Ayari Fixed Point Theory and Applications (2019) 2019:10 ® Fixed Point Theory and Applications
https://doi.org/10.1186/513663-019-0661-8 a SpringerOpen Journal

RESEARCH Open Access
()]

A best proximity point theorem for
a-proximal Geraghty non-self mappings

Mohamed ladh Ayari'

“Correspondence:
iadh_ayari@yahoo.com Abstract

'Department of Mathematics and In thi h b . : Its f | f If
Computer Science, Institut National n this paper, we search some best pro><|m|ty point results for a new class or non-se

DES Sciences Appliquée et de mappings T : A — B called a-proximal Geraghty mappings. Our results extend many

Lenﬁcggﬁ?giﬁui?ﬁj:ﬁgrtage recent results appearing in the literature. We suggest an example to support our
Ve result. Several consequences are derived. As applications, we investigate the existence

of best proximity points for a metric space endowed with symmetric binary relation.

MSC: 47H10; 54H25

Keywords: Best proximity points; a-Proximal Geraghty non-self mappings on metric
spaces

1 Introduction

One of the famous generalizations of the Banach contraction principle for the existence
of fixed points for self mappings on metric spaces [5] is the theorem by Geraghty [8].
Consider A and B to be two nonempty subsets of a metric space (X, d). Let T: A —> B be
a non-self mapping. Then the best proximity points of T are the points x € A satisfying
d(x, Tx) = d(A, B). Recently, several works on best proximity point theory were studied
by giving sufficient conditions assuring the existence. Thus, several known results were
derived. For additional information, see Refs. [2, 3, 7, 10, 12, 19-22], and [25].

Recently, Jleli, Karapinar, and Samet in [11] have introduced a new class of contractive
mappings called a—1-contractive type mappings. They have provided some results on
the existence and uniqueness of best proximity points of such non-self mappings. There
are many papers in the literature about «-contractions, see, for example, [1, 4, 13, 17], and
[15, 16, 24]. Recently, Ayari in [9] proposed an extension for the case of «—p-proximal
quasi-contractive mappings. We are interested in extending these works for the Geraghty
functions by introducing the notion of «-proximal Geraghty non-self mappings. The pur-
pose of all of this is to provide a theorem on the existence and uniqueness of best proximity
point for such mappings.

Kumam and Mongkolekeha in [14] proved new common best proximity point theorems
for proximity commuting mappings using the concept of Geraghty theorem in complete
metric spaces. Also Biligili, Karapinar, and Sadarangani in [6] also suggested a best proxim-
ity point theorem for a pair (4, B) of subsets on a metric space X satisfying the P-property.
This was accomplished by introducing the notion of generalized Geraghty-contraction.
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In this work, we have established a new result on the existence and uniqueness of best
proximity point for «-proximal Geraghty non-self mappings defined on a closed subset of
a complete metric space. Our result generalized results existing in the literature. Moreover,
we have shown that from our main theorems we are able to deduce some other theorems
of best proximity points for the case of metric spaces endowed with symmetric binary
relations. We also have deduced the main fixed point theorem of Geraghty [8].

The paper is divided into five different sections as follows. Section 2 is dedicated to the
notation adopted and to providing definitions. Moreover, best proximity point theorem
is stated in Sect. 3 with its proof illustrated by an example. Then, several consequences
are obtained in Sect. 4. Finally, the existence of best proximity points on metric spaces

endowed with symmetric binary relations and a fixed point result are given in Sect. 5.

2 Preliminaries and definitions
Let (A, B) be a pair of nonempty subsets of a metric space (X, d). We adopt the following
notations:

d(A,B) :=inf{d(a,b):a € A,b € B};

Ag:={a € A : there exists b € B such that d(a, b) = d(A, B)};

By :={b € B: there exists a € A such that d(a, b) = d(A, B)}.

Definition 2.1 ([22]) Let T : A — B be a mapping. An element x* is said to be a best
proximity point of T if d(x*, Tx*) = d(A, B).

Definition 2.2 ([18]) Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
such that Ag is nonempty. Then the pair (A, B) is said to have the P-property iff d(x1, y1) =
d(x2,y2) = d(A, B) = d(x1,%2) = d(y1,2), where x1,x, € A and y1,y, € B.

Definition 2.3 ([11]) Let 7:A — Band a: A x A — [0, +00). We say that 7 is said to be
a-proximal admissible if o (x1,%2) > 1 and d(uy, Tx1) = d(ug, Txy) = d(A, B) = a(uq, uz) >

1 for all x1, %o, uq, us € A.

Let us introduce the set F that is the class of all functions g : [0,00) —> [0, 1] such that,

for any bounded sequence {¢,} of positive reals, 8(¢,) — 1 implies t, —> 0.

Definition 2.4 ([8]) Let (X,d) be a metric space and T : X — X be a given mapping. We
say that T is a B-Geraghty contractive mapping if there exists § € F such that

d(Tx, Ty) < B(d(x,))d(x,)
forall x,y € X.

3 Main results and theorems
First, we introduce the following concept which is a natural generalization of the definition

of Geraghty.

Definition 3.1 Let (X, d) be a metric space and (4, B) be a pair of nonempty subsets of X. A
non-self mapping 7' : A — B s called «-proximal Geraghty mapping, wherew: A x A —
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[0, +00), if there exists B € F such that

a(x,)d(Tx, Ty) < B(d(x,7))d(x,y)
for all x,y € A.
We propose the following best proximity point theorem.

Theorem 3.2 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Let a : A x A —> [0,+,00) and B € F. Consider an a-
proximal Geraghty non-self mapping T : A —> B satisfying the following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) T is a-proximal admissible;

(3) There exist elements xq,x1 € A such that d(x1, Txg) = d(A, B) and o(xg,x1) > 1;

(4) If {x,} is a sequence in A such that a(x,, %y41) > 1 and lim,_, o0 %, = %, € A, then

there exists a subsequence {x,} of {x,} such that a(x,,%.) > 1 for all k.

Then T has a unique best proximity point x, € A such that d(x., Tx,) = d(4, B).

Proof Thanks to condition (3), there exist x9,x1 € A such that d(x;, Txo) = d(A, B) and
alxg,x1) > 1. As T(Ag) C By, there exists xy € Ag such that d(x,, Tx;) = d(A, B).

As T is a-proximal admissible and using a(xo,x1) > 1, d(x1, Txo) = d(x2, Tx1) = d(A, B),
this implies that a(x1,x;) > 1.

In a similar fashion, by induction, we can construct a sequence {x,} C Ao such that

dx,.1, Tx,) =d(A,B) and «(x,,x,,1) >1 foralln e NU{0}. (3.1)

Our next step is to prove that the sequence {x,} is a Cauchy sequence. Let us first prove
that lim,,—, ;o0 d(x, x,-1) = 0. Since d(x,41, Tx,) = d(A, B) and d(x,, Tx,_1) = d(A, B), using
the P-property, we get d(x,,, x41) = d(Tx,—1, Txy,). As T is a-proximal Geraghty mapping
and a(x,_1,%,) > 1, then

AXn11,%0) < B(An-1,%1))A(Xp-1,%) < d(Kp1,%,) forallm > 1. (32)

We can suppose that d(x,_1,x,) > 0. From (3.2) we conclude that

Zg:%i:z:; < ,B(d(xn_l,x,,)) <1 foralln>1. (3.3)

Let r =1lim,—, ;00 d(x,-1,%,). Using equation (3.2) and letting » — +00, we obtain that

; 1< lim B(d(x, 1,%,)) <1.

n—- +00

Thus lim,—, ;00 B(d(x,-1,%,)) = 1. Using the definition of the function 8, we conclude
that

lim d(x,_1,%,)=0. (3.4)
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Suppose that {x,} is not a Cauchy sequence. Then there exist € > 0 and sequences {x,, }
and {x,, } such that, for all positive integers k such that m(k) > n(k) > k d(Xmx), %ax)) > €

and d(%,,4), Xn(k)-1) < €. Using the triangular inequality, we get

€ < dXm)r Xn) < AXmt)s Xniy-1) + AXn)—1, Xn(k))

< € +d®np-1,%n0)), VK. (3.5)

Taking limit as k — +00 in the above inequality (3.5) and using (3.4), we conclude
that

lim d(xm(k),x,,(k)) = €. (3.6)
n—+00
Using again the triangular inequality,
AXm(k)r %n(k)) < AXm(i) Xmk) 1) + Ak 1, Xnry+1) + A1, Xn())- (3.7)
On the other hand, using triangular inequality and inequality (3.7), we have
€ < dXmE)+1, Xn)r1) < AXm)s15 X)) + A Xy, Xnk)) + AXn)s Xnky+1)- (3.8
Letting kK — +00 and using (3.4) and (3.6), we get
Hm  d@Xm( 15 Xn(y+1) = €. (3.9)
n—s+00

Since T is an «-proximal Geraghty mapping, we obtain

A1 Xn(+1) < B(d Gty X)) Ay %)

< dXmys X)) VK. (3.10)
Therefore
d(xm(k)+1)xn(k)+l)
—————— =< B(d®m), xn)) < 1. (3.11)
AKXk Xnik)) (@t 50)

Letting k — +00 in the above inequality (3.11), we conclude that

lim ﬁ(d(xm(k)’xn(k))) =L

k—+00

Hence
lim  d(Xpk), %ny) =0 <€,
k— +00

which is a contradiction.
Thus, the sequence {x,} is a Cauchy sequence in the closed subset A of the space
(X, d).
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The fact that (X, d) is complete and A is closed assures that the sequence {x,,} converges
to some element x, € A.

Using hypothesis (4) of the theorem, there exists a subsequence {x,x } of {x,} such that
a(%u), %) > 1 for all k. Since T is a generalized «-proximal Geraghty mapping, then we

have

A(Txn()r Tx) < 0 (Xaiiey %4 )A( T (i) T)
< B(d@nwy %)) A, %), VK. (3.12)

By the triangular inequality and (3.1), we have

A%, Tx) < dXies Xn)41) + AXn)+1, Tn(t)) + A(Txntys TX)

= d(Xs, Xu(y+1) + A(A, B) + d(Txu), Txs). (3.13)
We obtain that
A(Txug, Tx) = d(xy, Txy) — A%y Xn)1) — d(A, B), k. (3.14)
Using (3.12) and (3.14), we get

AXn(i) %) = B(AEn)r %)) A X %)
> d(x., Txy) — d(%s, Xn(y+1) — d(A,B),  Vk.

As k — +00, we get

So we deduce that d(x,, Tx,) = d(A, B). Therefore x, is a best proximity point for the non-
self mapping T

For the uniqueness, suppose that there are two distinct best proximity points for T
such that x, # y.. Thus r = d(x., y.) > 0. Since d(Tx.,x.) = d(Ty.,y.) = d(A, B), using the
P-property, we conclude that r = d(Tx,, T,).

Since T is an a-proximal Geraghty non-self mapping, we obtain r < B(r)r. Thus
B(r) > 1. Since B(r) < 1, we conclude that B(r) = 1; and therefore r = 0, which is a con-

tradiction. O

Example Consider the complete FEuclidian space X = R? with the metrics d((x1,%1),
(%2,72)) = |%1 — %2| + |y1 — y2|. Let A = {(a,0),a € [2,3]} and B={(b,0),b € [3, 3]}

Consider the non-self mapping T : A — B such that T(a,0) = (i,O). T(A) = B and
A and B are closed subsets on the complete space (R?,d). It is easy to see that the
couple (A,B) satisfies the P-property. The function a(x,y) = 1 for all x,y € A. We have
d(T(2,0),(2,0)) = |% -2| = % = d(A, B). So hypotheses (2), (3), and (4) of the theorem are
satisfied. What is remaining is to prove hypothesis (5) of Theorem 3.2 that T is a proximal
Geraghty mapping.
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In fact, for all a,a’ € A = [2, 3], we can prove that

__la-dal _ d(a0),(,0)
“1+la-a| 1+d((a,0),(a,0)

d(T(a,0), T(a,0)) = |~ - X

a a

This inequality is true fora = a’.

If a # a’, we have for all a,a’ € A = [2,3], |aa’| > 4; meanwhile 1 + |a — a’| < 2. Thus
hypothesis (5) of our Theorem 3.2 is satisfied for the function g : [0, +c0) —> [0, 1] such
that S(u) = ﬁ So the conclusion is the existence and uniqueness of best proximity point
of the mapping T which is (2,0).

4 Consequences
For the case « = 1, the definition of Geraghty is the following.

Definition 4.1 Let (X, d) be a metric space and (A4, B) be a pair of nonempty subsets of X.
A non-self mapping T': A — Bis called a proximal Geraghty mapping if there exists 8 € F
such that

d(Tx, Ty) < B(d(x,y))d(x,y)
forall x,y € A.
Several consequences of our main theorem are suggested in this section.

Corollary 4.2 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ag is nonempty. Let B € F. Consider a non-self mapping T : A —> B satis-
[fying the following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) There exist elements xg,x1 € A such that d(x1, Txo) = d(A, B);

(3) T is a proximal Geraghty mapping.
Then T has a unique best proximity point x, € A such that d(x., Tx,) = d(A, B).

Proof This is an immediate consequence of our main Theorem 3.2 by taking «(x,y) = 1
for all x,y € A. O

We can also suggest some corollary for the cases B(«) = e™*, where k > 0, B(u) = ﬁ,

Bu) = {11L(1+u)+1 “=* and B(u) % whereO<a <1, u>0.

;5 u>0 = 2—% arctan(u%
Corollary 4.3 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ao is nonempty. Consider a non-self mapping T : A —> B satisfying the
following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) There exist elements xg,x1 € A such that d(x1, Txo) = d(A, B);

(3) The non-self mapping T satisfies

d(Tx, Ty) < exp(~kd(x,))d(x,y)

for all x,y € A, for some constant k > 0.
Then T has a unique best proximity point x, € A such that d(x., Tx,) = d(A, B).
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Corollary 4.4 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ao is nonempty. Consider a non-self mapping T : A —> B satisfying the
following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) There exist elements xy,x1 € A such that d(x1, Txo) = d(A, B);

(3) The non-self mapping

d(x,y)
d(Tx, Ty) < m

forall x,y € A.
Then T has a unique best proximity point x, € A such that d(x., Tx,) = d(4, B).

Corollary 4.5 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Consider a non-self mapping T : A —> B satisfying the
following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) There exist elements xg,x, € A such that d(xy, Txo) = d(A, B);

(3) The non-self mapping T satisfies

d(Tx, Ty) < In(1 + d(x,y))

forallx,y € A.
Then T has a unique best proximity point x, € A such that d(x., Tx,) = d(A, B).

Corollary 4.6 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Consider a non-self mapping T : A —> B satisfying the
following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) There exist elements xq,x1 € A such that d(x1, Txo) = d(A, B);

(3) The non-self mapping T satisfies

d(x,y)

1
- = arctan(W)

d(Tx, Ty) < 3 , O<axl

2

forallx,y € A.
Then T has a unique best proximity point x, € A such that d(x., Tx,) = d(A, B).

5 Applications
Our first consequence is the theorem of Geraghty for the existence of fixed point.

Corollary 5.1 ([8]) Let (X,d) be a metric space and T be an operator. Suppose that there
exist 8 : [0,00) —> [0, 1] such that, for any bounded sequence {t,} of positive reals, B(t,) —
1 implies t, — 0.

If T satisfies the following inequality

d(Tx, Ty) < B(d(x,y))d(x,y)

forallx,y € X, then T has a unique fixed point.
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Proof By considering A = B = X and the function a(x,y) = 1 in Theorem 3.2, we guarantee
the existence and uniqueness of a fixed point of such a self mapping 7. d

In order to apply our results on best proximity points on a metric space endowed with
symmetric binary relation, we need some preliminaries.
Let (X, d) be a metric space and R be a symmetric binary relation over X.

Definition 5.2 ([11]) A non-self mapping 7 : A — B is a proximal comparative mapping
if xRy and d(u;, Tx) = d(u,, Ty) = d(A, B) for all x, y, u1, us € A, then u; Rus,.

Definition 5.3 ([23]) We say that (X, d, R) is regular if, for a sequence {x,} in X, we have
%, Rx,,1 for all n € Ny and lim,,_, o, d(x,,,x) = 0 for some x € X, then there exists a subse-
quence {x,x } of {x,} such that x,)Rx for all k € Ny.

Definition 5.4 Let X be a nonempty set. A non-self mapping T : A — Bis called Geraghty
contractive if there exists 8 € F such that

xy€A: xRy =  d(Tx, Ty) < B(d(x,))d(x, ).
We have the following best proximity point result.

Corollary 5.5 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Let R be a symmetric binary relation over X. Consider a
non-self mapping T : A —> B satisfying the following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) T is proximal comparative mapping;

(3) There exist elements xy,x1 € Ag such that d(xy, Txo) = d(A, B) and xoRx1;

(4) If(A,d,R) is regular;

(5) There exists B € F such that T : A — B is Geraghty contractive.

Then T has a unique best proximity point x, € A such that d(x., Tx,) = d(A, B).

Proof Let us introduce the function

1 ifxRy,
a:AxA—[0,+00) by:a(x,y) =
0 otherwise.

In order to apply our Theorem 3.2, we have to prove that T is oz-admissible.

Assume that a(x,y) > 1, and d(u;, Tx) = d(uy, Tx) = d(A, B), for some x,y,u1,u; € A. By
the definition of o, we get xRy and d(u;, Tx) = d(u,, Tx) = d(A, B). Condition (2) of Corol-
lary implies u; Ru,, which gives us o(uq, us) > 1.

Condition (3) means that d(x1, Txo) = d(A, B) and o(xp,x1) > 1.

The condition T': A — B is Geraghty contractive means that T is an «-proximal Ger-
aghty mapping. Also the condition (4,d,R) is regular implies that if {x,} is a sequence
in A such that «(x,,x,,1) > 1 and lim,,_, , %, = x, € A, then there exists a subsequence
{%u(} of {x,,} such that o (x,),x.) > 1 for all k.

Now all the hypotheses of Theorem 3.2 are satisfied, which implies the existence and
uniqueness of a proximity point for the non-self mapping T d
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6 Conclusion

We recall that we managed in this paper to propose a new best proximity point for
a-proximal Geraghty non-self mappings. This was achieved by introducing the notion
of «-proximal Geraghty non-self mappings which is an extension of the definition of Ger-
aghty for the case of self mappings. As applications, we have established not only the ex-
istence but also the uniqueness of best proximity point results for the case of non-self-

mappings on metric spaces endowed with symmetric binary relations.
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