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1 Introduction and preliminaries

Let A and B be two nonempty subsets of a normed space (X, || - ||). A self-mapping T :
AUB — AU B is said to be cyclic (resp., noncyclic) if T(A) € B and T(B) C A (resp.,
T(A) € A and T(B) C B). For such a mapping, we can consider the minimization problem

of finding a best proximity pair of the mapping T, that is, a pair (p,q) € A x B such that

lp-T®)| = |- T(@| = dist(4, B)

(resp., Tp)=p,T(q) =q, and |p—q| = dist(A,B)),

where dist(4, B) = inf{d(x,y) : (x,y) € A x B}.

A cyclic (resp., noncyclic) mapping 7: AU B — A U B is said to be relatively nonexpan-
sive if | T(x) — T(y)|| < |lx — y|| for all x € A and y € B (notice that in general a relatively
nonexpansive mapping need not be continuous).

Recall that a real normed vector space (X, | - ||) is called uniformly convex (see Clarkson
[4]) if for every ¢ € (0,2], there is § > 0 such that for any two vectors x,y € X with ||x| =
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Ilyll = 1, the condition ||x — y|| > ¢ implies that

<1-6.

xX+y
2

The existence of a best proximity pair was first considered and studied in 2005 by Eldred
etal. [5]:

— if (A, B) is a nonempty closed bounded convex pair of a uniformly convex Banach
space X, then every cyclic relatively nonexpansive mapping defined on A U B has a
best proximity pair.

— if (A, B) is a nonempty closed bounded convex pair of a uniformly convex Banach
space X, then every noncyclic relatively nonexpansive mapping defined on A U B
has a best proximity pair.

The relevance of best proximity points is that they provide optimal solutions for the prob-
lem of best approximation between two sets. Some references concerning best proximity
points are given in [3, 6, 8, 11-14].

Let us recall the definitions of the lower and upper bounds of a function f : [0, +o0) —
[0, +00) at a point £j:

liminff(¢) = sup( inf f (t)) and limsupf(¢) = inf( sup f (t)).
t=>1 n>0 0>

50 \o<t<to+1 >t} 0 \gg<t<to+n

f(t+a)

t+a

Remark 1 If liminf;_, o+ = { with a,£ € [0, +00), then for all ¢ > 0 and n > 0, there

exists t, €]0, n[ such that
ft. +a)< (€ +¢)(t: +a) and Sl_i)rg t, =0.
For the reader’s convenience, we recall the main results in [10].
Theorem 1 ([10], Theorem 1) Let X be a uniformly convex Banach space, let C be a

nonempty bounded convex closed subset of X, and let T be a self-mapping of C. If there
is a function B : [0, +00) — [0, +00) such that

|T@) - T <B(lx-51), xyeCxy, 1)
lim sup @ <+00, and lim inf@ =1, (2)
t—0t t t—0* t

then T has a fixed point in C.

Proposition 2 ([10], Proposition 1) Let X be a uniformly convex Banach space, and let C
be a nonempty bounded convex closed subset of X. Suppose that T : C — C is continuous. If
there exist two positive sequences (t,) =0 and (¢,)n=0, iy, 100 t, = 0, limy,—, ;o0 ¢, = 1, sUCh
that for every n € N and for all x,y € C,

lx=yll=t, = [TC)-TO <cutn, ®3)

then T has a fixed point.
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The idea of this paper is to present weak conditions under which a cyclic (resp., non-
cyclic) mapping T : AUB — AU B, where A and B are two subsets of a normed space X, is
relatively nonexpansive. As a result, we establish the existence of the best proximity pair
for this mapping.

On the other hand, Let B, ; be the family consisting of functions 8 : [0, +00) — [0, +00)
that satisfy the following conditions:

(i) B increases on [0, +00),

(i) B(kt) < kB(t) forall ¢ € [d, +o0) and k € N\ {0},

(ii) liminf,_.o+ 229 = L.
Then we establish the following result: Any cyclic (resp., noncyclic) mapping T: AUB —
A U B such that
| 7)) - TW)| < B(llu—vil) (4)

for all (#,v) € A x B is relatively (L, d)-mapping (see Sect. 2.2.), where d €]0, +00) and
L>1.

Note that the set By 4 is not empty. For example, the function g defined as 8(¢) = t% for
t € [0, +00) satisfies all three conditions (i), (ii), and (iii) with L = d = 1.

We denote by B, (d = 0) the family of functions 8 : [0, +00) — [0, +00) that satisfy
conditions (i) and (iii).

The paper is organized as follows. Our main results are presented in Sect. 2. The-
orem 3 is a modification of Theorem 1 by Matkowski [10], in which the hypothesis

B@)

limsup,_,+ 5~ < +oo is replaced with f € By o. In Lemma 4, we show that any cyclic (resp.,

noncyclic) mapping 7: A U B — A U B satisfying
|7 0g@) =T o h®)| < cu(tn + lu—vl) (5)

for all (u,v) € (cov(4 U B))? such that d < |lu — v|| < 3d, where d = dist(4,B) > 0, and
cov(A U B) is the convex hull of two parts A and B, is relatively nonexpansive. Using this
lemma, under certain conditions on the parts A and B of a uniformly convex space X, we
present Theorem 5 on the existence of the best proximity pair. Corollary 6 describes two
cases d = 0 and d > 0 for a mapping T : A U B — A U B satisfying

(d<lu-vl <t,+3d= || Tog(u)—Toh(v) H < cu(ty +d)), (6)
(#,v) € (cov(A U B))?, where d = dist(4, B).

Proposition 7 in Sect. 2.2 says that any cyclic (resp., noncyclic) mapping T: A U B —
A U B that satisfies the condition

| TG = T)| < B(llu—vil) (7)

for all (i,v) € A x B is relatively (L, d)-mapping on A U B (see Definition 2).
In Sect. 2.3, we use Proposition 7 to get a result on the existence of the best proximity

pair of a functional equation in L2(l{), where U is a nonempty open subset of R”".
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2 Mains results
The following result is a useful reformulation of Theorem 1 in [10].

Theorem 3 Let A be a nonempty bounded closed convex subset in a uniformly convex
Banach space X. Let B € Biy, and let T : A — A be a mapping satisfying the inequality

| TG~ T < B(Ilx - 1) ®)
for all (x,y) € A% such that x #y. Then there exists x* € A such that Tx* = x*.

Proof Take (x,y) € A such that x # y. For ¢ > 0, as liminf;_, o+ @ =1, there exists ¢, >0

such that
Bt) <(1+e)t, )
and lir{)1+ t. = 0. (10)

Let n, € N be such that
nete < |lx =yl < (ne + 1), (11)

Put

k k
zr=\1- X+ -y fork=0,1,...,n, + 1.
ne +1 ne +1

By the convexity of C, zx € C for all k € {0, 1,..., n.}; moreover,

llx — Il

< te. (12)
ne +1

llzx — zs1ll =

Applying the triangle inequality, condition (8), inequalities (9), (11), and (12), and the

monotony of 8, we get

| 7@) - TO)| < T@) - T

j=0

<> B(llz - zll)
=0

j=0

IA

+ 1)1 +8)t,

(ne
< (t+ llx=yl) (1 +e).
Letting ¢ tend to 0" and using (10), we obtain

1Tx - Tyl < llx - ylI.
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The mapping T is relatively nonexpansive in a bounded closed convex nonempty subset
of the uniformly convex Banach space X; so the result follows from the original version of
the Browder—Gohde—Kirk theorem (Browder [1], Gohde [7], Kirk [8]). O

2.1 Some auxiliary results on relatively nonexpansive and best proximity pairs
We denote by cov(A U B) the convex hull of two parts A and B of a normed vector space
and d = dist(4, B).

Lemma4 Let (A, B) be a nonempty pair in a normed space (X, || - ||). Let g : cov(AUB) — A
and h : cov(A U B) — B be two mappings such that giq = Ids and hjp = Idg. Let T : AUB —
AUBbe a cyclic (resp., noncyclic) mapping, and let (¢,,),, and (c,), be two positive sequences,
limy,— 400 £y = 0, limy, 400 ¢4 = 1, such that for every n € N and for all (u,v) € (cov(A U B))?
such that d < ||u —v|| < 3d, where d = dist(4,B) > 0,

||Tog(u)—Toh(v)|| §c,,(t,,+ ||u—V||). (13)
Then, for all (x,y) € A x B,

1T -T@)| < llx-yll.
Proof Let (u,v) € (cov(A U B))? be such that d < ||u —v|| < 3d. Then forall n € N,

|| Tog(u)—Toh(v) || < cy,(t,, + |lu - V||).
Taking the limit as # goes to +00, we have

| T 0g@) =T oh(v)] < llu—vl; (14)
in particular, if (x,y) € A x B and ||x — y|| < 3d, then we have

| 7G) = TO)| < llx = yll.

Now let (x,7) € A x B be such that ||x —y|| > 3d; in this case, diam(A, B) > d. Thereis p € N
such that

llx =l
2p+1l<—F—
p+1< 37

<2p+3.

k+3 (y —x). We have xg = x, x93 = ¥, % € cov(A U B) for

Fork=0,1,...,2p+3,letxy =x + o

every k in {0,1,...,2p + 2}, and

llx =yl
2p+3

locks1 — x|l = €1d,3d).

Applying the triangle inequality and (14), we have

b
| TG = TO)| < D[ T 0glear) = T 0 hseaien) |

k=0

p
+ Z ” T oh(xops1)—T Og(x2k+2) ”
k=0
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+ ” T Og(x2p+2) -To h(x2p+3) ”

< > (lwak = ok | + 1%2k1 — Xkazll) + [%2p2 — Xopsl

p
k=0

= [lx=yll.

This finishes the proof. O

Theorem 5 Let (A, B) be a nonempty closed bounded convex pair in a uniformly convex
Banach space X. Let g : cov(A U B) — A and h : cov(A U B) — B be mappings such that
gia=1ds and hp=1dg. Let T : AU B — A U B be a cyclic (resp., noncyclic) mapping, and
let (t,), and (c,), be positive sequences, lim,_, .o t, = 0, lim,,_, , ¢, = 1, such that for every
n € N and for all (u,v) € (cov(A U B))? such that d < |\u—v|| < 3d, where d = dist(4, B) > 0,

|| Tog(u)—Toh(v) || < cn(t,, + |lu - V||).
Then there exists (x*,y*) € A X B such that

" = To*|| = dist(A, B) = ||y* - Tv*|| (15)
(resp., Tx* = x*, Ty* = y*, and ||x* —y* || = dist(4, B)). (16)
Proof According to Lemma 4, the mapping T is cyclic (resp., noncyclic) relatively nonex-

pansive in A U B, where (4, B) is a nonempty closed bounded convex pair of the uniformly
convex Banach space X; so the result follows from the paper of Eldred et al. [5]. O

Corollary 6 Let (A, B) be a nonempty closed bounded convex pair in a uniformly convex
Banach space X. Let g : cov(A U B) — A and h : cov(A U B) — B be mappings such that
gia =1dy and hyp =1dg. Let T : AU B — A U B be a cyclic (resp., noncyclic) mapping, and
let (t,), and (c,), be strictly positive sequences, lim,,_, ;00 t, = 0, lim,,, 100 ¢, = 1, such that
for every n € N and for all (u,v) € (cov(A U B))?,

(d=<llu-vl<t,+3d= |Tog(u)- T oh()| < culty +d)), (17)
where d = dist(A, B). Then there exists (x*,y*) € A x B such that

||x* - Tx* || =dist(4, B) = ||y* -y “

(resp., Ix* =x*,Ty* = y*, and ||x* -y ” = dist(A,B)).

Proof We distinguish two cases d >0 and d = 0.

Casel:d > 0.

Let (#,v) € (cov(AUB))* be such that d < |lu—v|| <3d,soforeachne N, d < |[u—v| <
t, + 3d, and according to implication (17), we get

|| Tog(u)—Toh(v) || <cu(ty+d) forallmeN.

We thus obtain the result according to Theorem 5.
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Case 2: d =0.

In this case, we claim that A N B # (). Indeed, since dist(A, B) = 0, there exists a sequence
((Xp> Ym))m=0 in A x B such that lim,,, ;00 d(%,, ym) = 0. Since the space X is a uniformly
convex Banach space, it is therefore reflexive, and since A and B are closed and bounded,
the sequence ((%,,, Y1) m>0 admits a subsequence ((X4(u), Yp(m)))m=0 that converges weakly
to (a,b) € A x B. By the weak lower semicontinuity of the norm || - || we have

— < I - =0.
la=bll < Hm {xs0m = Yoemll =0

Thus a = b, which shows that AN B # .
Take x,y € A N B such that x # y and n € N. There is a unique p, € N such that

llx =yl
tn

Pn=

<pn+1l (18)

Put

k k
Zi = 1-— X+ y fOrkZO,l;unpn"'l'
pn+1l pntl

Thenzy e ANBforall ke {0,1,...,p, + 1}, because A N B is convex; moreover,

lloe = Il
pnt+l

llzk = zks1 |l = <t, forallke{0,1,...,p,}. (19)

Applying implication (17) and inequalities (18) and (19), we obtain

Pn
1T = Tyl < > || T(ax) - Tlaxn)|
j=0

< (pn + L)cuty

< cullx =yl + cutn.

Letting n tend to +o00 in the previous inequality, since lim,,_, .o ¢, = L and lim,,, ;oo £, = O,
we obtain

1Tx - Tyl < llx - ylI.

In this case, ANB # {J, the restriction of T to AN B is nonexpansive, and the result follows
from the Browder—Gohde—Kirk result. O

Remark 2 Under the hypotheses of the corollary, if we take A = B, then cov(A U A) = A,
d =dist(4,A) =0, and & = g = Idy, and there is a fixed point of 7. The difference between
this corollary (for the case d = 0) and Proposition 1 in [10] is that the corollary uses the
implication

(||Lt -V <t,=> ” T(u)-T(v) ” = Cntn)» (20)

whereas Matkowski’s proposition uses (3) and the continuity of 7.
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We will provide an example of Corollary 6, which justifies that for elements # and v in
cov(A U B), where |u — v| > 3d, we can infer the following:

(lu—v| <t,+3d = |Tog(u)— T o h(v)| < cu(ty + d)). (21)

Furthermore, we can obtain the result of this example using Theorem 5 in a straightfor-
ward manner.

Example1 Let A = [-6,-1] and B = [0, 1] be two parts of R. We denote by pr4 and prp the
projections on A and B, respectively. Let T be the mapping defined on A U B by

ifxe]n—il,%] and n € N\ {0},

1
Tx)=140 ifx=0,
-1 ifxeA.

It is clear that (A, B) is a nonempty bounded closed convex pair in a uniformly convex
Banach space R, cov(A U B) = [-6,1], d = dist(A, B) = 1, diam(A,B) =7, and TA C A, TB C
B. Consider the sequences (¢,)>1 and (c,)>1 defined by ¢, = % andc, =1+ % for n e N\ {0}.

Let (u,v) € (cov(A U B))? and n € N \ {0} be such that 1 < |z — v| < t, + 3 (we can have
elements u and v such that 3d = 3 < |u — v| <, + 3; for example, x = ¢, and y = -3). We
have

|T(u) - T(0)] if(x,v) €A X (cov(AUB)\ B),
|T(u)—T(w)| if(u,v)eA xBor (u,v)eBXA,
|T(-1)-T(0)] ifue(cov(AUB)\A)

and v € (cov(A UB) \ B),
|T(-1)-T()| ifue(cov(AUB)\A)

|ToprA(u) - ToprB(v)| =

and v € B.

In the case where v € B\ {0} =]0,1] and u € A, there exists m € N \ {0} such that v €
]tm+1; tm]r

1<v-u<t,+3 ifandonlyif O<v<¢,+3+u.

We must have —3 < u < —1. In particular, for the element = -3, since 1 <v—-u <t, + 3,
we have v <¢,, so t,, < t,, and, consequently,

|T opra(u) =T oprg()| =t +1 <t, +1 < cult, +1).
This inequality is also true for the other cases,

|ToprA(u) - ToprB(v)| =1<t,+1=<c,(t, +1).
Hence

(L<lu—vI <ty +3= |Topra(u) — T o pr(v)| < culty +1)).
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Since lim,, ;o0 £, = 0 and lim,,, ;»c ¢, = 1, by Corollary 6 there exists a pair (x*,y*) in A x B
such that

Tx* = x¥, Ty*=y*, and |x*-y*|=dist(4,B)
with * = -1 and y* = 0.
2.2 Some auxiliary results on relatively (L, d)-mappings
Definition 1 Let (A4, B) be a nonempty pair in a normed space (X, || - ||), d := dist(4, B), and
L> % A mapping T: AU B — A U B is said to be a relatively (L, d)-mapping on A U B if
for all (x,y) € A x B,

| 7G) = TO)| < L(lx = yll + d). (22)
Proposition 7 Let (A,B) be a nonempty pair in a normed space X. Let 8 € By with
d =dist(A,B) >0 and L > % Let T : AUB— AU B be a cyclic (resp., noncyclic) mapping
satisfying the following condition:

1T @w) - TW)| < B(lu-vl) (23)

forall (u,v) € A x B. Then T is a relatively (L,d)-mapping on A U B.

Proof
— Asliminf,_ o+ B ifj) =L, for every ¢ > 0, there exists £, > 0 such that
Bt +d) < (L +¢e)(t, +d) (24)
and 111})1+ t. =0. (25)

By the monotony of 8 and inequalities(24) and (25) we have
B(d) < lim(i)nfﬂ(tg +d) < lir(r)l (L+s&)t, +d)=Ld.
e—0* e—0*

Thus B(d) < Ld. Moreover, by (ii), B(nd) < ndL for all n € N\ {0}.
— Let ¢ € [d, +oo[. Then there is an integer # > 1 such that

nd<t<m+1)d<t+d,
and then
B(t) < B((n+1)d) < (n+1)B(d) < (n+1)Ld < L(¢ + d). (26)
— Let (4,v) €A x B. Then |lu - v|| > d, and from (26) we have
17G) - TW)| < B(lu=vI) < L(llu—vl +d).

This finishes the proof. d
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We give the following simple example of a relatively (L, d)-mapping T that is not rela-
tively nonexpansive.

Example 2 Consider the space ¢7(R), 1 < p < oo, endowed with the norm || - | := || - [,..

Let
+00
1 P(R) :
A= x:k.el+,u.eg+zg.e,,e€( ):0<A<2andl=<pu<2
n=3
and

+00

1

B-= [y=k’.e1+u/.e2+zﬁ.enGZ”(R):OS/\’Shnd —2§u’§—1],
n=3

where e, the sequence consisting of 1s at the nth place and Os elsewhere.
For all (x,y) € A x B,

ST

e =yllp = (= 2)"+ (= 1)")? =2,
where2 = [la—b|, witha=e, +Y_,% 5 e, € Aandb=—e, + Y, 5 - €, € B.Henced =
dist(4, B) = 2.

Consider the mapping T': AU B — A U B defined by

mw+1 1
T(x)=2.e1 + > '62+Z§-en ifxeA,
n=3

T(y) = &

_1 +00 1
5 -ez+§§-en ifyeB.

We have T(A) C A and T(B) C B.
— Lettingx€Aandy € B,

T -1 = (22 (P2~ 1))
| I, 5

/19l
=@+ (e=p))?
’

< (27 + e -ylP)7.
Hence
|7 - T, < BIx—yl,)
with B(£) = (22 + 2)? for ¢ € [0, +00[ . We have

1

. BE+2) o (2P (E+2p)r

liminf = lim ————
t—>0t  t+2 t—0* t+2

=

=27 >

N =

Moreover, j satisfies conditions (i) and (ii), andso 8 € B 1 .
20 2
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By Proposition 7, for all (x,y) € A x B,

|76 -7, < 27 (|l =yl + dist(4, B)).

Then T is a noncyclic relatively (2117 ,2)-mapping on A U B.
— The mapping T from the previous example is not relatively nonexpansive on A U B/

+00 1

For example, taking x = e; + €2+ > ;75 57 - e, and y = —ex + 3173 5 - €5, we get

ST

2=dist(4,B) < |x - yll, = (1 +27)
1
<T@ -TO)|, = (2 +27)7 =2"*».
2.3 An application to functional equations
Let U be a nonempty open subset of R” such that (/) = 1, where m € N\ {0}, and u

is the Lebesgue measure on R™. We denote by L2(U/) the space of measurable functions
f:U — R for which |f]? is integrable with respect to . We equip L2({f) with the norm

il = (/M Iflzdu)%.

It is known that (L2({), || - ||2) is a uniformly convex Banach space (see Clarkson [4]).
We assume the following conditions:
(H1) Let M :U — U be a locally Lipschitzian homeomorphic mapping, and let y : U x
U — [0, +00) be a measurable Lebesgue function such that

(y (x,/\/l(x)))2 = ’]M(x)| a.e. inf and M(M(U)) =1, (27)

where for M = (My,...,M,,) and x = (x1,...,%,).

(M My
]M(x) a a(xlr--wxm)
is the Jacobian of M.

(Hp) h,k:U x R — R are functions such that for all y € R, the functions x + h(x,y) and
x > k(x,y) are Lebesgue measurable on U/, and for almost all x € U (with respect to
W), the functions y — h(x, y) and y + k(x,y) are continuous on R,

(H3) Letg,g» € L*(U) be such that 0 < g; < gy a.e.inU and for all (x,y) € U x R, we have
the following implications:

a(M@) <7 = o(M@®) > &%) = y(x, M))h(x,y) < &%), (28)

&1®) <y (x, M#)k(x,y) < g2(x),

(M) <y < I (M) = h(x) < y(x, M) h(x,y) < hy(x), 29)
hy(x) < y(x, M(x)k(x,y) < ha(x),

where /1y = —go and hy = —gy
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We set

A={pel’U): g1 <¢ <gae inlU}
and B= {¢ eLl’U):h < ¢ <hyae. inL[}.

We have d = dist(4,B) = ||g1 — h2]|2>0and AN B=0.
We define the maps T and S on A U B by

T(¢)(x) = y (x, M(x)h(x, p(M(x))),
S(@)(x) = y (x, M(x)k(x, p(M(x))),

pecAUBandxeld. (30)

Theorem 8 Assume that hypotheses (H1)-(Hs) hold. Suppose
V2(|k,y1) - k(x,y2)| + d) < |1, 31) = B, 92)| < B(Iy1 —921) (31)

forallx e and y1,y, € R, where B € B4, and t +— [ﬁ(t%)]2 is concave on [0, +00). Then
there exists (¢o, Vo) € A X B such that

S(¢o) = do, S(Wo) =vo and dist(A,B) = ||y — Yo)ll2.

Proof First, we verify without difficulty that (A4, B) is nonempty bounded closed and con-
vex in the Hilbert space (L2(Uf), || - ||2) equipped with the real scalar product

<¢W=L¢wwmm for 6,y € L),

Take an arbitrary ¢ € AU B. Then, in view of the Carathéodory theorem [2], conditions
(H1) and (H-) imply that the functions T'(¢) and S(¢) are Lebesgue measurable.

Note that T(A) C A. Indeed, for ¢ € A, we have g; < ¢ < g, a.e.inl/, so from implication
(28) we have

g(M®) < (M) <g2(Mx) aeing,
and thus, in view of condition (H3),
gix) < y(x,/\/l(x))h(x,¢(M(x))) <gx) ae inl,
that is, T(¢) € A.
Similarly, we justify that T(B) € B, S(A) € A, and S(B) C B using condition (H3) and
implications (28) and (29).
Step 1: Let (¢, ¥) € A x B. Using the assumptions u(M(U)) =1,

(v (0, M()))? = Jam ()] a.e. in U (27), and B € By 4, we obtain the following
inequalities:

HNM—NWM=LUMM%TWMWM

= /M(y(x,./\/l(x)))2|h(x,¢(/\/l(x)) —h(x ¥ (M®))|* dx
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= /M(V(x),/\/l(x))z(ﬁ@(/\/t(x)) — Y (M) dx

- /M )| B (| (M) - (M@)])) dx
- [ (B(ow - y)))as
M)
< [ (B9 - v0))) ax
u
Since the function ¢ —~ [ﬁ(t%)]2 is concave on [0, +00), we have
|7@) - T, s( [ 180w - (x)|)]2dx)2
<B(

B((|l6@) - v ()| )%)]de)%

E

ﬂ(/|¢(x) @) dx)lﬂi

lp = ¥ll2),

IA

Thus all the assumptions of Proposition 7 are satisfied. Consequently, for

(p,¥) €A x B,
|T@) - TW)|, < ll¢ - ¥l +d.

Step 2: Let (¢, %) € A x B. By inequality (31), for each x € U, we have

2(|k(x, p (M) — k(¥ (M@)) | +d)

so that

2(y (% M@)))(|k(x, ¢(M@)) - k(x, ¥ (M) [* + &?)
< (v (6 M@)) (3, (M) = h(x ¥ (M@))[).
Integrating both sides, we get
2 fu (v (3 M) (ko (M) — (3, (M) + ) dix
< [ (o M) (M) ~ (s, (M) ) s
whence

2(/ IS(¢)(x)—S(1/f)(x)|2dx+d2) §/|T(¢)(x)—T(1/f)(x)|2dx,

f\// |S(¢)(x) — S(¥) ()| dx+d2<\//’T (9)(x) — «ﬁ)(x)lzdx-

< |h(x, p(M@)) - h(x, ¥ (M @))%,

Page 13 of 15
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Since

/M]S(¢)(x)—5(1/f)(x)]2dx+d§ﬂ\//u\S(qﬁ)(x)—S(W)(x)\zdx+d2,
we have

I1S(@) - S@)||, +d < |T(@)-TW)|,

and, according to inequality (32),

|S@) -S|, +d < |T@) -TW)|,<I¢-Vls+d.

Hence, for all (¢,¥) € A x B,

I1S(@) = S@)||, < llp = ¥ 2.

Thus S is relatively nonexpansive on A U B. The hypotheses of the result of Eldred et al.
[5] for a noncyclic mapping hold for S, so there exists (¢o, ¥o) € A x B such that

S(¢o) = ¢o, S(o) =0, and dist(A, B) = |l — ¥o)ll2,

and necessarily ¢o = g1 and Yo = hy. O
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