3.2 improves and generalizes the results in Zhao and Chang [26] in a
number of ways:

« The class of maps considered in Zhao and Chang [26] is extended from the class
of uniformly quasi-¢-asymptotically nonexpansive single-valued nonself maps
to the slightly more general class of countable family of totally
quasi-¢-asymptotically nonexpansive nonself multi-valued maps.



Chidume et al. Fixed Point Theory and Applications (2017) 2017:21 Page 14 of 15

+ The requirement that, for each i, G; is uniformly L;-Lipschitz continuous in
Zhao and Chang [26] is weakened to the following statement: for each i, G; is
equally continuous in Theorem 3.2.

+ The results of Zhao and Chang [26] are proved in uniformly smooth and
uniformly convex real Banach spaces, while Theorem 3.2 is proved in the more
general uniformly smooth and strictly convex real Banach spaces with the
Kadec-Klee property.

+ The control parameter in the algorithm considered in Theorem 3.2 is
{on} C (0,1) satisfying condition (C1), whereas the algorithm of Zhao and
Chang [26] contains two control parameters {8,} C (0,1) and {0,,} C [0,1],
satisfying conditions (C1) and (C2).

5 Conclusion

In this article, iterative schemes of the Krasnoselskii-type and the Halpern-type for ap-
proximating a common point in the set of common fixed points of a countable family of
totally quasi-¢-asymptotically nonexpansive nonself multi-valued maps and the set of so-
lutions of a system of generalized mixed equilibrium problems are constructed. Strong
convergence of the sequences generated by these algorithms is established in certain Ba-
nach spaces. Among other applications, our theorems are applied to solve convex feasibil-
ity problems, a system of convex minimization problems, a system of variational inequal-
ity problems, and a system of generalized equilibrium problems in uniformly smooth and
strictly convex real Banach spaces with the Kadec-Klee property. Finally, our theorems are
important improvements of several important recent results on these classes of nonlinear
problems.
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