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1 Introduction

It is well known that the Banach fixed point theorem plays a very important part in the
resolution of various problems in nonlinear analysis such as integral equations and various
nonlinear problems. It also has applications in various scientific disciplines. This theorem
knew intense generalizations by the introduction of various type of contractions. We cite
for example the generalizations obtained by Suzuki [20], Kikkawa and Suzuki [10], Mot
and Petrusel [15], Dori¢ and Lazovi¢ [6], Bose and Roychowdhury [2], Singh, and Swami,
Mishra, Chugh and Kamal [19].

2 Methods
Let (X, d) be a metric space and T be a self-mapping on X.
T is called a generalized Kannan mapping if there exists r € [0, %[ such that

d(Tx, Ty) < rmax{d(x, Tx),d(y, Ty)}, forallx,y € X.

T is called a Chatterjea mapping if there exists r € [0, %[ such that

d(Tx, Ty) < rmax{d(x, Ty),d(y, Tx)}, forallx,y € X.

Kannan [8] (resp. Chatterjea [5]) shows the following results: If (X, d) is a complete metric
space then every generalized Kannan (resp. Chatterjea) mapping) has a unique fixed point.
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Theorem 2.1 (Kikkawa and Suzuki [10]) Let T be a mapping on a complete metric space
(X, d) and ¢ be a non-increasing function from [0, 1] onto ]%, 1] defined by

1 ifo<r< @,
oSl <re g,
ﬁ lf% <r<l1.
Assume that there exists r € [0, 1[ such that, for all x,y € X,
o(r)d(x, Tx) <d(x,y) implies d(Tx, Ty) < rmax{d(x, Tx),d(y, Ty)}.

Then T has a unique fixed point x* and lim,,_, ;o T"x = x* holds for every x € X.

In 1981, Fisher presented some related fixed points theorems involving two mappings

on metrics spaces under some conditions on contractions.

Theorem 2.2 (Fischer [7]) Let (X,d) and (Y,8) be two metric spaces such that (X,d) is
complete. Let T : X — Y and S: Y — X be two mappings such that, for all (x,y) e X x Y,

d(Sy, STx) < c.max{d(x, Sy),3(y, Tx), d(x, STx)},
8(Tx, TSy) < c. max{d(x, Sy), 8(y, Tx), 5(y, TSy)},

where ¢ € [0,1]. Then there exists a unique pair (x*,y*) € X x Y such that Tx* = y* and
Sy* = x*. Consequently, STx* = x* and TSy* = y*.

Some generalizations of this result have appeared in many different directions. For de-
tails, we refer to [1, 3, 4, 8] and [16].
Chaira and Marhrani proved the following result which generalized the theorem of Fis-

cher.

Theorem 2.3 ([4]) Let (X,d) and (Y,8) be two metric spaces such that (X, d) is complete;
let T:X — Y andS:Y — X be two mappings satisfying the following condition:

For all x,y € X, one of the conditions

1. d(x,STx) < d(x,Sy),

2. 8(y, TSy) < 8(y, T),

implies

8(Tx, TSy) < a(8(x, Sy)). max{8(y, TSy), d(x, STx), §(x, Sy)},
d(Sy, STx) < a(d(y, Tx)). max{8(y, TSy), d(x, STx), d(y, Tx)},

where « : [0,+00[ — [0, 1] satisfies lim SUp; s a(t) < 1, for all ty € [0,+00[. Then there
exists a unique pair (x*,y*) € X X Y such that Tx* = y* and Sy* = x*. And consequently,
STx* = x* and TSy* = y*.
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In this article, we give a generalization of these results in the framework of ordered space
equipped with two metrics by using the function ¥, : [0,1[ — ]0, 1] defined by

1 if0<r<ry,
Wro(”)=

1-r ifrg<r<l,

for any ry € ]0,1[. Our results on partially ordered metric spaces generalize the Ran and
Reurings ([17]), Nieto and Rodriguez-Lépez ([13]) fixed point theorems.
We also give an application to matrix equations to illustrate our results.

Let us recall some basic notions which will be used in our main discussions.

Definition 2.4 Let X be a nonempty set. Then (X, d, <) is called an ordered metric space
if:
(i) (X,d) is a metric space,

(i) (X, =) is a partially ordered set.

Definition 2.5 ([18]) Let (X, <) be a partially ordered set. We say that:
(i) x,y € X are comparable if x < y or y < x holds.
(i) f:X — X is monotone nondecreasing if x,y € X, x <y = f(x) < f(y).

Definition 2.6 It is said that a partially ordered metric space X verifies the property (P)
if
(i) for any nondecreasing sequence (x,), C X converging to x € X, we have x,, < x for
all #;
(ii) for any sequence (x,), C X which converges to x and y € X such that x,, <y for all

integer n, we have x < y.

3 Main results
Theorem 3.1 Let (X, <) be a partially ordered set endowed with two metrics d and § such
that (X, d) is complete satisfying the property (P) and ry € 10, ’1%@]. Let T be a monotone
nondecreasing mapping on X. If there exists r € [0, 1[ such that, for all x,y € X comparable,
one of the conditions

(D) Yo (Nd(x, Tx) < d(x,y),

(il) ¥y (r)3(x, Tx) < 8(,),
implies

d(Tx, Ty) < rmax{8(x, Tx),d(y, Ty)},
8(Tx, Ty) < rmax{8(y, Ty), d(x, Tx)},

and if there exists xo € X such that xo < Txo, then there exists x* € X such that Tx* = x*

and

lim d(T”xo,x*) = lim S(T”xo,x*) =0.

n—+00 n—+00

Moreover, the fixed point is unique if the set of fixed points F(T) is totally ordered.
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Proof If T(xo) = xy then the proof is finished. Assume that T (xg) # xo.
Since xo < T'(xo) and T is monotone nondecreasing, we obtain by induction that

x0 < T(x0) < T*(x0) < -+ < T™(wo) < T" (wp) < -+

Put x,, = T"(xo) for all n > 0. Since x,, < x,,,1 for all n € N, and for any integer n, we have
% (V)d(xn; Txn) < d(xn:xm-l), then

A(Txy Tpe1) < rmax{8(x,, Tx,), d(Xpi1, Thni1)}s
8(Txnr Txn+1) = rmax{d(xm Txn)76(xn+1: Txn+1)}¢

hence

A(Txy T 1) < 18Xy Xps1)s

8(Txm Txn+1) = rd(xn:xn+l)r
which implies

d(xn+1’xn+2) =< rmax{d(xn,xwrl): S(xmxwrl)}’

8(xn+1:xn+2) = rmax{d(xmxn+l):S(xmx;ﬁl)}v

d(xn+1:xn+2) E Vn+1 maX{d(xo: xl): 5(960, xl)},

(X1, Xna2) < el max{&(xo,xl), d(xo;xl)}«

Consequently, (x,).>0 is a Cauchy sequence in (X, d) and (X, §). Then there exists an ele-
ment x* in X, such that lim,,_, ,+ d(x,,x*) = 0.

Since X satisfies the property (P) and x, — x*, then x, < x* forall n > 0. As T is a
monotone nondecreasing, we obtain

x, < Tx*, forall n,

and by our assumption x* < Tx*.

We assert that Tx* = x*. Assume that this is not the case.

If there exists a nondecreasing function ¢ : N — N such that

d(x¢,(n), Txd,(,q)) > d(x¢(n), Tx*)

and since lim, d(xg (), Txg(n)) = 0, we obtain lim, d(x4 (), Tx*) = 0; this contradicts our hy-
pothesis. Then

d(x,, Tx,) <d (x,,, Tx*), for large integers #,
First case: r € [0, rg][. Since x,, < Tx* for all n, we have

d(xye1, T?x%) < rmax{8(x,, x1), d(Tx*, T?>x*)},

8 (X1, T?x*) < rmax{d(xy,, %,.1),8(Tx*, T?x*)},
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and then
d(x*, sz*) < rd(Tx*, sz*). (1)
On the other hand x* < Tx*, then

d(Tx*, T*x*) < rmax{8(x*, Tx*), d(Tx*, T*x*)},

8(Tx*, T*x*) < rmax{d(x*, Tx*), 8(Tx*, T*x*)},
(2)
d(Tx*, T*x*) < ré(x*, Tx*),

8(Tx*, T?x*) < rd(x*, Tx*).

Assume that

d(Tx*, T°x*) > d(x*, Tx*) and §(Tx*, T°x*) > §(x*, Tx*).
If §(x*, Tx*) < d(x*, Tx*). We have

d(x*, Tx*) <d(T?x", Tx*) < ré(x*, Tx*) < d(x*, Tx"),

which is absurd. The same conclusion is obtained if d(x*, Tx*) < §(x*, Tx*). These consid-

erations imply that one of the inequalities
d(Tx*, T*x*) <d(x*, Tx*) or §(Tx", T°x*) < 8(x*, Tx")
holds. For x = Tx* and y = x*, we have

d(Tx*, T*x*) < rmax{8(Tx*, T?x*), d(x*, Tx*)},
8(Tx*, T?x*) < rmax{d(Tx*, T?x*), 8(x*, Tx*)}.

Using (2), we obtain

d(Tx*, T%x*) < rd(x*, Tx*),
8(Tx*, T?x*) < ré(x*, Tx*).

We deduce from these relations that
d(x*, Tx*) < d(x*, sz*) + d(sz*, Tx*)} < (r2 + r)d(x*, Tx*).

2 + r < 1, we conclude to a contradiction with our hypothesis Tx* # x*.

Since r
Second case: r € [ry, 1[. Put A = {z € X;z and x, are comparable, Vi € N}. A is nonempty,

since o and x* belongs to A.
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Letze A\ {x*}, we have

VneN «x,<x"<z
or
VneN z=<uxg=<x, (3)

or

dng e N x,y Xz <%0 X5,
and
Yy, (r)d (%, Tx,) < rd(x,,2), for large integers n,
therefore
d(x,.1, Tz) < rmax{S(xn,x,Hl),d(z, Tz)},
which leads to
d(x*, Tz) < rd(z, Tz). (4)
The inequality d(z, Tz) < d(z,x*) + d(x*, Tz) < d(z,x*) + rd(z, Tz) implies
Vo (Nd(z, Tz) < d(z,x").
By (3), z and x* are comparable. Then
d(Tz, Tx*) < rmax{(S(z, Tz), d(x*, Tx*) }

If (x,), is a stationary sequence, we have x* = Tx* and if not, there exists a subsequence
(%g(n))n> such that x,(,) #x*, for all n. And consequently, for z = xg(,), we have

d(Txp(m, T*) < rmax{8(xpm, Thpm), d(x*, Tx*) },
which leads to
d(x*, Tx*) < rd(x*, Tx").

These considerations permit us to conclude that x* = Tx*. These conclusions contradict
the fact Tx* # x*.
And then we conclude that Tx* = x*.

We have lim,,, ;o0 8(x,,,%*) = 0. If not, (8(x,,x*)), does not converge to 0, then
8%, Txy) < 8(%,x*), for large integers n,
since x, < x* for all n, consequently
8 (X1, x%) = 8(x,,+1, Tx*) < rmax{d(x,,, Tx,,),(S(x*, Tx*)} = rd(x,, Tx,).

Thus, lim,,_, ;o §(x,.+1,%*) = 0, which is a contradiction. Hence, lim,,_, , o, §(x,,x*) = 0.
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For uniqueness: Let z € X such that 7z = z.
We have d(z, Tz) = 0 < d(z,x*), since F(T) is totally ordered,

d(z,x*) = d(Tz, Tx*) < rmax{8(z, Tz),d(x*, Tx*)} = 0. O
Example 3.2 Let X = [0,1]%. We define a partial order “<” in X as

(xx') < (5y) ifandonlyif x>y and & >y.
Define d and § by

d((xx), (1)) =lx =yl + |« =y| and 8((x%),(1¥)) = max(|x -y,

x/_y/|)

for all ((x,x'), (,%)) € X>.
Thus (X, d, <) and (X, §, <) are two ordered metrics spaces. And define T : X — X by

, x2 y2
T(x,x) = (E, E).

—1+/5
2

property (P) for d and §. For all comparable (x,x'),(y,y’) € X such that (x,x") < (y,5'), we

We put rp = and r = i. The map T is nondecreasing, and the space X satisfies the

have

d(T(xx), T(.7))

1

QU
(%] A
—
u| &,
m|k§
~—
—
I
U‘l|\<5
~
~

x y2 x/Z y/2
"5 55 5
x2 x/z
< — 4+ —
- 5 5
i(-5) (%)
S—lx-=)+-(x-—
4 5 4 5
< (%), T(wx))

Hence

AT (%), T(r.¥)) < %max{d((x’x/)»T( %)) 8(005). T(25)}-
In the same way

MT@W%waﬂ)finwASK%f%T(wvld«%fLTOJUH-

Moreover, (%, %) =< T(%,%

T has a unique fixed point x* = (0, 0).

). Therefore, T satisfies the hypotheses of Theorem 3.1. Hence,

If we assume, in the above theorem, that d = § and « is a constant function, we obtain a
generalization of a Kannan-type contraction [9].
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Corollary 3.3 Let (X, d, <) be an ordered metric space such that (X,d) is complete and T
a nondecreasing mapping on (X, <). Assume that there exists r = 2o, where o € [0, %[ such

that, for all comparable x,y € X,

Y (N)d(x, Tx) < d(x,y) implies d(Tx, Ty) < a.d(x, Tx) + a.d(y, Ty)

where rg € ]0, ‘“T‘/g].

If there exists xy € X such that xy < Txo and X satisfies the property (P) for d, then there
exists an element x* € X such that Tx* = x* and lim,_, ,oc T"xo = x*. Moreover, the fixed
point of T is unique if for all any pair {x,y} C X admits an upper bound or a lower bound.
Proof We remark that, for all comparable x,y € X,

Y, (N)d(x, Tx) < d(x,y) = d(Tx, Ty) < rmax{d(x, Tx), d(y, Ty)}.
By Theorem 3.1, we conclude that 7 has a fixed point.
For the uniqueness, we suppose that there exist two fixed points x,y € X. From the hy-

pothesis on x and y there exists z in X such thatz <xand z < y.

By the monotony of T,
T"(2) < T"(x) = x,
for all n > 0. Set z,, = T"(z), and we have
d(x, Tx) < d(x,z,),
for all integer n. Then, for all n > 0,

A(zyi1,%) < ad(x, Tx) + ad(2,, 2441)

< ad(z,,x) + ad(z,.1,%)

< %d(zn,x»

By induction, we show that

o n+l
A(zp41,%) < <—> d(z, x).
l-«a
Since 0 <a < 1, we have 0 < ﬁ < 1. Hence,
lim d(z,,x)=0. (5)
H—>+00
In the same way we prove that

lim d(z,,y)=0. (6)

n—+00
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By the triangle inequality,
dix,y) <d(x,z,) +d(y,z,), VneN,
and by (5) and (6) we conclude that x = y. O

Note that, if X is not necessarily provided with a partial order, then we find the same
result as that of Theorem 3.1. with some modifications in the proof consisting basically of
avoiding the use of the order.

Theorem 3.4 Let d and § be two metrics on X such that (X,d) is complete and ry €
10, _“2‘/5]. Let T be a self-mapping on X. If there exists r € [0, 1] such that, for all x,y € X,
one of the conditions:

(i) Yo (r)d(x, Tx) < d(x, y),

(i) Yy (N3 (x, Tx) < 8(,),

implies

d(Tx, Ty) < rmax{8(x, Tx),d(y, Ty)},
8(Tx, Ty) < rmax{8(y, Ty), d(x, Tx)},

then there exists an unique element x* € X such that Tx* = x* and
lim d(T"x,x") = lim §(T"x,x") =0
n—+00 n—+00

holds for every x € X.

Example 3.5 Let X = {(0,0),(4,0),(0,4),(5,0), (4,5),(5,4)} and define T by

«,0) ifx <« and (x,«) € X\ {(0,4)},
T( ,x’) =1 (0,«) ifx>«"and (x,x') € X\ {(0,4)},
(0,0) if (%, %) = (0,4).

Define d and § by

d((6x), (ny)) =lx =yl + |« =y| and §((xx )(»y))—ﬁ(lx—wlx/-y/l)

for all ((x,x'), (,%)) € X2

We put g ’1"‘[ and r = % Let ((x,%), (y,9)) € X2.
First case: ", (1,9)) ¢ {((4,5),(5,4)),((5,4), (4,5))}, we have
d(T(x,x), T(y,y)) < rmax{3((x,x'), T(x,x')),d((y,5), T, ¥))}

(T (x,), T(y,y")) <rmax{s((y,y), T(y,y )),d((x,x ), T'(x,%'))}.

Second case: (x,x') = (4,5) and (y,9') = (5,4). We have

(). T(e)) =6(1- ) and d((w).05) =2
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Vi (N8 ((%,2'), T (x,%)) = 3(v/5-1) and 8((%a"), () = V5.

Note that

¥ (Nd((xx), T(xx)) > d((xa), (15))

and

Vo8 (), T ) > (), (1.5).

Since d(T(x, x,): T()/,y')) =9 and S(T(x, x/), T(y,y,)) = 9—f,

d(T(x,x'), T(y,y')) > rmax{8((x,x), T (x,x)), d((»,5), T,y N}
(T, %), T(y,y)) > rmax{s((y,y), T, y)), d((x, '), T (x,x))}.

Similarly for (x,x") = (5,4) and (y,%’) = (4,5).
Hence, T satisfies the hypotheses of Theorem 3.4 but we do not have

d(T(x,x), T(y,5)) < rmax{8((x,x), T(x, '), d((»,5), T ¥)}
8(T(x,x'), T(y,y") < rmax{3((n,5), T(y,)), d((x,x), T (x,x))},

for all (x,x"), (y,y') € X. Hence, T has a unique fixed point x* = (0, 0).
With the same arguments as in the proof of Theorem 3.1, we obtain the following.

Theorem 3.6 Let (X, <X) be a partially ordered set endowed with two metrics d and § such
that (X, d) is complete and ry €10,2(v/2 - 1)]. Let T be a nondecreasing mapping; and as-
sume that there exists r € [0, 1] such that, for all comparable x,y € X, one of the conditions:
(i) Yo (r)d(x, Tx) < d(x,y),
(il) Yy (r)3(x, Tx) < 8(x,),
implies

d(Tx, Ty) < rmax{w,d(x, Tx)},
8(Tx, Ty) < rmax{w,&x, Tx)}.

If there exists xy € X such that xo < Txo and X satisfies the property (P) for d, then there
exists an element x* € X such that Tx* = x* and lim,,_, oo d(T"xg,x*) = lim,,_, , o 8(T"x0,
x*)=0.

Proof First step. If T(xo) = x9, then the existence of a fixed point is proved. Suppose that
T (x0) # xo. Following the lines of the proof of Theorem 2.3 we find that {x,} = {T"(x)} is
a convergent sequence in X. Indeed, by our assumption x, and x,,; are comparable, for

everyn=0,1,2,..., for x = x,, and y = x,,,1, we have v, (r)d(x,,, Tx,) < d(%4,%,.1); then

A% i1, %pe2) < rmax

{ d(xnrzxn+2) » d(xm xn+1) }
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d(xm xn+l) + d(xn+17 xn+2)
2

< rmax{

yd(xn,xwrl)}

= rmax{d(xn+l,xn+2); d(xm xn+1)}
and

8(Xn41, %pe2) < rmax

S(xn7xn+ )
{ %, S(xmxwrl)}

8(xp,x +8(x%p41,%
Srmax{ (n n+1) 2( n+l1 n+2),8(xmxn+1)

< rmax{8(%us1, ¥ns2)s 8 s Xs1) }
We deduce that

d(xn+1’xn+2) =< rd(xn,xwrl);

S(xn+1:xn+2) = rfs(xnrxn+1)-
It follows that (x,).>0 is Cauchy sequence in (X,d) and (X, §); therefore there exists an

element x* of X such that lim, d(x,,x*) = 0.

Second step. Assume that (8(x,,x*)),, does not converge to 0. Since x,, < x* for all n, and
8 (%> Txy) < 8(%,x*)  for large integers #,
we obtain

d(xps1, Tx*) < Vmax{w; A(Xn, Xns1)}s

8(ps1, Tx*) < rmax{ 2B s 1)),

The latter inequality implies lim, §(x,, Tx*) = 0; and then x* # Tx*.

It follows that d(x,, Tx,) < d(x,, Tx*), for large integers #; since x,, < Tx* for all n,

A%, T?x*) + 8(Tx*, Xps1)
2

d(xn+1, sz*) < rmax{ rd(xmxrul)};

which gives T%x* = x*.

Otherwise for x = x* and y = Tx*, we have x < y and §(x*, Tx*) < 8(x*, Tx*); which implies

* 2 Ak
d(Tx*, T°x*) < rmax{ M,d(x*, Tx*) }

Consequently, Tx* = x*; this gives us a contradiction and permits us to conclude lim,, §(x;,,
x*)=0.

Third step. Assume that x* # Tx*. Since x,, < Tx* and for large integers, we have

Vo (1A% Ti) < A, Ten) < A, Tx"),

Page 11 of 26
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which implies

2 % *
dx,.1, sz*) =< rmax{w’d(xm‘xw&)}r

2k *
8 (i1, T2x%) < rmax{2Cnl VI 5n)) 5, 5, 1)),

thus,
* 2ok d(x*, T2 x%)+8(Tw* x*)
A, %) < pAeE )T
* 2,k E
8(x*, TZ?C*) < ré(x JT4x )2+d(Tx X )’
and then

d(x*, sz*) < ﬁS(Tx*,x*),
()
d(Tx*,x*).

* 2k
8(x,Tx)§ —

For x = x* and y = Tx*, we have

d(x*, T?x)

d(Tx*, sz*) < rmax{ ,d(x*, Tx*)}

r
2(2-r)

< rmax{ 8(x*,Tx*),d(x*,Tx*)} (8)

and

* 2k
S(Tx*, sz*) < rmax{ M,S(x*, Tx*) }

< rmax{ d(x*, Tx*),&(x*, Tx*)} 9)

r
212-r)

Assume that
d(Tx*, sz*) > d(x*, Tx*) and S(Tx*, sz*) > 8(x*, Tx*).
If d(x*, Tx*) < §(«x*, Tx*), the inequality (9) implies
§(Tx*, T?x*) < 8(x*, Tx*) < §(Tx*, T?x)
and if d(x*, Tx*) > §(x*, Tx*), the inequality (8) implies
d(Tx*, T*x*) < d(Tx*, T*x*).
These considerations permit us to conclude that one of the inequalities

d(Tx", sz*) <d(x*,Tx*) or §(Tx", sz*) <§(x*, Tx*)
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is satisfied. And consequently

d(Tx*, T?x*) < rmax{ 25T gy, T2x7)),

8(Tx*, T?x*) < rmax{d(x*'szx*) ,8(T*, T?x™)},

50
d(Tx*, T*x*) < 58(x*, T?x),
8(Tx*, T?x*) < Ld(x*, T?x*).
Therefore by (7)
d(Ta", T?x%) < 5 d(x*, Tx"),
8(Tx", T?x*) < 36 (x", Ta®).
It follows that

d(x*, Tx*) < d(x*, T°x*) + d(T%x*, Tx")

2
=

DI 202-7)

d(x*, Tx*). (10)
Similarly, we have

S(x*, Tx*) < S(x*, sz*) + 8(T2x*, Tx*)

2

< Ld(Tx*,x*) +

o 2(2_7)8(x*,Tx*). (11)

If §(x*, Tx*) < d(x*, Tx*), then (10) implies

d(Tx",x*) <

r
1+ = )d(x*, Tx").
s r( . 2) (", ")
Since 7=(1 + %) <1, for all € [0, o[, we obtain Tx* = x*.
If d(x*, Tx*) < 8(x*, Tx*), (11) implies

* ok r r * *
§(Tn*,x%) < E(l + 5)(3(36 , T ),
which gives Tx* = x*. These conclusions contradict the fact Tx* # x*, if r € [0, ro[.

Now assume r € [rg,1[ and let z € A \ {x*} where A = {z € X/z and x, are comparable,
Vun € N}. For large integers, we have v, (r)d(Tx,,x,) < d(x,,z) and x, is comparable to z
for all n.

Thus

d(Tx,, Tz) < rmax{QwI0E) ge Tx,)),

8(Txy, Tz) < rmax (20 lldEIi) s, Ty,))).
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In the limit case, we obtain

d(x*, Tz) < rw

’

3(x*, T2)+d(zx™*)
S(x*, Tz) < r="=5722,

and consequently

d(x*, Tz) < 55.8(z,x%),
8(x*, Tz) < 5d(z,x%).

If 8(z,x*) < d(z,x*), we have

d(z,x*) < %d(z,x*)

d(z, Tz) < d(z,4") +d(x*, Tz) < . !

r
2

and if d(z,x*) < 8(z,x*), we have

(e, T2) < 8(5,) + 53, T2) < ——3(e”).

-r

Otherwise, one of the inequalities
Yy, (r)d(z, Tz) < d(z, x*) or Y, (nd(z, Tz) < 8(2, x*)

is satisfied.
If (x,), is a stationary sequence, we have x* = Tx* and if not, there exists a subsequence

(%4(n))n> such that x4, # %™, for all n. And consequently, for z = xg(,), we have

A(Xg(ny, Tx*) + 8(x*, Txp(n)) J
2 b

d(Tx¢(n), Tx*) < rmax{ (x¢(,,), Tx¢(,,)) },

which leads to

d(x*, Tx*)
r—.

d(x,Tx)f 5

These considerations permit us to conclude that x* = Tx*. These conclusions contradict
the fact Tx* # x*.
And then we conclude that Tx* = x*. 0

Proposition 3.7 Under the same conditions of Theorem 3.6, if for any pair {x,y} C X ad-
mits an upper bound or a lower bound, then T has a unique fixed point.

Proof Suppose that there exist two fixed points x,y € X of T, from the hypothesis there
exists z in X such thatx < zand y < z.
By the monotony of 7,

x=T"(x) < T"(2),
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for all m > 0. Set z,, = T"(z), since
d(x, Tx) < d(x, zy,),
for all integer #, then

(%, Zne1) < rmax{ 2Ealdn) gy ),

VZn+1)+d (2,
XZn 1;* (an),a(

8(%, Zy1) < rmax{2 %,%)},

SO

d(x! ZVI+1) =< ﬁ

8(x,2,),
8(x,2n41) < 55d(%,24),

for all #n > 0. Therefore,

2
d(x,z,,) =< (ﬁ) d(zn_g,x)

’ 3
<2 — V) d(Zn_g,X)

IA

r n

= a Dn n\<» V)

< (2 - r) (2 %)

where
d(z,-k,x) if kis even and k € N*,
Dy i(z,x) =
8(zy_i,x) if kisodd and k € N*,
Hence,

lim d(z,,x)=0.
n—+00
In the same way we prove that
lim d(z,,y)=0.
n—>+00
By the triangle inequality,

d(x’y) =< d(x’ Zn) + d(y, Zy[) VneN

and by (12) and (13) we conclude that x = y.

(12)

(13)

O

Corollary 3.8 Let (X,d, <) be an ordered metric space such that (X, d) is complete, and T

a nondecreasing mapping on X and rq € [0, 2(v/2 = 1)[. Assume that there exists r € [0,1]

Page 15 of 26
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such that, for all (x,y) € X?, Y, (r)d(x, Tx) < d(x,) implies

d(x, Ty) + d(y, Tx)

d(Tx, Ty) < rmax{ 5

L d(x, Tx)}.

If there exists xo € X such that xo < Txo and X satisfies the property (P) for d, then there
exists an element x* € X such that Tx* = x* and lim,_, ,oc T"x = x*. Moreover, the fixed
point of T is unique if for all any pair {x,y} C X admits an upper bound or a lower bound.

Theorem 3.9 Let (X, X) be a partially ordered set endowed with two metrics d and § such
that (X, d) is complete. Let T be a monotone nondecreasing mapping; and assume that there
exists r € [0, %[ such that, for all comparable x,y € X, one of the following conditions:

(i) d(x Tx) <d(x,y),

(ii) 8(x, Ix) < 8(x,),
implies

d(Tx, Ty) < rmax{d(x, Ty),(y, Tx)},
8(Tx, Ty) < rmax{8(x, Ty), d(y, Tx)}.

If there exists xo € X such that xo < Txo and X satisfies the property (P) for d, then there
exists x* € X such that Tx* = x* and

lim d(T”xo,x*)z lim B(T"xo,x*) =0.

n—+00 n—+00

Moreover, the fixed point of T is unique if for all any pair {x,y} C X admits an upper bound
or a lower bound.

Proof Let xg € X, if T'(xo) = xo, then the proof is finished. Suppose that
T (xo) # xo.
First step. We define a sequence (x,), by x,, = T"xy, for n > 0. Following the same lines

of the proof of Theorem 3.1, the sequence (x,), is monotone for the partial order <.
We have d(x,,, Tx,) < d(x,,%,.1), then

d(Txnr Txn+l) = rmax{d(x,,, Txn+1); 5(xn+1: Txn)};
8(Txy, Tons1) < rmax{8(wu, Txxps1), d(xpi1, Txn)}s

SO
d(Txy, Tx 1) < rd(Xp, Xp42),
8(Txp, Txni1) < 18(Xy, Xi2),
and then

A(Xns1,%n42) < ﬁd(xn; Xns1))

S(xn+1’xn+2) = ﬁ‘s(xn,x;ﬁl)'
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We have ;= € [0, 1], (x4)n=0 is a Cauchy sequence for 4 and § Then there exists x* in X
such that lim,, d(x,,x*) = 0.
Second step. Assume that (§(x,,x*)), does not converge to 0. Then
8(%n> Txy) < 8(%n,x*), for large integers n

since x, < x* for all n, which leads to

d(Tx,, Tx*) < rmax{d(x,, Tx*), §(x*, Tx,)},

(14)
8(Tx,, Tx*) < rmax{8(x,, Tx*), d(x*, Tx,)}.
The second equation in (14) gives
limsup,,_, , o 8(®us1, Tx*) < rlimsup,_, , . 8(x,, Tx*), (15)

liminf,_, ;o 8(x,41, Tx*) < rliminf,_, o 8(x,, Tx*),
we obtain limsup,,_, , ., §(x,,, Tx*) = liminf,,_, , §(x,,, Tx*) = 0; then lim,_, o 8(x,, Tx*) =0
and Tx* # «*; hence d(x,, Tx,) < d(x,, Tx*), for large integers. Since x,, < Tx* for all n, it
follows that

d(%1, T2x*) < rmax{d(x,, T°x*), 8 (w501, T*) }

and then T2x* = x*.

We put y = Tx*. From the property (P) x* < Tx*, and §(x*, Tx*) < §(x*,y) we have
d(Tx", sz*) <rd(x", sz*).

Consequently 7x* = x*. This contradiction shows that lim, §(x,,, x*) = 0.
Third step. Assume Tx* # x*. As above, we have

d(x,, Tx,) <d (x,,, Tx*), for large integers #,
and then

d(xye1, T?x*) < rmax{d(x,, T?x*), (%1, Tx*)},

8(ye1, T2x*) < rmax{8(x,, T2x*), d(%,s1, Tx*)}.
If n goes to infinity, we obtain

d(x*, T?x*) < ré(x*, Tx"),
8(x*, T%x*) < rd(x*, Tx*).

Fory = Tx*, we have S(x*, Tx*) =< S(x*y}’), SO

d(Tx*, T?x*) < rd(x*, T?x*),
8(Tx*, T%x*) < ré(x*, T?x*).
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Assume that §(x*, Tx*) < d(x*, Tx*), we have
d(x*, Tx*) < a’(x*, sz*) + d(sz*, Tx*)
with

d(x*, T?x*) < ré(x*, Tx*) < rd(x*, Tx*),
d(T?x*, Tx*) < rd(x*, T?x*) < r*d(x*, Tx").

Then
d(x*, Tx*) < d(x*, sz*) + d(sz*, Tx*) < (r + rz)d(x*, Tx*).

Since % + r < 1, we obtain d(x*, Tx*) = 0.

If §(x*, Tx*) > d(x*, Tx*); we permute d and §, and we obtain §(x*, Tx*) = 0. These con-
clusions contradict the fact Tx* # x*.

And then we conclude that Tx* = x™*.

For the uniqueness, we suppose that there exist two fixed points x,y € X, from the hy-
pothesis, there exists z in X such thatx <zand y < z.

By the monotony of T,

x=T"(x) X T"(2),
for all # > 0. Set z,, = T"(z), since
d(x, Tx) < d(x, z,),

for all integer #, we have

d(x,z,41) < rmax{d(x, z,.1), 8(z4, %)},

8(%, 2441) < rmax{8(x, 2,41, d(z,, %)},

SO

d(xv Zn+1) < V(S(Z,,, x);

8(x, Zn+1) =< rd(z,,,x),
for all # > 0. Therefore,

d(x,z,) < r*d(z,_2,x)

<rd(z,-3,%)

=< rnDn,n (z,%),
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where
d(zy-r,x) ifkisevenand 2 <k <mn,
Dy i(z,%) =
8(zy_p,x) ifkisoddand2 <k <n.
Hence,
lim d(z,,x)=0. (16)

In the same way we prove that
lim d(z,,y)=0. 17)
n—>+00
By the triangle inequality,
dix,y) <d(x,z,) +d(y,z,) VneN,
and (16), (17) we conclude that x = y. O
Example 3.10 We consider the space X = [0, 1] ordered by “<” which is the reverse order

of the usual order between the reals (x < y < x > y) and endowed with the usual metric d
and the metric defined by

x+y ifx#y,

5(%)’) =
0 ifx=y.

We define
T: X—X,

sin(x3)
.

X >

Setr= g‘ The map 7 is nondecreasing, X satisfies the property (P) and 1 < T'(1).

1 6r—1 3y 6r-1
& then >= > 1and sin(y°) < -~ x, hence

For all x,y € X such that x < y, we have r >

(T, T5) - sin(x®) — sin(y®) _x- si6n(y3) - r<x ~ sin(yg)>

6 - 6
< rmax{d(x, Ty),8(y, Tx)}.

Since (1 —r)sin(y®) < (1 -r)y < (6r - 1)x,

S 03Y 4 cin (a3 (03
sin(x?) + sin(y?) - x + sin(y°) -

8(Tx, Ty) =
(Tx, Ty) o < . <

3
r<x+ %(y» < rmax{8(x, Ty),d(y, Tx)}.

Hence, T has a unique fixed point x* = 0.
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Corollary 3.11 Let (X,d, X) be an ordered metric space such that (X, d) is complete and T
a nondecreasing mapping on (X, <). If there exists r € [0, %[ such that, for all comparable
x,y€X,

d(x, Tx) < d(x,y) implies d(Tx, Ty) < rmax{d(x, Ty),d(y, Tx)}.

If there exists xg € X such that xo < Txo and X satisfies the property (P) for d, then there
exists an element x* € X such that Tx* = x* and lim,_, ;oo T"x = x*. Moreover, the fixed
point of T is unique if for all any pair {x,y} C X admits an upper bound or a lower bound.

4 Application
Motivated by [11], in this section we apply Theorem 3.9 to study the existence and unique-
ness of solution for the following general nonlinear matrix equation:

XT-A"FX)A=Q, ¢q>2,XeP(n), (18)

where Q is n X n positive define matrix, P(#) is the set of all # x n Hermitian positive-
definite matrices, A is # x n nonsingular matrix, A* is the Hermitian transpose of the
matrix A and F : £(n) — £(n) is a self-adjoint operator such that £(x) is a nonempty subset
of P(n). This type of matrix equation arises in control theory, ladder networks, dynamic
programming, stochastic filtering and statistics, etc. For M, N € P(n), the notation M < N
means that N — M is positive definite. We equipped P(n) with the partial ordered “<” given
by

M<N <<= M=N o M=<N.

We denote by || - || the spectral norm, i.e., |A| =/ p(A*A) = |A*|| where p(A*A) is the
largest eigenvalue of A*A.
Let r € N*, the function
8,: Pm) x Pn)— R,,

(A,B)— |A"-B"

’

is a metric on P(n). In fact, it is easy to show that § satisfies:

(i) symmetry, thatis, 6,(4,B) = §,(A,B), VA,B € P(n).

(ii) the triangle inequality, that is, §,(A, B) < 8,(A,Z) + 6,(Z,B), VA, B, Z € P(n).
Moreover, §, satisfies the identity of indiscernibles, i.e., §,(4,B) = 0 <= A = B. Indeed, let
A, B € P(n), we have

§,(A,B)=0 < A" =PH.

Let A > 0 be an eigenvalue of A and X a vector in the eigenspace E; (A) associated with .
We have

A-X=2X = A -X=\NX

& B -X=)MX
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1 r
— ((2) -1)x-0
=gl A 1
— E(XB—e@lT)In)(XB—In).Xzo.

. . . - ke . . .
Since all the eigenvalues of B are strictly positive, B — Ae* 7 I,, is an inversible matrix.
Hence,

1
(XB_IH> X=0 <<= B-X=X

<= X€E,(B).
Thus, E; (A) C E; (B). In the same way we have E, (B) C E; (A). Therefore,
E,(A) = E,(B),

and since A and B are diagonalizable, A = B.
In the sequel, we consider the space P(#) equipped by the metric §, and the Thompson
metric d : P(n) x P(n) — R, given by

d(A, B) = max{In(W(A/B)), In(W(B/A))} = | In(A~2BA™}) |

where W(A/B) = inf{A > 0: A < AB} = Amax(B"2AB"2). It is easy to verify that (P(n),d) is
a complete metric space (see [14]).

In the following lemmas, we give some elegant properties of the Thompson metric which
play an important role in the proof of our main result of this section.

Lemma 4.1 ([12]) Let d : P(n) x P(n) — R, be a Thompson metric on the open con-
vex cone P(n), then, for any A, B € P(n) and nonsingular matrix N, we have the following
conditions:
1. d(A,B) =d(A™Y,BY) = d(N*AN,N*BN), where A1, B! are the inversion of matrices
A and B, respectively;
2. d(A",B") <rd(A,B), r€[0,1];
3. d(IN*A"N,N*B'N) < |r|d(A,B), r € [-1,1].

Lemma 4.2 ([12]) For any A,B,C,D € P(n),
dA+C,B+D) < max{d(A,B),d(C,D)}.
Especially, d(A + C,B+ C) <d(A,B).

Lemma 4.3 ([21]) Forany A,B € P(n),if A <B,then A" < B forallr €]0,1],and B" < A"
forallr € [-1,0][.

Theorem 4.4 Let Xy € P(n) and E(n) = {X € P(n) : Xo < X}. If the operator F is nonde-
creasing and for all X,Y € E(n) comparable, one of the assertions
1
(i) I1n(X~2(Q + A*F(X)A)7X~3)|| < || In(X"2YX )|,
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(i) XT-Q-A"FX)AI < [IXT-Y1,

implies the system

IIn(F(X)2F(Y)E(X)"2)|| < |Y7 - Q - A*F(X)A)],

IEQO) ~ FI < ke | In(Y2(Q + A"F(XO)A) 1Y),

(19)

and X! < Q, then the matrix equation (18) has a unique solution.

Proof &£(n) is nonempty subset of P(n). We show that £(n) is closed for distance d. In fact,
let (Yz)x be a sequence of £(n) which converges to Y € P(n). If the set {k € N: Y} = X}
is infinite, there exists a nondecreasing function ¢ : N — N such that Yy = Xo, Vk € N,
then Y = X € £(n). If not, Y # X, for large integers k, then

Yi € P(n) + Xo for large integers k.
Since P(n) is closed for distance d, because (P(n), d) is a complete metric space, P(n) + Xo
is closed. As Yi — Y, then Y € P(n) + Xo. That is to say, Y € £(n).
First step. Let T : £(n) —> £(n) be a function given by

T(X)=(Q+A*F(X)A) i, Xe&).

Since F is nondecreasing, T is well defined and conserves the partial ordering on &£(n).
Indeed, let X € £(n), we have

XX <+ Q+A'F(Xp)A=<Q+A'F(X)A. (20)

As X < Q and A*F(Xp)A € P(n), then X! < Q + A*F(X,)A. By Lemma 4.3 and (20), we
have

Q=

Xo = (Q+A*F(X)A)1 =T(X) < T(X)e&n).
Let B, C € £(n) such that B < C, we have (T(C))? — (T(B))? = A*(F(C) — F(B))A, a positive
semidefinite matrix, (T'(B))? < (T(C))?. Combining Lemma 4.3 and 0 < é < 1,then T(B) <
T(C).

Second step. From the hypothesis, we have X{ < Q. Since A*F(X,)A € P(n),

Q+A*FX)A-XlePn) <+ XI<Q+A*F(Xp)A
= X <Q+A*F(Xp)A.
Hence Xy < T'(Xp).
Next, we show that £(n) satisfies the property (P) for d, given in Definition 2.6. In fact,

for (i), let (Xg)x be a nondecreasing sequence of £(n) which converges to X € £(n).
Fix m € N arbitrary. For all k > m,

X <Xy <= Xi—Xu<Ph).
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Then P(n) + X, is closed, since P(n) is closed for distance d. As X; — X, then
XePm)+X, +— X-X,€Ph).
Thus

X-X,ePh < X,=<X

= X, <X, VmeNlN.

For (ii), let (Xi)x € £(n) and Y € £(n) such that X — X and Xi < Y, for all integer k. Then
X < Y.Indeed, if X; = Y for an infinity of the integer k, then there exists a nondecreasing
function ¢ : N — Nsuch that Yy ) = Y, Vk € N,so X = Y. If not, X; # Y, for large integers
k, then

Xp<Y < YePMHn+X

<= 3JAr € P(n)suchthat Y =A;+X;, forlargeintegers k.
Since

d(Y,Ak +X) = d(Ak +Xk,Ak +X)

< d(Xy, X),

for large integers k, then d(Y, Ay + X) — 0.Since Ay + X € P(n) + X and Ax + X — Y. Thus,
Y € P(n) + X, consequently X < Y.
Third step. Let X, Y be two comparable elements in £(n). If we assume that

d(X, T(X)) <d(X,Y) or §(X,T(X))=<3(X,Y),

then one of the following assertions is verified:
1
() 1In(X~2(Q+ A*F(X)A)TX- D) < [l In(X 3 ¥X D),
(ii) IX7-Q-A"FX)A| = [IX1-Y1|,

which implies

1In(E(X)"2F(Y)E(X)"3)|| < [ Y7 - Q= A*F(X)A)],

IEQO) ~ FI < ke | In(Y2(Q + A*F(O)A) 1 Y1)

(21)

Using Lemmas 4.1 and 4.2, we have

| In(EX) "2 F(NEX)2) | = d(F(X), E(Y))
=d(A*F(X)A,A*F(Y)A)
>d(Q+A*F(X)A,Q+A*F(Y)A)

> qd(T(X), T(Y)). (22)
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And

[Y?-Q-A*F(X)A| = |Y?- TX)!|

=8,(Y, T(X)). (23)
Thus, by (21), (22) and (23)

d(T(X), T(Y)) < =5,(Y, T(X)) < émax{d(X, T(Y)),8,(Y, T(X))}.

|

On the other hand, we get

AP |F(X) - ()| = |A*| | F) - E()|| 1Al
> |A*FX)A - A*F(Y)A|

=T - T(YV)1|. (24)
Also
lin(y=3(Q+ A*F(X)A) 1Y) | = d(Y, T(X)), (25)
then, by (21), (24) and (25),

5,(TCOLT(Y)) < 2d(¥, T(X) < émax{d(Y, X)), 8,(X, T(V))).

BN

Therefore, there exists r = % € [0, %[ for all comparable elements X, Y € £(n), one of the
conditions:

(i) dX, T(X)) <dX,Y),

(ii) 8,(X, T(X)) < 8,(X,Y),

implies

d(T(X), T(Y)) = rmax{d(X, T(Y)),5,(Y, T(X))},
84(T(X), T(Y)) = rmax{8,(X, T(Y)),d(Y, T(X))},

Thus, according to Theorem 3.9, we can easily draw the conclusion that there exists X* €
&(n) such that T(X*) = X*.

According to the properties of P(n), we find that every pair {X, Y} C £(n) admits an
upper bound or a lower bound. In fact, let X, Y € £(n), then there exists Z=X + Y € £(n)
such that X < Z and Y < Z. Hence T has a unique fixed point.

Therefore, X* is the unique solution of the matrix equation (18). O

Example 4.5 We consider the space £(n) = {X € P(n): %1,, =< X} equipped by the metric
83 and the Thompson metric d where I, is the identity matrix. Consider the following

general nonlinear matrix equation:

XP—A*FX)A=Q, XePn), (26)
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where Q=A =1, and F : £(n) — £(n) is a mapping defined by

2w AL <X,

&l X =11,

F(X) =

(1) F is not a monotone nonexpansive mapping for the metric 83 and the Thompson
metric d,
(2) F is monotone satisfies condition (19) for all X, Y € £(n) comparable.
Setting X = %In, Y = %I,,, we obtain

15 16

d(F(X),EF(Y)) = ln<ﬁ> > 1n<ﬁ) =d(X,Y).

However, F is not a nonexpansive mapping for the Thompson metric d. Setting X = g—gln,

Y = %I,,, we obtain

631 2029
= = 85(X, Y).

5 (FQO.EM)) = 2000 > 62,500

Then F is not a nonexpansive mapping for the metric §5. Now, we show that F is monotone
satisfies condition (19). In fact, let X € £(n) \ {%I,,} and Y = %I,, such that Y < X, we have

14 15
In{ =1, ||| =In| —
15 14

d(F(X), E(Y)) - d(Eln 11,,) _

410
and
. 1 3 1 7 13
52(¥, (Q+ A'FC0A)Y) - H vion- 2 - H AN RS
Therefore
d(F(X),F(Y)) <85(Y,(Q+ A*F(X)A)%). (27)

In the same way, we have

3 7
|EC) - F(Y)|| = H ZI” - l—OIn

1

and

. (L (TN (o7
d(Y,(Q + A*F(X)A) )_d( 21"’(41"> )_Hm(z 41n)

Then

|EX) - F(Y)|| < %d(Y, (Q+A*F(X)A)%). (28)
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Since F is monotone it satisfies (27) and (28) for all X,Y € £(n) comparable and there
exists Xy = %In such that (Xy)® < Q, then all the conditions of Theorem 4.4 are satisfied.

Consequently, the matrix equation (26) has a unique solution X* = \3/21,1.
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