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1 Introduction
Let (M, ||.||) be a Banach space and C a nonempty subset of M. A mapping S:C — C is
said to be nonexpansive if

|S@) - SW)|| < llu-vl, Yu,veC.

A point " € C is said to be a fixed point of S if S(u") = u'. In the context of Banach spaces,
a nonexpansive mapping may not necessarily possess a fixed point. However, it is possible
to obtain fixed points for such mappings by enriching the space with certain geometric
properties. In 1965, Browder [5] and Gohde [15] separately established that nonexpansive
mappings have fixed points in every uniformly convex Banach space. Kirk [20], on the
other hand, extended the fixed-point theorem for nonexpansive mappings to the broader
category of reflexive Banach spaces with normal structure. Recall that a Banach space
(M, ].11) is said to have normal structure, if for each bounded, closed, and convex subset
C of M consisting of more than one point there is a point u € C such that

sup{llv—u|| : veC} < diam(C) = sup{||v—u|| D u, veC}.

In [3], Baillon and Schéneberg weakened the concept of normal structure and introduced
the asymptotic normal structure as follows: A Banach space (M, ||.||) is said to have asymp-
totic normal structure, if for each bounded, closed, and convex subset C of M consisting
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of more than one point and each sequence {u,} in C satisfying u, — u,;,; — 0 as n — 00,
there is a point u € C such that

liminf ||z, — u| < diamy (C).
n—o00

The relationship between fixed-point theory and the geometry of Banach spaces has been
highly productive and significant. In the context of metric fixed-point problems, geomet-
ric properties are particularly influential. Nonexpansive mappings are a prominent area of
study in metric fixed-point theory. Many authors have since derived generalizations and
extensions of nonexpansive mappings and their associated results. The literature contains
a considerable body of research on classes of mappings that are more general than the
nonexpansive ones. Some of the notable extensions and generalizations of nonexpansive
mappings can be found in [1, 2, 4, 6, 7, 11, 13, 21, 22, 24-26]. Some classes of mappings
are not necessarily continuous on their domains, unlike nonexpansive mappings. In 2008,
Suzuki [27] introduced a new class of nonexpansive-type mappings, referred to as map-
pings satisfying condition (C), and derived some significant fixed-point results for them.
Suzuki [27] also demonstrated that this class of mappings does not necessarily exhibit
continuity, unlike nonexpansive mappings. Garcia-Falset et al. [11] explored a broader
version of condition (C), called mappings satisfying condition (E). In 2011, Llorens-Fuster
and Moreno-Galvez [21] introduced a general class of mappings called (L)-type mappings
(or condition (L)), which is contingent on two conditions. First, the existence of an approx-
imate fixed-point sequence (a.f.p.s.) for S in all nonempty, closed, convex, and S-invariant
subsets of C. Secondly, the distances between points and their images in the limiting case
from the a.f.p.s. For this class of mappings, the nonexpansiveness condition need not hold
for all points but only for certain points in the domain. They obtained several fixed-point
results for their new class of nonexpansive-type mappings.

It is noted herein that the normal structure condition depends on the distance between
all points of set C and point u«, while the asymptotic normal structure condition depends
on the limiting distance between sequence {u,} and point u. This condition seems similar
to the second condition of (L)-type mappings. It looks natural to investigate the fixed-
point theorem for (L)-type mappings in the setting of Banach spaces having asymptotic
normal structure. In this paper, we present some results concerning the demiclosedness
principle of a mapping satisfying condition (L-1) in uniform convex spaces. Further, we
obtain some fixed-point theorems for (L-1)-type mappings in the setting of Banach spaces
having asymptotic normal structure. Moreover, we show that in £; and J, (James space),
(L-1)-type self-mapping of a bounded weak* closed convex subset has a fixed point. In this
way, results in [11, 18, 21, 27] have been extended, generalized, and complemented.

2 Preliminaries

Definition 1 [12]. Let C be a nonempty subset of a Banach space M. A sequence {u,}
in C is said to be an approximate fixed-point sequence (in short, a.f.p.s.) for a mapping
S:C— Ciflim,_ o |ty — S(uy)|| = 0.

Definition 2 [12]. Let C be a subset of a Banach space M. A mapping G :C — C is said
to be demiclosed if for any sequence {u,} in C the following implication holds:

{u,} converges weakly to # and lim ” G(u,) - WH =0
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that implies
ueC and G(u)=w.

Definition 3 [16]. Let M be a Banach space and u,v € M. A vector u is orthogonal to v
if ||u|| < |l + wv| for all scalars p. We use to denote u_Lv if u is orthogonal to v.

In general, the relation L is not symmetric cf. [18].

Definition 4 [18]. Let M be a Banach space. The relation L is said to be approximately
symmetric if for each # € M and ¢ > 0, there exists a closed, linear subspace Y = (i, ¢)
such that the following two conditions hold:

(i) Y has finite codimension;

(ii) llzll < llz+ pul| forallz € Y, |iz|| = 1, and each u with u > e.

Definition 5 [18]. Let M be a conjugate space, that is, there exists a normed space Z such
that M = Z*. The relation _L is said to be weak* approximately symmetric if conditions
(i) and (ii) in Definition 4 hold along with ) is weak* closed.

Definition 6 [18]. Let M be a Banach space. The relation L is said to be uniformly ap-
proximately symmetric (uniformly weak* approximately symmetric) if it is approximately
symmetric (weak* approximately symmetric) and condition (ii) in Definition 4 is replaced
by the following stronger condition:
(iii) there exists 8 = §(u, &) > 0 such that ||z|| < ||z + uu|| -8, forallze Y, ||z|| = 1, and
each p with u > ¢.

In the spaces £,, p € (1,00), the relation L is uniformly approximately symmetric. In
spaces £1 and J (James space [17]) the relation L is uniformly weak* approximately sym-
metric. However, in both spaces L,, p # 2 and ¢, the relation L fails to be uniformly ap-
proximately symmetric.

Lemma 1 (Goebel-Karlovitz) [14]. Let C be a subset of a reflexive Banach space M, and
suppose C is minimally invariant with respect to being nonempty, bounded, closed, convex,
and S-invariant for some nonexpansive mapping S. Let {x,,} be a sequence in C that satisfies
limy, o ||y — S(u)|| = 0. Then, for each u € C, lim,,_,  ||u,, — u|| = diam(C).

Theorem 1 [14] Let M be a uniformly convex Banach space. Then, for any d > 0, ¢ > 0
and u,v € X with |u|| <d, ||v| <d, |lu—v| > ¢, there exists a § > 0 such that

)

Theorem 2 [23]. Let M be a Banach space. The following conditions are equivalent:

H%(uﬂz)

(i) M is strictly convex;
(i) fu,ve Mand ||u+v| = |ull +||v|, then u=0orv=0orv=cu for some c> 0.

Theorem 3 [3]. Let B > 1 and let Mg be the real space €, renormed according to

|ulg = max{|ully, Bllulloo },
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where |||« denotes the £..-norm and ||ul, the £y norm. Then,
(1) Mg has normal structure if and only if B < ~/2; and
(2) Mg has asymptotic normal structure if and only if B < 2.

Lemma2 [3]. Let B > 1, x,y,z€ Mg and a € [0,1]. Then,
2
lx= (A=) +az)|, + @ -a)ly-zl3 = (1 -a)x -y + alx -zl

Lemma 3 [3,9, 10]. Let 8 > 1 and C be a bounded, closed, and convex subset of Mg. Let
{u,} be a sequence in C. Then, there exists a unique point w € C that satisfies the following
conditions:

(i) limsup,,_, . ||ty — wl3 + |w—ul|3 <limsup,_, . |lu, — ull3 for all u € C; and

.. . 2 . . 2
(ii) 2limsup,_, o ll#, — wll5 <lim supp_,oo{hm SUP,,_, oo 1t — up 5}

Lemma 4 [3]. Let 1 < B <2 and C be a bounded, closed, and convex subset of Mg with
d= diamHﬂ(C). Let {u,} be a sequence in C such that u, — u,,; — 0 as n - oo and
lim,, o |4, — ulg = d for all u € C, let w € C be the |.||,-asymptotic-center of {u,} in C.

Then, limsup,,_ . |4, — w||3 > 2(%)2.

Lemma 5 [3]. Let C be a bounded, closed, and convex subset of My and let {v,} be a se-
quence in C such that lim, . |v, —uly =d = diam|,|ﬁ(C)for all u e C. Then, lim,_, o ||V, —
Ulloo = 4 foralluec.

Lemma 6 [3]. Let {x,} and {y,} be two sequences in £,. Suppose that d > 0, y, — 0 as

1 — 00, iMoo |Yullo = & and lim, .o |Xnllco = £, 16 = ypll < & for all n,p and

lim sup’lim sup ||« +yp||%} =d>.

n—00 p—>00

Then,

lim sup’lim sup ||x, +yp||oo} <d.

n—00 p—>00

Let {u,,} be a bounded sequence in Banach space M, and C be a nonempty subset of M.
The asymptotic radius of {u,} at a point x in M is defined by

r(x, {uy,}) :=limsup ||u, — x|
n—o0
The asymptotic radius of {u,} with respect to C is defined by
r(C, {un}) = inf{r(x, {u,,}) (X € C}.

The asymptotic center of {u,} with respect to C is defined as

A(Co{un}) = {x € Cir(x, {un}) = r(C, {un}).
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Definition 7 [27]. Let M be a Banach space and C a nonempty subset of M. A mapping
§:C — C is said to satisfy condition (C) if

%”u - S(u) H <|lu—v| implies ”S(u) -S(v) || <|lu-v| Vu,veC.

Definition 8 [11].Let C be a nonempty subset of a Banach space M. A mapping S:C — C
is said to fulfill condition (E,,) if there exists y > 1 such that

||u—S(v)|| < ,u||u—S(u)|| +lu-v|| VYuveCl.
We say that S satisfies condition (E) if it satisfies (E,,) for some p > 1.

3 Class of mappings satisfying condition (L)
Llorens-Fuster and Moreno-Gélvez [21] introduced the following class of nonlinear map-

pings:

Definition 9 Let C be a nonempty subset of a Banach space (M, ||.||). We say that a map-
ping S : C — C satisfies condition (L), (or it is an (L)-type mapping), if the following two
conditions hold:
(1) IfasetD C C is nonempty, closed, convex, and S-invariant, (i.e., S(D) C D), then
there exists an a.f.p.s. for S in D.
(2) Foranya.fp.s. {u,}of SinC andeachueC

lim sup”u,, - S(u) ” < limsup ||u, — u]|.
n—00 n— 00

In [21] it is shown that the above two conditions in the definition of (L)-type mappings
are independent in nature.

It is proved in [21] that the class of (L)-type mappings contains strictly the following
classes:

(A) nonexpansive mappings;

(B) Suzuki generalized nonexpansive mappings (cf. [27]);

(C) generalized nonexpansve in many cases, see [21];

(D) The class of mappings satisfying condition (E) that in turn satisfy condition (1) in

the Definition 9 (cf. [11]).

Now, we consider a subclass of class of (L)-type mappings.

Definition 10 Let C be a nonempty subset of a Banach space (M, ||.||) and a mapping
S : C — C satisfies condition (L-1), (or it is an (L-1)-type mapping), if the following two
conditions hold:
(1) IfasetD C C is nonempty, closed, convex, and S-invariant, (i.e., S(D) C D), then
there exists an a.f.p.s. for Sin D.
(2) Forany a.fp.s. {u,} of Sin C, there exists a sequence {c,} in [0,00) such that ¢, — 0
as n — oo and each u € C, we have

”un - S(u)” < |y — ull + cp. (3.1)

Example 1 Let (¢2,]| - ||2) be the Banach space of square-summable sequences endowed
with its standard norm. Assume that B[0 A4, 1] is a unit ball centered at 0 4 (zero element).
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Suppose that S : B[Oy, 1] — B[O a4, 1] is the mapping given by the following definition:

S(u) = 3T U € Bl0A, INB[OA 51,

Op  u€ B[O, 1.

In fact, the unique fixed point of S is 0 o(. We can have a.f.p.s. {u,} given by u,, = 0. Suppose
{c.} = {%} in [0, 00), then ¢,, — 0 as # — oco. Then, if u € B[O 4, %]

|etn = S@)|| = 041 = S@) | < 110a4 = 2]l < 12t — el + i
Again, if u € B[O, 11\B[OA4, 5]

1 u 1
[ord = S(w)]| = Hm” =5 = ull = 10n — ul <l — il + 5.

On the other hand, u € B[O 4, 1] with || = % and v := %u, The mapping S is not nonex-

pansive.

Proposition 1 Let S :C — C be a mapping satisfying condition (L-1), then S is a mapping
satisfying condition (L).

Proof The first conditions in both mappings are the same. Hence, we only compare the
second conditions. Since mapping S is a mapping satisfying condition (L-1), then for any
a.fp.s. {u,} of S in C, there exists a sequence {c,} in [0, 00) such that ¢, — 0 as » — 0o and
eachueC

”Mn - S(Ll) ” =< ”un - M” +Cu.
Taking lim sup on both sides, we obtain the desired result. O

In the next theorem, we present the structure of the fixed-point set of class of (L-1)-type

mappings.

Theorem 4 Let C be a nonempty, closed subset of a Banach space M and S:C — C a
mapping satisfying condition (L-1) with F(S) # 0. Then, the following implications hold:
(i) F(S) is closed in C;
(i) IfC is convex and M is strictly convex then F(S) is convex.

Proof
(i) Let {w,} C F(S) such that w, - w e C as n — o0. Thus, S(w,) = w,, and {w, } is an

a.fp.s. for SinC. Since S is a (L-1)-type mapping, we have
”Wn - S(W)” = ”Wn - W” + Cn»

making # — oo, which implies that S(w) = w and F(S) is closed.
(ii) See [8, Theorem 1]. O



Shukla et al. Fixed Point Theory Algorithms Sci Eng (2024) 2024:10 Page 7 of 15

4 Demiclosedness principle in uniformly convex spaces

In this section, we present some results concerning the demiclosedness principle of a map-
ping satisfying condition (L-1).

Lemma 7 Suppose C is a bounded convex subset of a uniformly convex Banach space M
and S : C — M is a mapping satisfying condition (L-1). If {u,} and {v,} are approximate
fixed-point sequences, then {w,} = {%(un +Vy,)} is an approximate fixed-point sequence too.
Proof Suppose the assertion of the lemma is false. Then, there exist sequences {«,} and
{v,} satisfying lim,_, ||, — S(&,)|| = 0 and lim,— ||V, — S(v,)|| = O such that ||w, —

S(wy)|l > ¢ for some ¢ > 0 and every n € N. We can assume by passing to a subsequence
that

lim ||u, —v,|| =2r>0.
n—00
It follows that
lim ||u, —wy,| = lim ||lv,—w,| =r.
n—00 n—0oo

By the definition of mapping S, for a.f.p.s. {u,} of S in C, there exists a sequence {c,1} in

[0, 00) such that ¢,,; — 0 as n — 00, we have

|ttn = SOw) | < Nt = Wil + 1. (4.1)
Similarly,

[V = Swa)|| < 1vie = wall + €2,

where ¢, 5 — 0 as n — 00. Choose s > 0 such that s < % Hence, for sufficiently large n, we

have
e
s —m ———— (4.2)
Cn1 + et — will
and
e
s —m———————,
Cp2 + Vi — Wyl
Now,

u, — S(wy) + (M";V”)

2

Uy — %(Wn + S(Wn)) H = H

and it can be seen that

“I/l,, - S(Wn) || =< ”un - Wn” + Cn,l-
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Now,

1
”un_wri”: =§||Mn—Vn||-

1
Uy — E(un + Vn)

Thus,

(0 — Vi)
2

f ”un - Wn” + Cn,l
and ||w,, — S(w,))|| > €. By the uniform convexity of M (see Theorem 1), we have

&
<(1-§| ———— n n— Wull)-.
—< (cn,nnun—wnn))(c )

It is noted that the modulus of convexity, §(¢), is a nondecreasing function of ¢, it follows
that

Uy — %(Wn + S(Wn))

Up = %(Wn +S(wy)) H < (1-8(5) (e + lltn = wall). (4.3)

Similarly,

1 e
Vi = 5 (W + 5(w) H = (1_(;(%2 " ||vn—wn||)>

X (Cn,2 + ”Vn - er”)

= (1 - 8(5)) (Cn,2 +[lve - Wn”)- (4'4')

By the triangle inequality, (4.3), and (4.4), we obtain

1 1
ety — vall < un—i(wwS(wn) + Vn_E(Wn‘*'S(Wn)

=< (1 - 5(3)){(Cn,1 + [[uy — Wn”) + (Cn,Z +{[vn = Wn”)}
Letting n — 00, we obtain 2r < 2r(1-4§(s)), a contradiction and this completes the proof. [J

Proposition 2 Suppose C is a bounded, closed, and convex subset of a uniformly convex
space. Let S : C — C be a mapping satisfying condition (L-1). Then, S has a fixed point.

Proof See [21, Theorem 4.4]. O

Theorem 5 (Demiclosedness principle). Suppose C is a closed, convex subset of a uni-
formly convex space. Let S : C — C be a mapping satisfying condition (L-1). Then, the map-
ping G=1-S is demiclosed on C.

Proof Let {u,} be a sequence in C such that {u,} converges weakly to z" and lim,,_, o, ||, —
S(u,) — w|| = 0. Without loss of generality, we assume w = 0, as limits are preserved under
the translation. Define C,, = conv{u,, #y,1,...}, using Proposition 2 on set C,, there exists
¥ € Cy such that S(y,) = y,. Since any weak subsequential limit of y, lies in ()2, C, = {u'},
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T is in the weak closure of the fixed-

it implies that y, converges weakly to u'. Therefore, u
point set F(S). Since M is uniformly convex, M is both reflexive and strictly convex. From
Theorem 4, fixed-point set F(S) is closed and convex, so weakly closed and ' € F(S). This

completes the proof. d

5 Some fixed-point theorems
In this section, we present some fixed-point results for the class of mappings satisfying
condition (L-1).

Theorem 6 Suppose C is a closed, convex subset of a uniformly convex space. Let S :C — C
be a mapping satisfying condition (L-1). If {u,} is an a.fp.s. for S such that it converges
weakly to u' € C, then u' is a fixed point of S.

Proof It can be easily seen from Theorem 5 that mapping I — S is demiclosed at 0. From
the demiclosedness principle it follows that u" is a fixed point of S. d

Remark 1 The above theorem should be compared with [21, Theorem 4.6] that asserts
the same conclusion in view of the Opial property.

Theorem 7 Let C be a nonempty bounded, closed, and convex subset of My and S:C — C
a mapping satisfying condition (L-1). Assume the following conditions hold:
(1) If D is minimal with respect to S, and there is an a.f.p.s. {u,} in D, then
U, — Uy —> 0asn— oo;
(2) If D is minimal with respect to S, and {u,} is an a.fp.s. in D, then
|un — uly — d = diam,,(C) for all u € D.
Then, S has a fixed point.

Proof By the application of Zorn’s lemma there is a nonempty, bounded, closed, convex,

and S-invariant subset D of C with no proper subsets, so D is minimal with respect to S.

Letd = diam| |, (C) and assume, for a contradiction, that d > 0. Let {u,} be an a.f.p.s. in D

such that u, — u,,; — 0 as n — oco. Let w € D denote the ||.||;-asymptotic center of {u,}
in D. By Lemma 4, we have
2

lim sup ||, — w||3 > —. (5.1)
n—00 2

Without loss of generality, we may assume there is a subsequence {u,, } of {u,} with u,, —

u €D and

. 2 _ 1 2
lim |u,, —wl|5 =limsup ||u, —w|5.
k—o00 n—00

Again, take a subsequence {u,,, } of {u,} with u,, — v €D and

. 21 2
Lim ||z, — ull5 = imsup ||, — ull5.
k—o0 n—00

By (5.1) and Lemma 3(i), we obtain

d2>lim{lim Uy, — U 2}
= Jim { im0, = s, 1
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. 2 . 2 2
= limsup ||, - ull3 + limsup [lu, — w3 — |w - ul}
n—0oQ n— 00

> 2limsup ||u, — wllg >d?.
n—0o0

From the above inequalities, we have the following:

2

limsup [|u, — wl|? = — (5.2)
n—0oQ 2
and
: 2 2
lim {phm et — ump||2} -’ (5.3)

Now, we show that

1 d
E(unk+ump)—u Oo} =5 forallu eC.

lim sup { limsup

k—o00 p—>00
Take I'x = u,, and Ay = u,,,. From Lemma 2, for k, p € N, we have

2
1 2
+ A_L”Fk_ Aplly

N =

H ( Fk+A )——(Fk+Ap)

2

2 2
151(1" A,)) =T 1sl(r A)) - A (5.4)
=— — (T + - — (T + - .
2P\ 2 KT Mz \2v o )
Now,
1 1
HS(—(F](+Ap)> =Tl < 'S(—(F/<+Ap)> -
2 ) 2
Since {I'x} is a.f.p.s for S, from the definition of condition (L-1), we have
1 1
‘S(_(Fk"'Ap)) -yl < ’(_(Fk+Ap)> - +Cu1s
2 , - 1\2
where ¢,; — 0 as n — co. From the above inequality, we obtain
1
H ( (T + A ) Crl| < 21Tk = Apla+cpt
5 2
d
< —+c, 5.5
) t Cy1 (5.5)
and, similarly,
1 > d
S| s+ Ap) ) =Ap| == +cn2 (5.6)
2 , =2

where ¢, 5 — 0 as n — co. Using (5.5) and (5.6) in (5.4), we have

> L 2<l d > 1/d ?
+ —|lug —v —|=+c +-[=+¢ .
, 4T R=a g T ) T\ T

1
H ( Fk+A >_§(Fk+Ap)
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Since limy_, oo {lim,_, o [Tk — A, [I3} = d*, from the above inequality, we obtain

1 1 2
limsup{limsup S(—(l"k + Ap)> - =T+ Ap) } =0.
k— 00 p—>00 2 2 5
Thus,
. . 1 1
lim sup{llm sup S<—(Fk + Ap)> - =T+ Ap) } =0. (5.7)
k— o0 p—>00 2 2 00
Assume there exists # € C such that
. . 1 d
limsupj limsup|| = (T'x + A,) —u <Q<—. (5.8)
k— o0 p—> 00 2 00 2

From (5.7) and (5.8), we can choose subsequences {I'x, } and {I',, } such that for g € N:

2 1
|S(zg) =74, <= and |lz;— ulle <Q, wherez, = E(qu +Ap,).

BN

Therefore, lim,_,  |S(z;) — z4]2 = 0 and lim SUP, o0 124 — tlloc < Q< %, which contradicts

Lemma 5 by assumption (2). Hence,

1 d
lim sup{lim sup || = (s + tpm,) — 1 } =— forallueC. (5.9)
k—00 p—00 2 00 2
In particular, it yields,
1 1 1 &
limsup{limsup =Wy + tpyy) = = (U +v) } > —.
k—00 p—>00 2 2 2 4

From Lemma 2, it follows that

|

> . 1 1
T < limsup{ limsup E(unk + Up,) — E(u +v)

k— 00 p—>00

1 1 2
= lim sup{lim sup E(unk —u)+ E(um” -v) }
k— 00 p—>00 2
1 . 2 1 . 2
= 3 im =+ T e, = VI3 (5.10)

Since u,, — u € D as k — 00, then for each k € N,

2 2
et = wll5 = gy, — v+ u—wll;

2 2
= Nty — ully + 2y, — 11 = w) + |l = wll3.

From (5.2), we have

2
. 2 2
L ey, —aly = -~ llw— ull. (5.11)
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Similarly,
2 g 2
lim |4, —v|5=— = ||lw=V|5. 5.12
iy, VI3 = 2~ Iw VI (5.12)

Using (5.11) and (5.12) in (5.10) it follows that

(Iw=ul3 + llw=vl3)

and it proves that u = v = w. Take o} = u,, —w and ox = u,,, — w. Since {u,,, } converges

weakly tov=w,
ok —0 ask— oo. (5.13)

Since |u,,, —w|y — d and |u,, — w|y — d as k — oo, from Lemma 5, the following hold:

d d
||Qk||oo—>5 and ||ok||oo—>§ as k — oo. (5.14)

By the definition of d, the following condition is satisfied:

d
foreachk,p e N, |lox - oxllo < 2 (5.15)

From (5.3), we have

. . 2 . . 2
i { i sy =0, 5} = fim { i ) = G, =)}
- lim { lim ||ak—g,,||§} - d. (5.16)

— 00

k—oo lp

From (5.9), we obtain %lim Supy_, oo {limsup,,_, o (ot = W) + (i, = W)} = %l and it fol-

lows that
lim sup{limsup ||ok + Qp“oo} =d. (5.17)
k— 00 p—>00

From Lemma 2, for all k,p € N, we have

2 2 2 2
llox + oplly = 2lloxlly + llepllz — llox — epll-

In view of (5.13), (5.14), (5.15), (5.16), (5.17), and Lemma 6, this implies

lim{lim o + 2}:d2,
Jim { 1im 0w + 0,13

which is impossible. This completes the proof. d

Page 12 of 15



Shukla et al. Fixed Point Theory Algorithms Sci Eng (2024) 2024:10 Page 13 of 15

Theorem 8 Let C be a nonempty, bounded, closed (resp., weak* closed), and convex subset
of a reflexive Banach space (resp., the conjugate of a separable Banach space) M. Let S :
C — C be a mapping satisfying condition (L-1). Suppose that the relation L is uniformly
approximately symmetric (resp., uniformly weak* approximately symmetric) in M, then

E(S) #9.

Proof By the application of Zorn’s lemma there exists a nonempty, bounded, closed, con-
vex, and S-invariant subset D of C with no proper subsets, so D is minimal with re-
spect to S. Since S satisfies condition (L-1), there exists an a.f.p.s. {u#,} for S in D. By
the reflexiveness of M, there exists a subsequence {u,, } of {u,} such that u,, converges
weakly to u'. After possible extraction of a subsequence, if necessary, we assume that
im0 (%, —x"|| =@. Take v=u’ - S(u'). If ©® = 0 or v = 0, then S(u") = &' and the proof
is completed. Therefore, we assume that ® > 0 and v # 0. Following largely the same argu-
ment in [18, Theorem 1] let ¢ = % By the assumptions, there exists a closed (resp., weak*
closed) linear subspace ) such that conditions (i) in Definition 4 and (iii) in Definition 6
are satisfied. This implies that there exists a § > 0 such that

Il < llv + pull = [elé (5.18)
for every u € ), ||u| = 1 and each p with || < 20. Further, the subspace spanned by
Y and v has a finite-dimensional complement Z. Therefore, for each k € N, 5, € Y and
On; € Z,we have

Up, — U = [l V+ 0y +0 (5.19)

ni ng ng [0 .
Since Z is a finite-dimensional space and noting the convergence of u,, — u', it follows

that w,, — 0 and [0, || = 0 as k — oo. Thus, |lo,, | = © and for sufficiently large ,
lom |l < 20. From (518) and (519), we have

(1+Mnk) -
ot =S| = [t = 0" + 6" = S(uT) | = [ (1 + 1)y + 0 + 0 |
= || (1 + /Lnk)V + Gnk || - ”Qﬂk ”
llow, |l ) Oy ”
1 el _
> 11+ v+ <(1+unk) o] R
> oy 11 +68) = llon . (5.20)

Since the mapping S satisfies condition (L-1), we have
o = SN = o = "] + e (521)

where ¢; — 0 as k — co. Making k — 00, ||lu,, — S(u")| — ©. From (5.20), noting that

Iy, | — © and ||v,, || — 0 as k — oo we obtain the following inequality
0> (1+4)0,

which is a contradiction. Therefore, ® = 0, and this completes the proof. O
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Corollary 1 Let C be a convex, bounded, and weak* closed subset of {1 or the James space
Jo. Let S : C — C be a mapping satisfying condition (L-1). Then, S has a fixed point in C.

We conclude the paper by posing the following interesting problem.

Kassay [19] showed that the converse of the above theorem is also true. More precisely,
a reflexive Banach space having normal structure can be characterized by the fixed-point
property for Jaggi-nonexpansive mappings.

5.1 Problem
Can a reflexive Banach space having asymptotic normal structure be characterized by the
fixed-point property for mapping satisfying condition (L-1)?
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