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Abstract

In this paper, we introduce the notion of generalized (¢, ¢)-Meir—Keeler hybrid
contractive mappings of type | and Il via simulation function and establish fixed point
theorems for such mappings in the setting of complete b-metric spaces. Our results
extend and generalize many related fixed point results in the existing literature.
Finally, we provide an example in support of our main finding.
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1 Introduction

Fixed point theory is one of the most important topics in development of nonlinear and
mathematical analysis in general. Also, fixed point theory has been effectively used in
many other branches of science such as chemistry, physics, biology, economics, computer
science, all engineering fields, and so on. In 1922, Banach [1] introduced a well-known
fixed point result, now called Banach contraction principle, which is one of the pivotal re-
sults in nonlinear analysis. Due to its importance and fruitful applications, several authors
have obtained many interesting extensions and generalizations of the Banach contraction
principle in several direction (see, e.g., [2, 3]). These generalizations are achieved either by
using contractive conditions or by imposing some additional conditions on the ambient
spaces. For example, one of the important and peculiar generalizations is due to Meir and
Keeler [4]. The class of Meir—Keeler contractions consists of the class of Banach contrac-
tions and many other classes of nonlinear contractions (see, for example, [5]). Meir and
Keeler’s theorem was the originator of further exploration in metric fixed point theory.
Later on, Meir—Keeler contraction mapping has been generalized by several authors in
several ways. For more works in this line of research, we refer to [6—8], as well as [9-14].
On the other hand, the notion of a b-metric space was introduced by Bakhtin [15] and
Czerwik [16] as a generalization of metric spaces. Since then, several papers have been
published on the fixed point theory in such spaces which are interesting extensions and

© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13663-023-00758-7
https://crossmark.crossref.org/dialog/?doi=10.1186/s13663-023-00758-7&domain=pdf
mailto:kidanekoyas@yahoo.com
http://creativecommons.org/licenses/by/4.0/

Abduletif Mamud and Koyas Tola Fixed Point Theory Algorithms Sci Eng (2024) 2024:4 Page 2 of 20

generalizations of the Banach contraction principle. For further works in the setting of
b-metric spaces and their generalization, we refer the readers to [17-42]. In 2020, Karap-
inar et al. [43] studied fixed point results for the Meir—Keeler contraction via simulation
function in the setting of metric spaces. Inspired and motivated by the work of Karapinar
et al. [43], the main objectives of this research is to introduce the notion of generalized
(o, ¢)-Meir—Keeler hybrid contractive mappings of type I and II via simulation function
and establish fixed point theorems for the introduced mappings in the setting of b-metric
spaces. The present results extend and generalize the results of Karapinar et al. [43] and
many other related results in the existing literature.

2 Preliminaries
In what follows we recall basic definitions and results on the topics which we use in the

sequel.

Notations 1 Throughout this paper, we denote R*, R and N respectively by
« R* =[0,00) — the set of all non-negative real numbers;
« R — the set of all real numbers;
+ N - the set of all natural numbers.

Khojasteh et al. [44] introduced the notion of a simulation function as follows.

Definition 1 ([44]) A weak simulation function is a mapping ¢ : R* x R* — R satisfying
the following conditions:

(¢1) ¢(0,0) =0;
(o) ¢(t,s)<s—tforallt,s>0.

Note Throughout this paper we denote by Z,, the family of all simulation functions ¢ :
R* x R* — R. Due to the axiom (¢;), we have ¢ (¢,¢) < 0 for all £ > 0.

Recently, Suzuki [45] introduced the following class of mappings and proved the follow-
ing interesting fixed point result to extend the coverage of Meir—Keeler theorem in the
setting of metric spaces. Let (X, d) be a metric space and T : X — X be a self-mapping.
Define a mapping M : X x X — R* as follows:

M(x,y) = max{d(x»y), d(x, Tx), d(y, Ty), w }

Andlet p: X x X — R* be a mapping satisfies the following conditions:
(Py: M) x#yand d(x, Tx) < d(x,y) imply p(x,y) < M(x,y);
(PI{ZJ 2€) %, #y, im0 d(%,,y) = 0, and lim,,_, o0 d(x,,, T,,) = 0 imply

limsupd(x,,y) < cd(y, Ty), wherece[0,1).
n—00
Theorem 1 ([45]) Let T be a self-mapping on a complete metric space (X,d). Let p :
X x X — R* be mapping that satisfies the conditions (P}, : M) and (P; : ¢) defined above.
Suppose also that the following are satisfied:
(i) Forany e >0, there exists 8(€) > 0 such that x #y and p(x,y) < € + 8(€) imply
d(Tx, Ty) <e;



Abduletif Mamud and Koyas Tola Fixed Point Theory Algorithms Sci Eng (2024) 2024:4 Page 3 of 20

(i) % #yand p(x,y) >0 imply d(Tx, Ty) < p(x,y).
Then T has a unique fixed point z. Moreover, the sequence { T"x} converges to z for all x € X.

Bakhtin [15] and Czerwik [16] defined a b-metric space as follows.

Definition 2 ([15, 16]) Let X be a nonempty set and s > 1 be a given real number. A
functiond : X x X — R" is said to be a b-metric if and only if for all x, y, z € X, the following
conditions are satisfied:

(a) d(x,y)=0ifand only if x = y;

(b) d(x,y) =d(y,x);

(©) dx2) < sld(x,y) +d,2)].
The pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than that of metric
spaces. A metric space is a b-metric with s = 1. But, in general, the converse is not true.

Example 1 ([32]) Let X =R and d: X x X — R* be given by d(x,y) = |x — y|? for x,y € X,
then d is a b-metric on X with s = 2 but it is not a metric on X since for x = 2, y = 4, and

z = 6, we have
d(2,6) >d(2,4) + d(4,6).
Hence, the triangle inequality for a metric does not hold.

Definition 3 ([46]) Let X be a b-metric space and {x,} a sequence in X. We say that
1. {x,} is b-convergent to x € X if d(x,,,x) — 0 as n — oo.
2. {x,} is a b-Cauchy sequence if d(x,, x,,) — 0 as n,m — oo.
3. (X,d) is b-complete if every b-Cauchy sequence in X is b-convergent.

Definition 4 ([47]) Let (X, d) be a b-metric space with the coefficients > 1andlet 7: X —
X be a given mapping. We say that T is b-continuous at xy € X if and only if for every
sequence x, € X such that x, — x¢ as n — 00, we have Tx, — Txp as n — oo. If T is

b-continuous at each point x € X, then we say that T is b-continuous on X.
In general, a b-metric is not necessarily continuous.

Example 2 ([48]) Let X = NU {oo}.
Define a mapping d : X x X — R* as follows:

0 ifm=n,

|X — 1| if one of m and # is even and the other even or oo,
dmmn)=3 " "

5 if one of m and # is odd and the other odd or oo,

2 otherwise.

Observe that d(m, p) < 2[d(m, n) + d(n, p)] for all m,n, p € X.
Then (X, d) is a b-metric space with s = %
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If we choose x, = 21 for each n € N, then
1
d(x,,00) = d(2n,00) = o —0 asn— 09,
n

that is, x, — oo as n — 0.

But lim,,_, o d(x,,1) = 2 # 5 = d(00, 1). Hence, d is not continuous.

The following are definitions of «-orbital admissible and triangular «-orbital admissible
mappings.

Definition 5 ([49]) Let X be a nonempty set and o : X x X — R* a function. A map-
ping T : X — X is said to be «-orbital admissible if, for all x € X, a(x, Tx) > 1 implies
a(Tx, T?x) > 1.

Definition 6 ([49]) Let X be a nonemptyset, 7: X — X,and o : X x X — R*. We say that
T is triangular a-orbital admissible if:

(i) T is a-orbital admissible;

(ii) forallw,y € X, a(x,y) > 1 and a(y, Ty) > 1 imply that a(x, Ty) > 1.

In 2020, Karapinar et al. [43] introduced the class of hybrid contraction mappings of
type I and II and studied fixed point results for such mappings.

Definition 7 ([43]) Let T be a self-mapping on a metric space (X,d) and ¢ € Z,,. Suppose
that p: X x X — R* is a function that satisfies only (P'p: M). Then T is called a hybrid
contraction of type I if the following conditions are fulfilled:
(a) For any € > 0, there exists (¢) > 0 such that x # y and p(x,y) < € + §(¢) imply
d(Tx, Ty) <e€;
(b) x 7y and p(x, y) > 0 imply ¢ («(x, y)d(Tx, Ty), p(x, 7)) = 0.

Let a mapping N : X x X — R* be defined as follows:

Nixy) - max{d(y, R LEL I )},

1+d(x,y) ’

where T is a self-mapping defined on a metric space (X, d). We notice that, for any x,y € X
with x = y, we have 0 = d(Tx, Ty) < N(x,y). Moreover, if x #y, then N(x,y) > 0.

Definition 8 ([43]) Let T be a self-mapping on a metric space (X,d) and ¢ € Z,,. Suppose
that p: X x X — R* is a function that satisfies (Pp : N) and (P?p : c), for all ¢ € [0,1). Then
T is called a hybrid contraction of type II if the following conditions are satisfied:
(a) For any € > 0 there exists §(¢) > 0 such that x #y and p(x,y) < € + 8(¢) imply
d(Tx, Ty) < €;
(b) x#yand p(x,y) > 0 imply ¢ (e(x, y)d(Tx, Ty), p(x, y)) = O.

Theorem 2 ([43]) Let (X,d) be a complete metric space and T : X — X be a hybrid con-
traction of type I. Assume that the following conditions are satisfied:

(i) T is triangular a-orbital admissible;

(ii) there exists xg € X such that a(xy, Txo) > 1;
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(iii) T is continuous.
Then T has a fixed point u. Moreover, { T"x} converges to u for all x € X.

Theorem 3 ([43]) Let (X,d) be a complete metric space and T : X x X be a hybrid con-
traction of type II. Assume that the following conditions are fulfilled:
(i) T is triangular a-orbital admissible;

(ii) there exists xo € X such that o(xg, Txg) > 1;

(iii) either T is continuous;

(iv) or T? is continuous and o(u, Tu) > 1;

(v) or (X,d) is regular.
Then T has a fixed point u. Moreover, { T"x} converges to u for all x € X.

3 Results
In this section, first we introduce generalized («, ¢)-Meir—Keeler hybrid contractive map-

ping of type I in the setting of b-metric spaces and prove fixed point results for such map-

pings.

Note In this section, we denote the class of mappings ¥ by
v = {¢ :R* — R": ¢ is continuous, monotone nondecreasing, ¢(t) = 0 iff t = 0}.

Let (X, d) be a b-metric space with s > 1 and T : X — X be a self-mapping. We define a
mapping M, : X x X — R* by

Mi(x,y) = maX{d(x,y),d(x, Ta), dy, Ty), Ao D) + 40, ) }

2s

Let also p: X x X — R* be a mapping. The following conditions are used in this section:
(P): My) x#yand d(x, Tx) < d(x,y) imply p(x,y) < M(x, y);
(PZ 18€) Xy #y, limy, o0 d(x,,y) = 0 and limy,—, oo d(x, Tx,,) = 0 imply lim sup,,_, .. (sd(x,,
¥)) < cd(y, Ty), where c € [0, 1).

Definition 9 Let (X,d) be a b-metric space withs > 1, T: X - X, 0: X x X - R*, p:
X x X — R* satisfy (P117 : M), and ¢ € . Then the mapping T is said to be a generalized
(o, ¢)-Meir—Keeler hybrid contractive mapping of type I if it satisfies, for all x,y € X, the
following conditions:
(i) For any € > 0, there exists 8(¢) > 0 such that x # y and p(x,y) < € + §(¢) imply
d( Tx’ TJ’) =< E;
(i) x 7y and p(x, y) > 0 imply ¢ (a(x, y)¢(d(Tx, Ty)), ¢ (p(x, ) = 0.

Remark 1 If T is a generalized («, ¢)-Meir—Keeler hybrid contractive mapping of type I,
then

a(x,2)¢(d(Tx, 7)) < ¢ (p(x,9)) < ¢(Ms(x,9)). 1)

Indeed, we have d(x, ) > 0 since x # y. If p(x,y) = 0, from (ii), we have ¢(d(Tx, Ty)) < € for
any € > 0. But € > 0 is arbitrary, thus we obtain Tx = Ty. In this case, a(x,y)¢(d(Tx, Ty)) =
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0 < ¢(p(x,9)). Otherwise, p(x,y) >0, and if Tx # Ty, then d(Tx, Ty) > 0. If a(x,y) = 0, then
(1) is satisfied. On the other hand, from (¢;) and Definition 9(ii), we get

0 < (a9 (d(Tx, 7)), ¢ (p(x.))) < ¢(p(x,9))) — a(x, )¢ (d(Tx, Ty)),
so (1) holds.

Now, we give our first main result as follows:

Theorem 4 Let (X, d) be a complete b-metric spacewiths > 1, T: X - X,a: X x X - R*
be mappings, and ¢ € ¥. Suppose the following conditions hold:
(i) T is generalized (o, ¢)-Meir—Keeler hybrid contractive mapping of type I;
(i) T is a triangular a-orbital admissible mapping;
(iii) There exists xg € X such that o(xg, Txg) > 1;
(iv) T is b-continuous.
Then T has a fixed point z. Moreover, {T"x} converges to z for all x € X.

Proof By (iii) above, there exists xg € X such that «(xo, Tx¢) > 1. We construct an iterative
sequence {x,} in X by x, = Tx,_; for n € N. Suppose first that x,,, = x,,.1 for some 71y € N.
Since Txy, = %uy+1 = Xy, the point x,, is a fixed point of T and this completes the proof.
So from now on, we suppose that x,, # x,,,1 for all n € N U {0}. Since T is triangular o-
orbital admissible, a(xg, Txo) = a(x9,%1) > 1 = a(Txo, Tx1) = a(x1,%2) > 1 = a(Tx1, Txy) =

a(xy,%3) > 1. Continuing in this manner, we get

(%, %,41) > 1 forallm > 0. (2)
Again, by using the assumption that T is triangular «-orbital admissible, for all # € NU
{0}, (2) vields that a(x,, %,.1) > 1 and @ (%41, %442) > 1 = (x4, %441) > 1. Recursively, we
conclude that o/(x,,%,.;) > 1 for all #,j € N. In what follows we prove that the sequence
{d(x,,,%,:+1)} is monotone decreasing. Taking x = x,, and y = x,,,; in (P; : M), we get

0< d(xn,xwrl) = d(xm Txn) =< d(xn:xn+1)r
which implies

p(xmxm—l) < M(%p %41)5

where

M(% Xni1) = max{d(xm Xn41)s A Tx), A(X1, T 1),

A%y Thpir) + d(Xpi1, Tx)
2s

d(xn) xn+2) + d(anrl ) xn+1)
2s

d(xn’ xn+2)
2s ’

= max | d(Xy, Xn+1), AKX 1, Xns2)s

= max{ (X, Xne1)s A(Kps15 Xn42),
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and, taking the b-triangle inequality into account, we observe that

d(xn,anrZ) < Sd(xnrxwrl) + Sd(xn+1’xn+2)
2s - 2s
_ d(xn;xwrl) + d(xn+lrxn+2)
2

< max{d(®, %n41), (a1, %n2) }5
which gives
M2, %n11) = max{d (o, K1), d (X1, Xni2) }-
By Definition 9(ii), we get that

0= {(a(x,,, xn+l)¢(d(Txm Txn+1)):¢(P(xm xn+l)))
< ¢(P(xmxn+1)) - a(xn»xn+1)¢(d(Txm Txn+1))x

which is equivalent to

¢(d(xn+1:xn+2)) = ¢(d(Txnr Txn+l))

< (X K1) (A( T, Tini1))

3)
<P (P %n41))
= ¢(Ms(xn,xn+l))~
If Ms(%, %141) = d(X141,%442), then (3) yields a contradiction. Thus, we have
Ms(xn:xn+1) = d(xnrxrwl)' (4')

Moreover, from (3), we get

D (d(Xns1,%n12)) < (A %11)),
which implies, using the monotonicity of ¢,

Ad(Xs1,%n42) < d(x,%,,1) for all m € NU {0},
that is, {d(x,,%,:1)} is @ monotone decreasing sequence of nonnegative real numbers.
Thus, there is some [ > 0 such that lim,,_, o d(x,,%,:1) = [. We need to show [ = 0. Sup-
pose, on the contrary, that / > 0 and set 0 < € = /. We also note that

e=1<d(x,,x,.,1) forallmeNU/{0} (5)

On the other hand, from (3) and (4), we have

p(xmxm—l) =< d(xn:xn+1) <€+ (S(E)

Page 7 of 20
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for n sufficiently large. So, applying Definition 9(i), we have
€
d(Txnr Txn+1) =< ; (6)
Combining (5) together with (6), we obtain

€ <d(Xpi1,%n42) = d(Txp, Tayi) <

w ||

which is a contradiction. We conclude that € = 0, that is,
lim d(x,,%,.1) = 0. (7)
n—0o0

Now, we show that {x,} is a b-Cauchy sequence. Let €; > 0 be fixed. From (7), we can
choose k € N large enough such that
1

d(xr, xi1) < —, (8)
2s

for some §; > 0. Without loss of generality, we assume that §; = §;(€;) < €1. By induction,
we prove that

1)
AKXy Xierm) < €1 + El for all k,m € NU {0}. 9)

We already have (9) from (8), for m = 1. Suppose that (9) is satisfied for some m = j. Now,
we show that (9) holds for m = j + 1. On account of (8) and (9), we first observe that

d(Xk,?Ck+]‘+1) + d(xk+j’xk+1)
2s
- SAWXk, Xicrj) + SAKirjs Xirj1) + A (Krrjy Xi) + 5A Xk, Xpr1)
- 2s

_ d(xkr xk+j) + d(xk+jx xk+j+1) + d(xk+jr xk) + d(xkr xk+1)

2
1 81
< —|2€1+81+—
2 s

1
< 5[261 + 281] =€ + 81.

Thus, we have
M (., xk+j)

=max d(x/(, xk+j)7 d(xk) Txk): d(xk+j: Txk+j);

d(xrs Txryg) + d(xrsg, Txy) }
2s

= max3 d(%p, Xiesj)s AXi Kier1)s A(Keaj Keaje1)s

d(xk: xk+j+1) + d(xk+j: xk+1)
2s

81 01
<maxj|e; + —, —, € + 81
2 2s

=€ +51.
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From the above inequality, we have

POk Xirj) < Mok, Xxij) = Aok, Xkj) < €1+ 81,
and, by Definition 9(i), we get

e, Xrje1) = (T, Tis) < = (10)
Now, using the b-triangle inequality, as well as (8) and (10), we have

AKXk Kierj1) < SAXk Kir1) + SA(Kpe15 Xeaje1)

= sd(xx, xke1) + sA(Txx, Txnrf)

81
< — + €.
2

So, (9) holds for m = j + 1. Therefore,
A, Xrem) < €1 forall k,m € NU {0}.

In other words, for m > n, we have lim,, ,,,_, o d(x,, %,;) = 0 and hence the sequence {x,} is
a b-Cauchy sequence. Since, (X, d) is a complete b-metric space, there exists # € X such

that x,, — u as n — oo. By b-continuity of T, we have
u= lim x,,; = lim Tx, = Tu,
n— 00 n— 00
that is, u is a fixed point of 7. O

Now, replacing continuity of T by continuity of 7% in Theorem 4, we prove the following

fixed point result.

Theorem 5 Let (X,d) be a complete b-metric space with s > 1 and let T : X — X be a
generalized (o, ¢)-Meir—Keeler hybrid contractive mapping of type I satisfying the following
conditions:
(i) T is a triangular a-orbital admissible mapping;

(ii) There exists xo € X such that o(xg, Txo) > 1;

(iii) T? is continuous.
Then {T"x} is converges to z for all x € X. Moreover, for a(z, Tz) > 1, z is a fixed point of T,
and T is discontinuous at z if and only if lim,_, , Ms(x,z) # 0.

Proof Following the proof of Theorem 4, we see that the sequence {x,} in X defined by x,, =
Tx,_; for all n € N is convergent to z € X and «(x,, x,,1) > 1 for all n € NU {0}. Regarding
the fact that any subsequence of {x,} converges to z, we get lim,,_, o0 %41 = lim, o0 TX,, = 2
and lim,,_, oo %42 = lim,,_ oo T2x,, = z. On the other hand, due to the continuity of 72,

T?z = lim T?x, =z.

n—00
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We claim that 7z = z. Suppose, on the contrary, that 7z # z and p(z, Tz) > 0. Then we have

p(z, Tz) < My(z, Tz)

,T? Tz, T
= max{d(z, Tz2),d(z, TZ),d(Tz, Tzz), d(z, T*z) + d(1z, Tz) }

2s
=d(z, Tz).

Thus, using (1) together with the hypothesis a(z, Tz) > 1, we obtain
0 < ¢ (a(z, T2)¢(d(Tz, T?2)), ¢ (P(z, T2))),

and also

0 < ¢(d(Tz,2)) = ¢(d(Tz T%2))
< al(z, T2)¢(d(Tz T%2))
<¢(P(z, T2))
< ¢(Mj(z, T2))

= ¢(d(z, Tz)),
which is a contradiction. So, z = Tz, that is, z is a fixed point of T. 0

Definition 10 A b-metric space (X, d) is called regular if for any sequence {x,} in X with
lim,,_, oo d(x,,2) = 0 and «(x,;,%x,,1) > 1 for all # € N U {0}, one has a(x,,z) > 1forall n €
Nu {0}.

In the following, we prove the following fixed point theorem, without continuity as-

sumption of T and T2,

Theorem 6 Let (X,d) be a complete b-metric space withs > 1 and T : X — X be a gener-
alized (o, ¢)-Meir—Keeler hybrid contractive mapping of type I. Suppose that (P; :s¢) and
the following conditions hold:
(i) T is a triangular a-orbital admissible mapping;
(if) There exists xo € X such that o(xg, Txo) > 1;
(ili) (X,d) is regular.
Then {T"x} is converges to z for all x € X. Moreover, z is a fixed point of T.

Proof Following the proof of Theorem 4, we see that the sequence {x,} in X defined by
%y = Tx,_1 for all m € N is convergent to z € X and a(x,,x,,1) > 1 for all n € NU {0}. We
notice also that all adjacent terms in {x,} are distinct. Moreover, we note 7"x + z for all
n € NU {0}. Regarding the limits lim,_, o d(x4,2) = 0 and lim,,_, o0 (x4, X41) = 0, we drive
from (P2 : sc) that

slimsup p(x,,z) < cd(z, Tz) foranyc € [0,1). (11)

n—0o0
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So, by assumption (iii), we get «(x,,z) > 1. Now, we prove that z is a fixed point of 7.
Suppose, on the contrary, that 7z # z. Taking x = x,, and y = z in Definition 9(ii), we obtain
that

0 < ¢ (o, 2P (AT, T2)), ¢ (p(%,2)) )
< ¢(p(xm Z)) - a(xm Z)¢(d(Txnr TZ)),

which is equivalent to

¢(d(xn+1r TZ)) = ¢(d(Txm TZ))
< a(x,,2)p (d( Ty, T2)) (12)

<P (p(xn,2)).

Since ¢ is monotone, (12) yields
d(anrl: TZ) <p(xn,z)~ (13)
Applying the b-triangle inequality and using (13), we have

d(z, Tz) < sd(z,%41) + sd(%p41, T2)

(14)
< sd(z,%,41) + sp(x,, 2).
Taking the limit as # — oo in (14) and using (P; : s¢), we obtain that
d(z, Tz) < slimsup p(x,, z) < cd(z, Tz) for any ¢ € [0, 1),
n—>00
which is a contradiction. Therefore, z is a fixed point of T'. O

For the uniqueness of fixed point, we need the following additional condition.

Condition (U) For all x,y € Fix(T), we have a(x,y) > 1, where Fix(T) denotes the set of
all fixed points of 7.

Theorem 7 Adding Condition (U) to the hypotheses of Theorem 4 (resp. Theorems 5 and
6), we prove the uniqueness of fixed point of T.

Proof We argue by contradiction, that is, suppose there exist z, w € X such that z = 7z and
w = Tw with z # w. By Condition (U), we have «(z, w) > 1. We notice first that the case
p(z,w) = 0 is impossible since we have Tz = Tw and

0<d(z,w) =d(Tz, Tw) = 0,

which is a contradiction. Thus, we get that p(z, w) > 0. Since

0=d(z,Tz) < d(z,w),
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by (P; : M), we have
plz,w) < M(z,w),

where

(z, Tw) + d(Tz,w)
2s

M(z,w) = max{d(z, w),d(z, Tz), d(w, Tw), d } =d(z,w).

Using Definition 9(ii), we get
0 < ¢ (a(z, W) (d(Tz, Tw)), ¢ (p(z, w)))
<p(plz,w)) — alz, )¢ (d(Tz, Tw)),
which imply
0< ¢(d(z, w ) = ¢(d(Tz, Tw))
< a(z, w)¢(d(Tz, Tw))
<o(p(z,w))
< ¢(d(zw)),
which is a contradiction. Hence, d(z, w) = 0, that is, the fixed point of T is unique. O

In the following, we introduce generalized (o, ¢)-Meir—Keeler hybrid contractive map-
ping of type II and study fixed point results for such mappings.

Definition 11 Let (X,d) be a b-metric space withs > 1, T: X - X, o : X x X —> R*,
L €Z,, ¢ €W¥,and suppose p : X X X — R* isa function that satisfies (P; : N;) and (P; 1 8C).
The mapping T is said to be a generalized («, ¢)-Meir—Keeler hybrid contractive mapping
of type II if it satisfies for all x,y € X the following conditions:
(a) For any € > 0, there exists §(¢) > 0 such that x # y and p(x,y) < € + §(¢) imply
d(Tx, Ty) < %;
(b) x#yand p(x,y) > 0 imply

¢ (alx,9)9(d(Tx, Ty)), ¢ (p(%,9))) = O. (15)

We define a mapping N; : X x X — R* by

N;(x,y) = max { d(x,y),d(x, Tx), d(y, Ty),

d(y, )1 + d(x, Tx)] d(x, Tx)[1 + d(y, Ty)] }
1+d(x,y) T 1+d(Tx, Ty)

We note that, for any x,y € X with x = y, we have 0 = d(Tx, Ty) < N,(x,y). Moreover, if
x #y, then N;(x,y) > 0.

Now, we state and prove the following fixed point theorem.
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Theorem 8 Let (X,d) be a complete b-metric space with s > 1 and T : X — X be a gen-
eralized (o, ¢)-Meir—Keeler hybrid contractive mapping of type I satisfying the following
conditions:
(i) T is a triangular a-orbital admissible mapping;

(ii) there exists xg € X such that a(xq, Txo) > 1;

(iii) either T is continuous;

(iv) or T? is continuous and a(z, Tz) > 1;

(v) or (X,d) is regular.
Then T has a fixed point z. Moreover, {T"x} is convergent to z for all x € X.

Proof As in the proof of Theorem 4, we construct a recursive sequence {x,} as follows:
X, =1Tx,1 forallmeN.

One can conclude that a(x,,x,,1) > 1 for all » € N U {0}, due to conditions (i) and (ii).
Throughout the proof, we assume x,, # x,,,1 for all # € NU {0}. Indeed, as it was discussed
in the proof of Theorem 4, the other case is trivial and is excluded. Now, by letting x = x,,

and y = x,,,1 in (Pll, : N;), we have
A%, Txn) < A%, %n11),
which implies
Py %ni1) < Ny, %041),
where

Ns(xmxrul) = max{d(xnrxnﬂ)’ d(xn) Txn)’ d(xwrlr Txn+1);

A%, Tone1) (1 + d(x, Tx)] A%y Top) [1 + (K15 Tpi1)] }

1+ d(xnyxn+1) ’ 1+ d(Tx,,, Tx,,+1)

= max { A% %141)5 AXs K1), A(Xpis1, Xur),

A1 %ne2) [1 + A, %011)] A X011) [1 + A(X0115 X142)]
1+ d(xmerI) ’ 1+ d(xn+1:xn+2)

= max{d(xn)xwrl), d(xn+1:xn+2)}'

By Definition 11(b), we have

0= ;(a(xn)xnﬂ)qb(d(Txm Txn+1))’¢(p(xmxn+l)))'
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Consequently, the above inequality yields

¢(d(xn+1’xn+2) = ¢(d(Txm Txn+1))

= oz(xn, xn+1)¢ (d( 1%y, Txn+1))

(16)
< ¢(p(xm xn+l))
= ¢(Ns(xn: xn+1))’
where
Ns(xnrxwrl) = max{d(xn’xn+l): d(xn+1,xn+2)} = d(xmxwrl)' (17)

Thus, from (16), (17) and the monotonicity of ¢, for all n € N U {0}, we have
d(xn+lrxn+2) < d(xmxm—l)y

that is, {d(x,,%,,1)} is nonincreasing sequence of nonnegative real numbers. Conse-
quently, there exists a real number r > 0 such that d(x,,x,,1) — r as n — 00. Suppose
that r = € > 0. First, we note that r = € < d(x,,,x,,1) for all # € NU {0}. On the other hand,
from (16), there exists § > 0 such that
p(xnrx;ﬁl) < Ns(xnrxn+1)
= d(xn: xn+l)

<€ +8(e),

for n sufficiently large. Keeping the observations above, Definition 11(a) yields that
€
d(Txm Txn+1) =-.
s

Thus, we have

€
€< d(xn+1:xn+2) = d(Txm Txn+1) =< ;;

which is a contradiction. So, we derive that € = 0, that is, lim,,_, o d(x,,,%,,+1) = 0. In what
follows, we show that the sequence {x,} is b-Cauchy. For this aim, let m € N be large
enough to satisfy

81
AKXy Xna1) < ?
Now, we show by induction that

AKXy Xmsk) <€1 +81 forallk eN. (18)

Without loss of generality, we assume that §; = 8;(€) < €. We have already proved the claim
for k = 1. Now, we consider the following two cases:
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Case (i). If d(Xpmks Xmrks1) < AKXy Xmik), then we get

A Xmskr Xmsks1)

— < d(xm+k7 xm+k+1)
1+ d(Xms Xpmak)

and

d(xm+k: xm+k+1)d(xm’ xm+1)
1+ d(Xms Xpmek)

< AKXy Xe1)-

Hence, we have

p(xm) xm+k) < Ns (xnfn xm+k)

= max{d(xm: xm+k)r d(xm: Txm); d(xm+k: Txm+k)y

d(xm+k: Txm+k)[1 + d(xrrn Txm)] d(xmr Txm)[l + d(xm+k’ Txm+k)]

1+ d(Xms Xk ’ 1+ d(Tx Txmek)

= max { d(xm: xm+k)r d(xm: xm+1)r d(xm+k’ xm+k+1)’

d(merk: xm+k+1)[1 + d(xmr xm+1)] d(xm: xm+1)[1 + d(xm+k) xm+k+1)]

1+ d(xmx xm+k) ’
< max{e; + 81,281,681} = €1 + 81,
and so it follows from Definition 11(a) that
d(Txmv Txm+k) = E_l
s

Thus, by the b-triangle inequality, we have

AKXy Xnaies1) < AWK Xpns1) + SAKps1, Xmaker1)
= 54Xy Xma1) + SA( T T ik)

< €1 +81.

Cﬂse (ll) If d(xm+kr xm+k+1) > d(xm’xm+k)’ then we get
A Xrmsrsr) < SAGm Xmikc) + SAXmsior Xomsks1)
< 2Sd(xm+k: xm+k+1)
1)
<25
S

= 251 < €1 +51.

Thus, by induction, (18) holds for every k € N. Since €; > 0 is arbitrary, we get

lim sup d (%, Xp14x) = 0,
k— o0

1+ dXme1s Xmake1)

Page 15 of 20
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which implies that {x,} is a b-Cauchy sequence in a complete b-metric space (X, d). Hence,
{x,} b-converges to some z € X.

Next, we show that z is a fixed point of 7. If T is continuous, then we have
z= lim %, = lim Tx, = Tz,
n— 00 n— 00

that is, z is a fixed point of T'.
If T? is continuous, since x, — z, we get that any subsequence of {x,} converges to the

same limit point z, so

lim %,,; = lim Tx, =z and lim %, = lim T%x, =z.

n—00 n—00 n—00 n— 00

On the other hand, due to the continuity of 72,

T?z = lim T%x, =z.

n— 00

We claim that 7z = z. To the contrary, if 7z # z, then we have p(z, Tz) > 0 and

p(z, Tz) < Ni(z, Tz)

= max { d(z, Tz), d(z, T2), d(Tz, T°z),

d(Tz, TH[1 + d(z, Tz)] d(z, T2)[1 + d(1z, T?2)]
1+d(z, Tz) ’ 1+d(Tz, T?z) }

= max { d(z, Tz), d(z, Tz), d(Tz, T*z),

d(Tz, T?2)[1 + d(z, Tz)] d(z, T2)[1 + d(T%z, T?2)]
1+d(z, Tz) ’ 1+d(Tz, T?z) }

=d(z, Tz).
Therefore, together with the supplementary hypothesis «(z, 7z) > 1, we have

0 < ¢ (aele, To)p(d(Tz T%2)), ¢ (p(2, T2)))
< ¢(p(z, Tz)) —alz, Tz)¢>(d(Tz, Tzz)).

From the above inequality, we obtain

0

N

¢(d(Tz,2))

= ¢(d(Tz, T?2))

< al(z, T2)¢(d(Tz T%2))
¢ (p(z, T2))

< ¢(Ni(z, Tz))

= ¢(d(z, T2)),

N

Page 16 of 20
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which is a contradiction. Hence, z is a fixed point of T
If X is regular, we deduce that d(z, Tz) = 0, using the same arguments as in the proof of
Theorem 6. That is, z is a fixed point of T O

The uniqueness of fixed point of 7' can be deduced as in Theorem 7.

Now, we give an example to illustrate Theorem 8.

Example3 Let X = [0,4] and d : X x X — R* be defined by d(x, y) = |x—y|* for allx,y € X.
Then (X, d) is a complete b-metric space with s = 2 which is not a metric space. Let T :

X — X be defined by
1 ifxe[0,2),
T(x) =
5 ifxe(2,4]

Also, we definea: X x X - R*, g: X x X - R* and ¢ : R* — R" as follows:

2 ifx,y€[0,2),
alx,y) =11 ifxye[2,4],

0 otherwise,

q(x,y) = max{d(x,y), xl?;i%Ty , l’igxgc ("TyTy } and ¢(¢) = 5. First, we note that g satisfies
condition (P; N;) and g(x,y) > O for all x # y. Since, for x = 0 wehave T0 = 1 and «(0, T0) =
a(0,1) = 2 > 1, assumption (ii) of Theorem 8 is satisfied. Also, it is easy to see that 7T is
triangular «-orbital admissible. Let ¢ € Z, be is given by ¢ (t,s) = %s —t. Now, we consider
the following cases:

Case 1. For x,y € [0,2), x # y, we have d(Tx, Ty) = 0, so

2
£ (ol ) (A T, ). ) = 220D @DV

Case 2. Forx,y € [2,4], x # y, we have

e TR [ 3 33 |
V=5 axy I T
SO
¢ (a(x,9)0(d(Tx, T)), ¢ (q(x,9))) = 2¢(61;x, y) ¢<|x y|)

_ @@y (x-y)”
3 8 -

Case 3. For x € [0,2) and y € [2,4], we have a(x,y) = 0 and

2
¢ (o) (d(Tx, 1)), 6 (q(x,9))) = "’(q;x’ >>:(q(xéy)) o

Thus, due to the cases considered above, T satisfies all the conditions of Theorem 8 and

has a unique fixed point x = 1.
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Now, we give some corollaries to our main findings.

Corollary 1 Let (X,d) be a complete b-metric space withs > 1 and let T : X — X be a
(o0, ¢)-Meir—Keeler hybrid contractive mapping of type I with p(x,y) = d(x,y). Assume that
the following conditions are satisfied:
(i) T is triangular o-orbital admissible;
(ii) there exists xg € X such that a(xg, Txo) > 1;
(i) either T is continuous or T? is continuous and o(u, Tu) > 1 or (X, d) is regular.
Then T has a fixed point u. Moreover, { T"x} converges to u for all x € X.

Remark 2 Under the conditions of Corollary 1, since x # y implies d(x, y) > 0, it is obvious
that (b) from Definition 9 is equivalent to the following:
(b") d(x,y) >0 implies ¢ (a(x, y)¢(d(Tx, Ty)), ¢(d(x,7))) = 0.

Proof ltis clear that d satisfies the conditions (P} : M), respectively (P3 : 0), and so all the
assumptions of Theorems 4, 5, and 6 are also satisfied. Thus, T has a fixed point. O

Corollary 2 Let (X,d) be a complete b-metric space with s > 1, and let T : X — X be a
(o0, ¢)-Meir—Keeler hybrid contractive mapping of type I. Let p : X x X — R* be defined by

o, y) = ard(x,y) + ard(x, Tx) + azd(y, Ty),

where a1, as,as3 € [0, %), a+a; < is and az < %‘Assume also that:
(i) T is triangular a-orbital admissible;
(ii) there exists xo € X such that o(xg, Txo) > 1;
(iii) either T is continuous or T? is continuous and o(u, Tu) > 1 or (X, d) is regular.
Then T has a fixed point u. Moreover, {T"x} converges to u for all x € X.

Proof Let x,y € X be such that x # y and d(x, Tx) < d(x,). Then,

p(x,y) = ard(x,y) + axd(x, Tx) + asd(y, Ty)
< (a1 + ax)d(x,y) + asd(y, Ty)
_dwy) +db, Ty)

2s
< M(x, ),
which shows that (P}, : M) holds. On the other hand, if x, # y, then
lim d(x,,y) =0 and lim d(x,,%,:1) =0
n—oQ n— o0

hold, and then we have

limsup p(xy,y) = lim sup[ald(xn,y) + axd(%y, Xn41) + asd(y, Ty)] = asd(y, Ty).

n—00 n—00

Thus, (Pﬁ :a3) holds. Hence, T has a fixed point. O

Page 18 of 20
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4 Conclusion

In 2020, Karapinar et al. [43] introduced a generalized Meir—Keeler contraction via a sim-
ulation function and studied fixed point results for the mappings introduced in the setting
of metric spaces. In this work, we introduced generalized (o, ¢)-Meir—Keeler hybrid con-
tractive mappings of type I and Il in the setting of b-metric spaces and proved the existence
and uniqueness of fixed points for such mappings. Our results extend and generalize the
results of Karapinar et al. [43] and many other related fixed point results in the existing
literature. Finally, we have also supported the main result of this work by an illustrative

example.
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