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1 Introduction

In last ten decades, the classical Banach contraction principle [3] has been generalized
by numerous authors in the different directions by improving the underlying contraction
conditions (e.g., [4—6]), enhancing the number of involved mappings [4, 7], weakening the
involved metrical notions [7, 8], and enlarging the class of ambient spaces [9-11]. In 2004,
Ran and Reurings [12] obtained a variant of the classical Banach contraction principle to
a complete metric space endowed with partial order relation, which was slightly modi-
fied by Nieto and Rodriguez-Lépez [13] in 2005. Later, the trend of utilization of partial
order relation in the context of fixed/coincidence point theorems was adopted by vari-
ous authors [6, 8, 14—19]. Such generalizations are carried out by improving either the
contraction conditions or the underlying spaces keeping the partial order relation fixed;
however, several authors adopted another way of improving the Banach contraction prin-
ciple by using various binary relations, such as preorder (Turinici [20]), transitive relation
(Ben-El-Mechaiekh [21]), tolerance (Turinici [22, 23]), strict order (Ghods et al. [24]), and
symmetric closure (Samet and Turinici [25]).

In 2015, Alam and Imdad [26] obtained yet another generalization of the classical Ba-
nach contraction principle employing an amorphous (arbitrary) binary relation and ob-
served that several well-known metrical fixed point theorems can further be improved
up to arbitrary binary relations (instead of partial order, preorder, transitive relation, tol-
erance, strict order, and symmetric closure). With this in mind, Alam and Imdad [7] in-
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troduced relation-theoretic analogues of certain involved metrical notions such as com-
pleteness, continuity, g-continuity, compatibility, etc. and utilized the same to prove co-
incidence theorems for relation-preserving contractions. It is worth noticing that un-
der the universal relation, such newly defined notions reduce to their corresponding
usual notions, and henceforth relation-theoretic metrical fixed/coincidence point theo-
rems reduce to their corresponding classical fixed/coincidence point theorems. Note that
relation-preserving contractions remain relatively weaker than usual contractions as they
are required to hold merely for the elements that are related in the underlying relation.

Several metrical fixed point theorems under arbitrary binary relations are proved by
various authors such as Khan et al. [10], Ayari et al. [27], Rolddn-Loépez-de-Hierro [28],
Roldan-Lépez-de-Hierro and Shahzad [29], and Shahzad et al. [30], which are generaliza-
tions of the relation-theoretic contraction principle due to Alam and Imdad [26]. Here
we can point out that arbitrary binary relation is general enough and often does not work
for certain contractions, so that various fixed/coincidence point theorems are proved in
metric spaces equipped with different types of binary relations, for example, preorder
(Roldan-Lépez-de-Hierro and Shahzad [11]), transitive relations (Shahzad et al. [31]),
finitely transitive relations (Berzig and Karapinar [32], Berzig et al. [33]), locally finitely
transitive relations (Turinici [34, 35]), locally finitely T-transitive relations (Alam et al.
[36]), and locally T-transitive relations (see Alam and Imdad [37]).

In 2010, Samet and Vetro [38] proved coupled fixed point theorems without using par-
tial ordering employing the idea of an F-invariant set. In 2013, Kutbi et al. [39] weakened
the idea of an F-invariant set by introducing the notion of F-closed sets. Thereafter Kara-
pinar et al. [1] proved some unidimensional versions of earlier coupled fixed point results
involving F-closed sets and then obtained such coupled fixed point results by using the
corresponding unidimensional fixed point results. Furthermore, Karapinar et al. [1] ob-
served that the notion of a transitive F-closed (or F-invariant) set is equivalent to the con-
cept of a preordered set and thereafter also showed that some recent multidimensional
results using F-invariant sets can be reduced to well-known results on ordered metric
spaces.

Here we mention two main results of Karapinar et al. [1]. The reader is required to go
through Karapinar et al. [1] for relevant notions, such as an (f,g)-closed set, an (f,g)-
compatible set, M-continuity, (O, M)-compatibility, regularity, a (g, <)-increasing map-
ping, transitive and g-transitive sets. In these results, the authors used the following family

of control functions utilized by Lakshmikantham and Ciri¢ [40]:
P = {(p :[0,00) — [0,00) : p(t) < t for each £ >0 and lim ¢(r) < ¢ for each ¢ > 0}.
r—tt

Theorem 1 ([1]) Let (X, d) be a complete metric space, let f,g : X — X be two mappings,
and let M C X? be a subset such that
(i) £(X) € g(X),
(i) M is (f,g)-compatible, (f,g)-closed, and transitive,
(ili) there exists xg € X such that (gxo, fxo) € M,
(iv) there exists ¢ € ®@ such that

d(fx,fy) < (p(d(gx,gy)) Vx,y € X with (gx,gy) € M.
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Also assume that at least one of the following conditions holds:
(a) f and g are M-continuous and (O, M)-compatible,
(b) f and g are continuous and commuting,
(¢) (X,d,M) is regular, and g(X) is closed.

Then f and g have at least one coincidence point.

Theorem 2 ([1]) Let (X, d) be a complete metric space, let < be a transitive relation on X,
and let f,g: X — X be two mappings such that
(i) £(X) < g(X),
(ii) f is (g, x)-increasing,
(ili) there exists xy € X such that g(xo) < f(x0),
(iv) there exists ¢ € ®@ such that

d(fx.fy) < p(d(gr.gy)) Vx,y € X withgx) < gW),

(v) ¢(0) =0, or X is antisymmetric.
Assume that either
(a) f and g are continuous and commuting, or
(b) (X,d, <) is regular, and g(X) is closed.

Then f and g have at least one coincidence point.
Erhan et al. [2] slightly modified Theorem 1 by proving the following sharpened version.

Theorem 3 ([2]) Let (X,d) be a complete metric space, let f,g : X — X be two mappings,
and let M C X? be a subset such that
(i) £(X) S gX),
(i) M is (f,g)-closed and g-transitive,
(ili) there exists xg € X such that (gxo, fxo) € M,
(iv) there exists ¢ € @ such that

d(fx,fy) < o(d(gr.gy)) Vx,y € X with (gx,gy) € M.

Also assume that at least one of the following conditions holds:

(a) f and g are M-continuous and (O, M)-compatible,

(b) f and g are continuous and (O, M)-compatible,

(¢) f and g are continuous and commuting,

(d) (X,d,M) is regular, g(X) is closed, and M is (f, g)-compatible.
Then f and g have at least one coincidence point.

Alam and Imdad [7] observed that relation-theoretic metrical fixed/coincidence point
results combine the idea contained in Karapinar et al. [1] as the set M (utilized by Kara-
pinar et al. [1]) being subset of X? is in fact a binary relation on X. The aim of this paper
is to prove relatively more sharpened and improved versions of foregoing results using a
relation-theoretic approach.
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2 Relation-theoretic notions and auxiliary results
In this paper, N and Ny denote the sets of natural numbers and whole numbers, respec-
tively (i.e., Ng = N U {0}). In this section, to make our exposition self-contained, we give

some definitions and basic results related to our main results.

Definition 1 ([41]) Let X be a nonempty set. A subset R of X? is called a binary relation
on X.

Trivially, X* and ¢ are binary relations on X, which are respectively called the universal
relation (or full relation) and empty relation. Another important relation of this kind is the

relation Ay = {(x,x) : x € X}, called the identity relation (or the diagonal relation) on X.

In this paper, R stands for a nonempty binary relation, but for simplicity, we write only

“binary relation” instead of “nonempty binary relation”

Definition 2 ([26]) Let R be a binary relation defined on a nonempty set X, and let
%,y € X. We say that x and y are R-comparative and write [x,y] € R if either (x,y) € R
or (y,x) € R.

Definition 3 ([41, 42]) A binary relation R defined on a nonempty set X is called
o reflexive if (x,x) e R Vx € X,
o irreflexive if (x,x) ¢ R Vx € X,
« symmetric if (x,y) € R implies (y,x) € R,
o antisymmetric if (x,y) € R and (y,x) € R imply x =y,
« transitive if (x,y) € R and (y,z) € R imply (x,2) € R,
+ complete or connected or dichotomous if [x,y] € R Vx,y € X,

« weakly complete or weakly connected or trichotomous if [x,y] € R orx =y Vx,y € X.

Definition 4 ([25, 41-45]) A binary relation R defined on a nonempty set X is called
« amorphous if it has no specific properties at all,
« astrict order or sharp order if R is irreflexive and transitive,
+ anear-order if R is antisymmetric and transitive,
« a pseudo-order if R is reflexive and antisymmetric,
« aquasi-order or preorder if R is reflexive and transitive,
« apartial order if R is reflexive, antisymmetric, and transitive,
« asimple order if R is a weakly complete strict order,
« aweak order if R is a complete preorder,
« atotal order or linear order or chain if R is a complete partial order,
« atolerance if R is reflexive and symmetric,

« an equivalence if R is reflexive, symmetric, and transitive.

Remark 1 Clearly, the universal relation X? on a nonempty set X remains a complete

equivalence relation.

Definition 5 ([41]) Let X be a nonempty set, and let R be a binary relation on X.
(1) The inverse or transpose or dual relation of R, denoted by R}, is defined by
R ={(xy) e X?: (y,x) e R}.

Page 4 of 21
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(2) The reflexive closure of R, denoted by R¥, is defined as the set R U Ay (i.e.,
R¥:= R U Ay). In fact, R¥ is the smallest reflexive relation on X containing R.

(3) The symmetric closure of R, denoted by R, is defined as the set R UR™! (i.e.,
RS := RUR™). In fact, R® is the smallest symmetric relation on X containing R.

Proposition 1 ([26]) For a binary relation R defined on a nonempty set X,
) eR < [xyleR.

Definition 6 ([46]) Let X be a nonempty set, let E C X, and let R be a binary relation
on X. Then the restriction of R to E, denoted by R, is defined as the set R N E? (i.e.,
R := RN E?). In fact, R|g is a relation on E induced by R.

Definition 7 ([26]) Let X be a nonempty set, and let R be a binary relation on X. A se-
quence {x,} C X is called R-preserving if

(xnrxn+l) eR Vne No.

Definition 8 ([7]) Let X be a nonempty set, and let f and g be self-mappings on X. A bi-
nary relation R defined on X is called (f, g)-closed if for all x,y € X,

@ngneR = (fxfy)eR.

Note that under the restriction g = I, the identity mapping on X, Definition 8 reduces to
the notion of f-closedness of R defined in [26].

Proposition 2 ([7]) Let X be a nonempty set, let R be a binary relation on X, and let f
and g be self-mappings on X. If R is (f,g)-closed, then so is R°.

Definition 9 ([7]) Let (X,d) be a metric space, and let R be a binary relation on X. We
say that (X, d) is R-complete if every R-preserving Cauchy sequence in X converges.

Remark 2 Every complete metric space is R-complete for any binary relation R. Partic-
ularly, under the universal relation, the notion of R-completeness coincides with usual

completeness.

Definition 10 ([7]) Let (X, d) be a metric space, and let R be binary relation on X. A subset
E of X is called R-closed if every R-preserving convergent sequence in E converges to a
point of E.

Remark 3 Every closed subset of a metric space is R-closed for any binary relation R.
Particularly, under the universal relation, the notion of R-closedness coincides with usual

closedness.
Proposition 3 ([7]) An R-complete subspace of a metric space is R-closed.

Proposition 4 ([7]) An R-closed subspace of an R-complete metric space is R-complete.
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Definition 11 ([7]) Let (X,d) be a metric space, let R be a binary relation on X, let g
be a self-mapping on X, and let x € X. A mapping f : X — X is called (g, R)-continuous

d
at x if for any sequence {x,} such that {gx,} is R-preserving and g(x,,) — g(x), we have

d
f(x,) — f(x). Moreover, f is called (g, R)-continuous if it is (g, R)-continuous at each

point of X.

Note that under the restriction g = I, the identity mapping on X, Definition 11 reduces
to the notion of R-continuity of f defined in [7].

Remark 4 Every continuous (respectively, g-continuous) mapping is R-continuous (re-
spectively, (g, R)-continuous) for any binary relation R. Particularly, under the universal
relation, the notion of R-continuity (respectively, (g, R)-continuity) coincides with usual

continuity (respectively, g-continuity).

Definition 12 ([7]) Let (X,d) be a metric space, let R be a binary relation on X, and let
f and g be self-mappings on X. We say that the mappings f and g are R-compatible if
for any sequence {x,} C X such that {fx,} and {gx,} are R-preserving and lim,,_, - g(x,,) =
lim,,, o f (x,,), we have

lim d(gfx,,fgx,) = 0.
n— o0

Remark 5 In a metric space (X, d) endowed with a binary relation R,
commutativity = compatibility = R-compatibility.

Particularly, under the universal relation, the notion of R-compatibility coincides with

usual compatibility.

Definition 13 ([7]) Let (X, d) be a metric space, and let g be a self-mapping on X. A binary
relation R defined on X is called (g, d)-self-closed if for any R-preserving sequence {x,}

d
such that x, —> x, there exists a subsequence {x,, } of {x,} with [gx,,,gx] € R forall k € N.

Note that under the restriction g = I, the identity mapping on X, Definition 13 reduces
to the notion of d-self-closedness of R defined in [26].

Definition 14 ([47]) Given a mapping f : X — X, a binary relation R defined on X is
called f-transitive if for any x,y,z € X,

(. fy), (. f20eR = (fxfz) e R.

Inspired by Turinici [34, 35], Alam and Imdad [37] introduced the following notion by

localizing the notion of f-transitivity.

Definition 15 ([37]) Let X be a nonempty set, and let f be a self-mapping on X. A binary
relation R on X is called locally f-transitive if for each (effectively) R-preserving sequence
{x,} Cf(X) (with range E := {x, : n € Ny}), the binary relation R|f is transitive.
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Clearly, for a given a self-mapping f and a binary relation R on a nonempty set X,
transitivity = f-transitivity = locally f-transitivity.

Definition 16 ([25]) Let X be anonempty set, and let R be abinary relation on X. A subset
E of X is called R-directed if for each pair «,y € E, there exists z € X such that (x,z) € R
and (y,z) € R.

Definition 17 ([46]) Let X be a nonempty set, and let R be a binary relation on X. For
%,y € X, apath of length k (where k is a natural number) in R from x to y is a finite sequence
{z0,21,22,...,2zk} C X satisfying the following conditions:

(i) zo=xand zx =,

(ii) (zi,zis1) € Rforeachi (0<i<k-1).
Note that a path of length & involves k + 1 elements of X although they are not necessarily
distinct.

Definition 18 ([7]) Let X be a nonempty set, and let R be a binary relation on X. A subset
E of X is called R-connected if for each pair x, y € E, there exists a path in R from x to y.

Inspired by the notion of an (f,g)-compatible subset of X? utilized by Karapinar et al.
[1] and Roldén-Loépez-de-Hierro et al. [47], we introduce the following notion.

Definition 19 Let X be a nonempty set, and let f and g be self-mappings on X. A binary
relation R defined on X is called (f, g)-compatible if for all x,y € X,

grg)eR and glx)=g0) = [f&)=f0)
Next, we propose the following fact.

Proposition 5 Let X be a nonempty set, let R be a binary relation on X, and let f and g
be self-mappings on X. If R is antisymmetric and (f,g)-closed, then R is (f,g)-compatible.

Proof Take x,y € X such that (gx, gy) € R and g(x) = g(y), which yields that
(gx,gy) e R and (gy,gx) € R.

As R is (f, g)-closed, we have
(fx,fy) e R and (fy,fx)eR,

which by the antisymmetry of R implies that
f@)=f).

For a given binary relation R and two self-mappings f and g defined on a nonempty set
X, X(f,g,R) denotes the subset {x € X : (gx, fx) € R} of X. O

Recently, Alam and Imdad [7] proved the following relation-theoretic coincidence the-
orem under linear contraction.
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Theorem 4 ([7]) Let (X,d) be a metric space, let R be a binary relation on X, and let f and
g be self-mappings on X. Let Y be an R-complete subspace of X. Suppose that the following
conditions hold:

(@) f(X)CgX)NY,

(b) R is (f,g)-closed,

(¢) X(f,g, R) is nonempty,

(d) there exists o € [0,1) such that

da(fx,fy) < ad(gx,gy) Vx,y € X with (gx,gy) € R,

(e) (el) f and g are R-compatible,
(€2) g is R-continuous,
(€3) either f is R-continuous, or R is (g, d)-self-closed,
or, alternatively,
) (1) Y <gX),
(€'2) eitherf is (g, R)-continuous, or f and g are continuous, or Rly is d-self-closed.
Then f and g have a coincidence point.

The following family of control functions is indicated by Boyd and Wong [48] but was
later used by Jotic [49]:

2= {(p :[0,00) — [0,00) : ¢(t) < ¢ for each £ > 0 and limsup ¢(r) < ¢ for each ¢ > O}.
r—tt
Clearly, the family §2 enlarges the family @, i.e., @ C §2. By the symmetry of d we have the

following:

Proposition 6 If (X,d) is a metric space, R is a binary relation on X, f and g are self-
mappings on X, and ¢ € $2, then the following contractivity conditions are equivalent:

) d(fx.fy) < @(d(gr.gy)) Vx,y € X with (gx,gy) € R,
(D)  d(fx.fy) < ¢(d(gr.gy)) Vx,y € X with [gx,gy] € R.

Finally, we state the following known results, which are needed in the proofs of our main
results.

Lemma 1 ([18]) Let ¢ € 2. If {a,} C (0,00) is a sequence such that a,.; < ¢(a,) for all
n € Ny, then lim,,_, oo a,, = 0.

Lemma 2 ([33, 35]) Let (X,d) be a metric space, and let {x,} be a sequence in X. If {x,} is
not a Cauchy sequence, then there exist € > 0 and two subsequences {x,, } and {x,,, } of {x,}
such that
(i) kK <myp <nm Vk €N,

(ii) A, %n,) > € Vk €N,

(iil) d@pys%n,_ ) <€ Yk eN.
Moreover, suppose that lim,,_, o, d(x,,%,,1) = 0. Then

(iv) limg_s oo @Ky, %) = €,

(v) 1My o0 A1, g e1) = €.

Page 8 of 21
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Lemma 3 ([50]) Let X be a nonempty set, and let g be a self-mapping on X. Then there
exists a subset E C X such that g(E) = g(X) and g : E — X is one-to-one.

3 Main results
Now, we are equipped to prove the following result on the existence of a coincidence point
under the ¢-contractivity condition.

Theorem 5 Let (X, d) be a metric space, let R be a binary relation on X, and let Y be an
R-complete subspace of X. Let f and g be self-mappings on X. Suppose that the following
conditions hold:

(@) fX) CgX)NY,

(b) R is (f,g)-closed and locally f-transitive,

() X(f,g R) is nonempty,

(d) there exists ¢ € 2 such that

d(fx,fy) < (p(d(gx,gy)) Vx,y € X with (gx,gy) € R,

(e) (el) f and g are R-compatible,
(€2) g is R-continuous,
(e3) either f is R-continuous, or R is (f,g)-compatible and (g, d)-self-closed,
or, alternatively,
) (€1) ¥ CgX),
(€'2) either f is (g, R)-continuous, or f and g are continuous, or R and Rly are
(f>g)-compatible and d-self-closed, respectively.
Then f and g have a coincidence point.

Proof Firstly, we notice that assumption (a) is equivalent to f(X) € g(X) and f(X) C Y.
Now, in view of assumption (c), let xy be an arbitrary element of X(f,g,R) such that
(gxo,fxo) € R. If g(xo) = f(xo), then x is a coincidence point of f and g, and hence the

proof is finished. Otherwise, using the assumption f(X) C g(X), we construct a sequence

{x,} C X of joint iteration of f and g based at point xo, that is,
g&¥ni1) =f(xa) V€ No. 1
Now we assert that {gx,} is an R-preserving sequence, that is,
(gx,gx01) E R VYneN,. (2)

We prove this fact by mathematical induction. Using Eq. (1) (with # = 0) and the fact that
x0 € X(f,g, R), we have

(gxo,gxl) eR.
Thus (2) holds for n = 0. Assume that (2) holds for # = r > 0, that is,

(gxmgxﬂl) eR.
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Since R is (f, g)-closed, we have
(fxr, fxr1) € R,

which by (1) implies
(g%r41,8%r42) € R,

that is, (2) holds for n = r + 1. Hence, by induction, (2) holds for all n € Ny.
By (1) and (2) the sequence {fx,} is also R-preserving, that is,

(feu,fus1) € R VneNy. (3)
If g(xy,) = g(%py+1) for some ny € N, then using (1), we have g(x,,) = f(x,,), that is, x,, is a

coincidence point of f and g, so that we are done. On the other hand, if g(x,) # g(x,+1) for
each n € Ny, then we can define a sequence {d,}32, C (0,00) by

Ay = d(gn Ghni1). (4)
Applying (1), (2), (4), and assumption (d), we deduce that

A1 = d(@hni1, §ne2) = A%, foni1) < @(d(ghns gxni1)) = @(dn),
so that

dni1 < 9(dy),
which by Lemma 1 implies

Tim d, = lim d(@xy gxu) =0. (5)
Now we show that {gx,} is a Cauchy sequence. On the contrary, assume that {gx,} is not
Cauchy. Therefore by Lemma 2 there exist € > 0 and two subsequences {gx,, } and {gx,,, }
of {gx,} such that

k < my < ng, Ay > §%ny) > € = A(gXy 8%, ) Yk eN. (6)
Further, in view of (5) and Lemma 2, we have

im d(g,, gxn) = Tim d(gxny, ;) &y, ) = €. 7)

Denote 0y := d(g%m, §%n, ) As {gx,} is R-preserving (owing to (2)) and {gx,,} C f(X) (ow-

ing to (1)), by the local f-transitivity of R we have (gx,,,,g%,,) € R. Hence, applying con-
tractivity condition (d), we obtain

d(gxmhl’gxnkﬂ) = d(fxmk¢fxnk) = (p(d(gxmk)gxnk)) = 90(le);
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so that

d(gxmkﬂ ' 8y q ) = ¢(Uk) (8)

Since nx — € in the real line as k — oo (owing to (7)) and n; > € for all k € N (owing to
(6)), by the definition of §2, we have

limsup ¢(ng) = limsup ¢(r) < €. 9)

k— o0 r—e*

Taking the limit as k — oo in (8) and using (7) and (9), we obtain

€ = limsup d(gxm,, s 8%n,,,) < limsup p(n;) <€,
k—o0 k—o00

which is a contradiction, so that {gx,} is a Cauchy sequence. By (1), {gx,} C f(X) C Y, so
that {gx,} is an R-preserving Cauchy sequence in Y. As Y is R-complete, there exists
z € Y such that lim,_,  g(x,) = z, which, together with (2), implies

lim g(x,) = z. (10)
n—00

Applying (1) and (10), we obtain
lim f(x,) =z (11)

Now we complete the proof by using (e) and (¢’). Assume that (e) holds. Using (2), (10),
and assumption (e2) (i.e., the R-continuity of g), we have

lim g(gx,) :g( lim gx,,) =g(2). (12)

n—oQ n—00
Now, utilizing (3), (11), and assumption (e2) (i.e., the R-continuity of g), we have

Tim g(fx,) = g( lim i) = g(2) (13)
Since {fx,} and {gx,} are R-preserving (owing to (2) and (3)) and lim,_ f(x,) =
lim,_, oo g(x,) = z (owing to (10) and (11)), assumption (el) (i.e., the R-compatibility of
f and g), implies

lim d(gfx,,fgx,) = 0. (14)
n—00

Now we prove that z is a coincidence point of f and g. To substantiate this, we use as-
sumption (e3). Assume that f is R-continuous. Using (2), (10), and the R-continuity of f,

we obtain
i fle) = fim x0) =/ ) 1

Applying (13), (14), (15), and the continuity of d, we obtain

d(gz,fz) = d( lim gfx,, lim fgx,,) = lim d(gfx,,fgx,) =0,
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so that

g(2) =f(2).

Thus z is a coincidence point of f and g, and hence we are through. Alternately, assume
that R is (g, d)-self-closed and (f,g)-compatible. As {gx,} is R-preserving (due to (2)) and

d
g(x,) — z (in view of (10)), due to the (g, d)-self-closedness of R, there exists a subse-
quence {gx,, } of {gx,} such that

lggxn g2l € R Vk e Ny. (16)

d
Since g(x,,) — z, Egs. (10)—(14) also hold for {x,, } (instead of {x,}). Using (16), assump-
tion (d), and Proposition 6, we obtain

d(fgxn,.fz) < (p(d(ggxnk,gz)) Vk € Np.

Now we claim that

d(fgxnkvfz) E d(ggxnkrgz) Vk S N (17)

Since there arise two different possibilities, we consider a partition {N°,N*} of N (i.e.,, N°U
N* = N and N° N N* = ¢J) such that

(i) d(ggxn,,gz) =0Vk e N’ and

(i) d(ggxn,,gz) >0 Vk e N*,
In case (i), using (16) and the (f, g)-compatibility of R, we get d(fgx,,,fz) = 0 for all k € N°,
so that (17) holds for all k € N°. In case (ii), by the definition of 2 we have A(fgxn, fz) <
o(d(ggx,,,g2)) < d(ggx,,,gz) for all k € N*, and hence (17) holds for all k € N*, so that (17)
holds for all k € N. Using the triangle inequality, (12), (13), (14), and (17), we get

d(gz.fz) < d(gz,gfxn) + A(fxn,, fexn,) + A(fgxn,, f2)
< d(gz,gfxn,) + A(gfxn,, fgxn,) + d(ggx,,,82)

— 0 ask— oo,
so that
8(@) =f ().
Thus z is a coincidence point of f and g, and hence we are done.

Now, assume that (¢’) holds. By assumption (¢'1) (i.e., Y € g(X)) we can find u € X such
that z = g(u). Hence (10) and (11), respectively, reduce to

lim g(x,) = g(u), (18)

lim £(x,) = g(u). (19)
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Now we prove that « is a coincidence point of f and g. To do this, we use assumption
(€'2). Firstly, assume that f is (g, R)-continuous. Then using (18), we get

Jim f(x,) = f (). (20)

Using (19) and (20), we get

gu) = f(u),

and hence we are done. Secondly, assume that f and g are continuous. By Lemma 3 there
exists a subset E C X such that g(E) = g(X) and g : E — X is one-to-one. Now define T :

g(E) — g(X) by
T(ga) =f(a) Vg(a) € g(E) wherea € E. (21)

Since g : E — X is one-to-one and f(X) € g(X), T is well defined. Again, since f and g are
continuous, it follows that T is continuous. Using g(X) = g(E), assumptions () and (¢'1),
respectively, reduce to f(X) C g(E) N Y and Y C g(E), which implies that, without loss of
generality, we are able to construct {x,}°; C E satisfying (1) and enabling us to choose
u € E. Using (18), (19), (21), and the continuity of T, we get

fw) = T(gu) = T(nlirgo gx,,) = lim T(gx,) = lim f(x,) = g(u).

Thus u is a coincidence point of f and g, and hence we are through. Finally, assume
that R and R|y are (f,g)-compatible and d-self-closed, respectively. Since {gx,} is R|y-
preserving (due to (2)) and g(x,,) —d> g(u) € Y (due to (18)), by the d-self-closeness of R|y
there exists a subsequence {gx,, } of {gx,} such that

[gxn,gul € Rly VkeNg. (22)
Applying (1), (22), assumption (d), and Proposition 6, we obtain

A(gxn 1, fu) = d(fxy,, fu) < ga(d(gxnk,gu)) Vk € Ny.
We claim that

A(gxn 1, fu) < d(gx,,,gu) VYkeN. (23)

Since there arise two different possibilities, we consider a partition {N°,N*} of N (i.e.,, N°U
N* = N and N° N N* = ¢J) such that

(i) d(gxy,,gu) =0 Vk € N°, and

(ii) d(gxn,,gu) >0 Vk e N*,
In case (i), using (22) and the (f,g)-compatibility of R, we get d(fx,,,fu) = 0 for all k € N°,
which by (1) implies d(gx,, +1,fu) = 0 for all k € N°, and hence (23) holds for all k € N°. In
case (ii), by the definition of £2 we have d(gx,, .1,/u) < o(d(gx,,,gu)) < d(gx,,,gu) for all
k € N*, and hence (23) holds for all kK € N*. Thus (23) holds for all k € N.
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Applying (18), (23), and the continuity of d, we get
d(gu,fu) = d(klirrgogxnk+1, u)

= lim d(gxy, 1,/fu)
k— 00

< lim d(gxy,gu)

-0,
so that

&) =f (u).
Hence u is a coincidence point of f and g, which completes the proof. d

Corollary 1 Let X be a nonempty set endowed with a binary relation R and a metric d
such that the metric space (X,d) is R-complete. Let and [ and g be self-mappings on X.
Assume that the following conditions hold:

(@) f(X) Cg(X),

(b) R is (f,g)-closed and locally f-transitive,

() X(f,g,R) is nonempty,

(d) there exists ¢ € $2 such that

d(fx.fy) < ¢(d(gr.gy)) Vx,y € X with (gx,gy) € R,

(e) (el) f and g are R-compatible,
(€2) g is R-continuous,
(e3) either f is R-continuous, or R is (g, d)-self-closed and (f,g)-compatible,
or, alternatively,
(€) (€'1) there exists an R-closed subspace Y of X such that f(X) C Y C g(X),
(€'2) either f is (g, R)-continuous, or f and g are continuous, or R and Ry are
(f>2)-compatible and d-self-closed, respectively.
Then f and g have a coincidence point.

Proof Theresult corresponding to part (e) and alternating part (¢’) follows by taking ¥ = X
in Theorem 5 and using Proposition 4, respectively. g

Remark 6 If g is onto in Corollary 1, then we can remove assumption (a) as in this case
it trivially holds. Also, we can omit assumption (¢'1) as it trivially hods for ¥ = g(X) = X
using Proposition 3. Whenever f is onto, in view of assumption (), g must be onto, and
hence again the same conclusion is immediate.

Remark 7 Firstly, we notice that Theorem 3 is an improved version of Theorem 1, Also,
in Theorem 3, assumptions (b) and (c) directly follow from (a). With R = M, Corollary 1
remains a sharpened version of Theorem 3, which is worth noting with the following re-
spects:
+ The notion of “locally f-transitive binary relation” is weaker than that of
“transitive/g-transitive binary relation”
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3

3

3

The notion of “regularity of (X,d, M)” (in the context of hypothesis (d) of Theorem 3)
can be replaced by a relatively weaker notion, namely “(g, d)-self-closedness of M”
Further, the notion of “(g, d)-self-closedness of M” is not necessary as it can also
alternatively be replaced by either “(g, M)-continuity of f” or “continuity of f and g
The notion of “(O, M)-compatibility of f and g” is replaced by a relatively weaker
notion, namely “M-compatibility of f and g”

There is no need to impose the closedness requirement on g(X) as it suffices to take
an M-closed subspace Y of X such that f(X) C Y C g(X).

Corollary2 Theorem 5 (also Corollary 1) remains true if we replace the assumption “(f, g)-

compatibility of R” (utilized in assumptions (e3) and (e'2)) by one of the following condi-

tions while retaining the rest of the hypotheses:

(i) ¢(0)=0,

(ii) g is one-to-one,

(ili) R is antisymmetric.

Proof Suppose that (i) holds. Take x, y € X such that (gx,gy) € R and g(x) = g(y). Utilizing
the contractivity condition (d), we get d(fx, fy) < ¢(0) = 0, which implies that f(x) = f(y).
It follows that R is (f, g)-compatible.
Suppose that (ii) holds. Take x,y € X such that (gx,gy) € R and g(x) = g(y). As g is one-
to-one, we get x = y, which implies that f(x) = f(y). It follows that R is (f, g)-compatible.
Finally, in case (iii), our result follows from Proposition 5. O

Remark 8 Corollary 2 with R :=< remains an improved version of Theorem 2 in the fol-

lowing respects:

3

3

3

3

“(f,g)-closedness of " is equivalent to “(g, )-increasingness of f”;

“locally f-transitivity of <” is weaker than “transitivity of <”;

hypothesis (v) (of Theorem 2) can also be replaced by the injectivity of g;
“commutativity of f and g”(in the context of hypothesis (a) of Theorem 2) is replaced
by “<-compatibility of f and g”;

“continuity of f and g” is replaced by the relatively weaker notion “<-continuity of f
and g”;

“continuity of f” (in the context of hypothesis (a) of Theorem 2) is replaced by the
relatively weaker notion“<-continuity of /. Further, this notion is also not necessary
as it can alternatively be replaced by “(g, d)-self-closedness of <”;

“regularity of (X,d, M)” (in the context of hypothesis (b) of Theorem 2) can be
replaced by relatively weaker notion namely: “(g, d)-self-closedness of <”. Further, this
notion is also not necessary as it can alternatively be replaced by “(g, <)-continuity of
f” or “continuity of f and g”;

“closedness of whole subspace g(X)” (in the context of hypothesis (b) of Theorem 2) is
also replaced by “<-closedness of any subset Y with f(X) C Y C g(X)"

The following consequence of Theorem 5 and Corollary 1 is immediate.

Corollary 3 Theorem 5 (also Corollary 1) remains true if the local f-transitivity of R is

replaced by one of the following conditions while retaining the rest of the hypotheses:

(i) R is transitive,
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(i) R isf-transitive,
(ili) R is g-transitive,
(iv) R is locally transitive.

In view of Remarks 2—5, we conclude that Theorem 5 (also Corollaries 1, 2, and 3) re-
mains true if the usual metrical terms of completeness, closedness, compatibility, conti-
nuity, and g-continuity are used instead of their respective R-analogues.

Setting g = I, the identity mapping on X, in Theorem 5, we obtain the corresponding
fixed point result contained in [7].

Here we can point out that the proof of Theorem 4 can be carried out on the lines of
Theorem 5 with ¢(¢) = ot (« € [0, 1)) even without using the following hypotheses (utilized
in Theorem 5):

(i) R islocally f-transitive (in assumption (b)),

(i) R is (f,g)-compatible (in assumptions (e3) and (¢'2)).

Recall that condition (i) is utilized to prove the Cauchy property of {gx,} (in Theorem 5).

In this case, proceeding on the lines of the proof of Theorem 5, we have
A(gXn11,8%n+2) = A(f¥n forns1) < ad(gxn, gxni1)  Vn € Ny,

so that
d(gx,, gxn1) < o"d(gxo,gx1) Vn e Ny.

Now, using the standard techniques, we can show that {gx,} is a Cauchy sequence. Here
there is no need to use condition (i), as contractivity condition is not necessary for
A(GXmy» &%y )-

In this case, ¢(0) = 0, and therefore by Corollary 2, R is (f,g)-compatible. Hence con-
dition (ii) is vacuously met out. Finally, we can accomplish the proof of Theorem 4 by
proceeding on the lines of the proof of Theorem 5 (see the proof of Theorem 4.1 in [7]).

4 Uniqueness results
In this section, we present the results regarding the uniqueness of a point of coincidence,
coincidence point, and a common fixed point corresponding to some earlier results. Recall

that two self-mappings f and g defined on a nonempty set X are called weakly compatible
if f(x) = g(x) implies f(gx) = g(fx) for all x € X.

Theorem 6 In addition to the hypotheses of Theorem 5, assume that the following condi-
tions hold:

(w1): f(X) is Rl connected, and

(u2): R is (f,g)-compatible.
Then f and g have a unique point of coincidence.

Proof In view of Theorem 5, let ¥ and ¥ be two points of coincidence of f and g. Then
there exist x,y € X such that

x=gx)=fx) and y=g@) =, (24)
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We need to prove that x = y. Since f(x),f(y) € f(X) € g(X), by assumption (u;) there exists
a path (say {gz0,g21,822, - ..,2z«}) of some finite length k in leg(X) from f(x) to f(y) (where
20,21,22,-- -, 2k € X). By (24), without loss of generality, we may set zp = x and z = y. Thus
we obtain

[82i,8zis1] € Rlgx) foreachi(0<i<k-1). (25)

0

Define the constant sequences z, = x and z = y. Using (24), we have g(z°,,) =f(z%) =

andg(zwl) f(zn) =yforneNg.Putz} =21,23 = 22,...,z'(§ L= zto1. As f(X) € g(X), on the
lines similar to proof of Theorem 5, we can define sequences {z1}, {z2},..., {zX"!} in X such
that g(zl,,) =f(z}) and g(z2,,) = f(22), .. ,g(zml) = f(z*1) for n € Ny. Hence we obtain

g(,1) =f(z)) VneNyandi(0<i<k). (26)
Now we assert that

[¢7,g2' e R VneNgandi(0<i<k-1). (27)

We prove this assertion by induction. It follows from (25) that (27) holds for # = 0. Assume
that (27) holds for n = r > 0, that is,

[g7.,g2 | € R foreachi(0<i<k-1).
Since R is (f, g)-closed, by Proposition 2, we obtain
[fzL.fz | e R foreachi(0<i<k-1),

which by (26) implies
[g7.,1,82 ] € R foreachi(0<i<k-1).

It follows that (27) holds for n = r + 1. Therefore, by induction, (27) holds for all n € Ny.
Now, forall n € Ng and i (0 <i < k- 1), define ¢! := d(gz!, gz''!). We claim that

lim £ =0 foreachi(0<i<k-1). (28)
n— 00
Fix i. Then two cases arise. Firstly, assume that t’ = d(gzno, gz”l) =0 for some nj € Ny.

Then by assumption (u#;) we obtain d(fzno fz’*l) 0. Consequently, using (26), we get
thow =A@z, 18200 1) = d(fzno, Zn!) = 0. Thus by induction we get £, = 0 for all 1 > nj,
yielding thereby lim,,_, o tn = 0. On the other hand, assume that ¢, > 0 for all # € Nj. Then,
using (26), (27), assumption (d), and Proposition 6, we obtain

to = d(gz,,08270) = d(fz,.f27) < o(d(gz,2,™)) = 0 (1),
so that

o< ol(e)
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Hence by Lemma 1 we obtain lim,_, » ; = 0. Therefore, in both the cases, (28) is proved
for each i (0 <i < k — 1). Using the triangle inequality and (28), we obtain

Ay <+tl+. 451 50 asn—s00 = x=J. O

Corollary 4 Theorem 6 remains true if we replace condition (1) by one of the following
conditions while retaining the rest of the hypotheses:

(u}) Rlr) is complete, and

(u]) fX)is Rlz(x)—directed.

Theorem 7 In addition to the hypotheses of Theorem 6, suppose that the following condi-
tion holds:
(u3): one of f and g is one-to-one.

Then f and g have a unique coincidence point.

Theorem 8 In addition to hypotheses (¢') of Theorem 6, suppose that the following condi-
tion holds:

(ua): f and g are weakly compatible.
Then f and g have a unique common fixed point.

The proofs of Corollary 4 and of Theorems 7 and 8 are similar to those of Corollary 4.6
and of Theorems 4.7 and 4.8, respectively, which are contained in [7].

5 Anillustrative example
In this section, we construct an example to highlight the worth and realized improvements

in our newly proved results.

Example 1 Let X = [0, 00) with usual metric d and binary relation R = {(0,0), (0, 1), (1, 0),
(1,1),(3,0)}. Notice that, R is neither transitive nor g-transitive, but it is locally f-
transitive. Define the pair of self-mappings f and g on X by

0, xe[0,1], [x], xe€[0,1],
fx)= and g(x) =
1, xe(,00), 3, xe(1,00).

Clearly, R is (f,g)-closed. Let Y = {0,1}. Then Y is R-complete, and f(X) ={0,1} C Y C
g(X) ={0,1,3}. Define the function ¢ : [0,00) — [0,00) by ¢(¢) = %t. Then ¢ € 2.

Take any R|y-preserving sequence {x,} such that x, —d> x. As (x,,%,,1) € R|y for all
n € N, there exists N € N such that x,, = x € {0, 1} for all n > N. Therefore we can choose
a subsequence {x,, } of the sequence {x,} such that x,, = x for all k € N, which amounts to
saying that [x,,,x] € Ry for all kK € N. Hence Ry is d-self-closed. We can easily see that
contraction condition (d) and the remaining hypotheses of Theorem 5 are also satisfied.
Consequently, in view of Theorem 5, f and g have a coincidence point (namely, x = 0).

Furthermore, hypotheses (u1), (#3), and (u4) of Theorem 8 also hold. Thus all the hy-
potheses of Theorem 8 are satisfied, and hence f and g have a unique common fixed point
(namely, x = 0).
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Note that the present example cannot be covered by Karapinar et al. [1] and Erhan et al.
[2] (i.e., Theorems 1 and 3, respectively), which substantiate the utility of Theorem 5 over

Theorems 1 and 3.

6 Conclusions

In view of our newly proved results, we conclude that under relation-theoretic linear con-
traction, merely an arbitrary binary relation is required. If we extend such results to ¢-
contractions (under the family §2), then a weaker version of near-order is required, namely,
a “locally f-transitive antisymmetric” (or, more appropriately, “locally f-transitive (f.g)-
compatible)” binary relation. Particularly, in case ¢(0) = 0 or g is one-to-one, a “locally
f-transitive binary relation” is sufficient.

Karapinar et al. [1] observed that the notion of a transitive F-closed (or F-invariant) set
is equivalent to the concept of a preordered set. To do this, given a nonempty subset M”
of X*", they defined the following relations:

o n1=2:(x%,9) Cip (u,v) &= [(x,9) = (,v) or (u,v,%,y) € M?];

o 1=3:(x,9,2) Cypp (u,v, W) < [(x,9,2) = (u, v, w) or (u,v,w,x,9,2) € M>].

For brevity, we consider # = 1 and denote M' = M. Then we analogously have

xCpyu < x=u or (ux)eM.

Using this relation, they proved that (see Lemma 39 in [1])
(1) E,yis reflexive for whatever M,
(2) M satisfies the transitive property if and only if £, is a preorder on X.
Actually, Karapinar et al. [1] defined 3, (the dual relation of C /) as the reflexive closure

of M, which enlarges M, not equivalent, that is,

Ty=MU Ay =M,

ie, = (MY

Using this relation, they succeeded to prove such results in Lemma 39 of [1].
Therefore, if we redefine x C u <= (x, u) € M, then it is equivalent to say that C:= M.
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