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1 Introduction

For the last ten decades researchers have paid a lot of attention to the development of
fixed point theory in various classes of maps in different spaces. Different algorithms for
approximation of fixed points have been investigated by a number of mathematicians (see
[9, 12, 13, 20, 24] and the references therein).

In 2012, Khan et al. [12] introduced an implicit algorithm for two finite families of non-
expansive maps in a more general setting of hyperbolic spaces. Recently, Nuntadilok et
al. [22] established common fixed point theorems of two finite families of asymptotically
quasi-nonexpansive mappings in hyperbolic spaces. Their results were a refinement and
generalization of several recent results in CAT(0) spaces and uniformly convex Banach
spaces.

Let (M, O) be a metric space, where O : M x M — R* isa metric. Let N be a subset of
M, and U : N'— N be a mapping. Denote by F(U) = {x € M :Ux = x} the set of all fixed
points of the mapping /. Here R* = [0,00) and N = the set of positive integers.

Recall that a mapping U/ : N' — N is said to be:

(i) nonexpansive if

OUx,Uy) < O(x,y), Ya,y €N
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(ii) quasi-nonexpansive if FUU) # ¥ and
OUx,p) < O(x,p), Vp € FU);

(iil) asymptotically nonexpansive if there exists a sequence {k,} C [1, 00) with
lim k,, = 1 such that

n—00

OU"x,U"y) < k,O(x,9),Yx,y €N and VneN;

(iv) asymptotically quasi-nonexpansive if F(U) # # and there exists a sequence
{k,} C [1,00) with lim k;,, = 1 such that

OU"x,p) < k,O(x,p),Vx,y e N,Yp e FUU) and Vr e N;

(v) The mapping U is said to be uniformly L-Lipschitzian if there exists a constant L > 0
such that

OU"x,U"y) <LO(x,y), Va,y €N,

Remark 1 One can easily see that if F({) # J, then nonexpansive mapping, quasi-
nonexpansive mapping, asymptotically nonexpansive mapping all are asymptotically

quasi-nonexpansive mappings, but the converse is not true in general.
In 1993, Bruck et al. [4] introduced the following definition.

Definition 1 [4] A mapping U : N' — N is said to be asymptotically nonexpansive in the
intermediate sense if U is uniformly continuous and

lim sup OU"x,U"y) — O(x,y) <0, Va,y e N, n > 1. 1)

n—o0

We note that the class of asymptotically nonexpansive mappings in the intermediate
sense is more general than the class of asymptotically nonexpansive mappings.

Definition 2 [1] A mapping U : N'— N is said to be ({y,,}, {1}, )-total asymptotically

nonexpansive if there exist nonnegative sequences {y,}, {i,} with lim y, =0= lim u,
n—00 n— 00

and a strictly increasing continuous function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

OU"x,U"y) < O®,) + vul (0(x,9)) + 1w Vx,y €Ny > 1. 2)

Remark 2 Note that the notion of total asymptotically nonexpansive mappings is more
general than that of asymptotically nonexpansive mappings in the intermediate sense (see

[6]).

In recent years, CAT(0) spaces have played a very significant role in different aspects of
geometry [8]. Kirk [15, 16] showed that a nonexpansive mapping defined on a bounded
closed convex subset of a complete CAT(0) space has a fixed point.
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In 2012, Chang et al. [7] studied the demiclosedness principle and A-convergence the-
orems for total asymptotically nonexpansive mappings in the setting of CAT(0) spaces.
Since then the convergence of several iteration procedures for this type of mappings has
been rapidly developed, and many articles have appeared (see, e.g., [2, 5, 14, 18, 21, 22, 25,
27-29]).

Let N be a nonempty closed convex subset of a CAT(0) space M and U/ : N’ — N be a
total asymptotically nonexpansive mapping defined by (2). Given x; € NV, let {x,,} C A be
defined by

Xn+l = (1 - an)xn @anun ((1 - ﬂn)xn @Z/{nxn))’ neN, (3)

where {«,} and {B,} are sequences in [0, 1]. In 2014, under some suitable assumptions,
Karapinar et al. [11] obtained the demiclosedness principle, fixed point theorems, and
convergence theorems for the iteration (3).

It is well known that any CAT(«) space is a CAT (k1) space for x < k1. Thus, all results
for CAT(0) spaces immediately contain any CAT(«) space with « < 0.

In 2014, Panyanak [23] obtained the demiclosedness principle, fixed point theorems,
and convergence theorems for total asymptotically nonexpansive mappings on a CAT (k)
space with « > 0, which generalizes the results of Chang et al. [7], Karapinar et al. [11], and
Tang et al. [25],

Inspired and motivated by the work going on in this direction, Chang et al. [6] studied the
strong convergence of a sequence generated by an infinite family of total asymptotically
nonexpansive mappings in CAT(«x) spaces with « > 0. Their results are extensions and
improvements of the corresponding results of Chang et al. [7], Hea et al. [10], Karapinar
etal. [11], Tang et al. [25], Panyanak [23], and many others.

The purpose of this manuscript is to investigate the existence of common fixed points
of two infinite families of uniformly L-Lipschitzian and ({y,}, {i,}, {)-total asymptotically
quasi-nonexpansive mappings, a more general class of mappings, in the setting of CAT (k)
spaces.

2 Preliminaries

Let (M, O) be a metric space. A geodesic path joining x to y for x,y € M is a mapping
:[0,1] - M such that w(0) = x, w(]) = y,and O(w(t), w(t')) = [t—t| forall £, ¢ € [0,]] C R.
In particular, w is an isometry and O(x, y) = /. The image ([0, /]) of w is called a geodesic
segment joining x and y. This geodesic segment is denoted by [x,y], when it is unique.
Then z € [x,y] if and only if there exists « € [0, 1] such that

O,2)=(1-a)O,y) and Dy,2) =aO(,y).

We denote such z by (1 —a)x@ ay. Thatis, z= (1 — a)x P ay.

A metric space (M, D) is said to be a geodesic space (D-geodesic space) if every two
points of M are joined by a geodesic, and M is said to be uniquely geodesic (D-uniquely
geodesic) if there is exactly one geodesic joining x and y for each x,y € M (i.e. for any
x,y € M with O(x,y) < D). A subset N of M is said to be convex if A/ includes every
geodesic segment [x,y] for any x,y € V.

A geodesic triangle A(x,y,z) in a geodesic space (M, p) consists of three points x,7,z
in M (the vertices of A) and three geodesic segments between each pair of vertices (the
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edges of A). A comparison triangle for a geodesic triangle A(x,y,z) in (M, ) is a triangle
A(#,7,7) in M? such that

D(x7y) = DM%(?_CL)_/): DO’,Z) = DM%@xz)’ D(Z’x) = DME (2’56)

If k <0, then such a comparison triangle always exists in M2. If k > 0, then such a triangle
7
exists whenever D(x,y) + O(y,z) + O(z,x) < 2D,., where D, = T
K

A point p € [x,)] is called a comparison point for p € [x,y] if O(x,p) = DME x,p). A
geodesic triangle A(x,y,z) in M is said to satisfy the CAT(«) inequality if for any p,q €
A(x,7,2) and for their comparison points p,7 € A(X, ,Z) one has

Remark 3 For more details on the model spaces M}, we refer readers to [8, 27].

Definition 3 A metric space (M, O) is called a CAT(0) space if M is a geodesic space such
that all of its geodesic triangles satisfy the CAT (k) inequality.

Note that M is called a CAT (k) space with « > 0 if M is D,.-geodesic and any geodesic

triangle A(x, 5, z) in M with O(x, y) + O(y,2) + O(z, %) < 2D, satisfies the CAT(«) inequality.
Let {x,} be a bounded sequence in a CAT (k) space (M, D). For x € M, we set

r(x, {x,}) = limsup O(x, x,,).

n—00

The asymptotic radius r({x,}) of {x,} is defined by
r({x,}) = inf{r(x, {x,}) : x € M}.
The asymptotic center A({x,}) of {x,} is the set
A({xn}) = {x € M :r(x, {xn}) = r(fxu D)}
The asymptotic radius r({x,}) with respect to N' € M of {x,} is given by
ra({a}) = inf{r(x, {xa}) :x € N}
The asymptotic center Axr({x,}) with respect to ' C M of {x,} is the set
An({xa}) = {x € N1 r(x, {x4}) = r({xa 1)}
We now recall the concept of A-convergence and some of its basic properties.
Definition 4 [17, 19] A sequence {x,} in M is said to A-converge to x € M if x is the

unique asymptotic center of {u,} for every subsequence {u,} of {x,}. In this case we write
A-lim x, = x, and x is called the A-limit of {x,}.

n— 00
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Lemma 1 [6] Let (M,9O) be a complete CAT(x) space with k > 0 and diam(M) <

T

€
2 ee(0, z). Then the following statements hold:
VK 2

(i) ([29], Corollary 4.4) Every sequence in M has a A-convergence subsequence.
(i) ([29], Proposition 4.5) If {x,} C M and A-lim x, = x, then
n—0oQ

x € NS2 comvi{X,, Xps1, ...
where conv(D) = {E : D C Eand E is closed and convex}.

By the uniqueness of asymptotic centers, Chang et al. [6] obtained the following lemma.

Lemma 2 [6] Let (M,9) be a complete CAT(x) space with k > 0 and diam(M) <

T

2 6, € € (0, %). If {x,} is a sequence in M with A({x,}) = {x} and if {u,} is a subsequence
K
of {x,} with A({u,}) = {u} and the sequence {O(x,, u)} converges, then x = u.

The following lemma is due to Bridson and Haefliger [3].

N

7—6

Jk

Lemma 3 [3] Let (M, D) be a complete CAT(x) space with k >0 and diam(M) <

for some € € (0, %). Then

O(1-aw@Pay2) <1 -)0x2) +aD(,2)
forall x,y,z € M and o € [0,1].

Proposition 1 [6] Let (M, D) be a complete uniformly convex CAT (k) space with k >0

Z-¢

and diam(M) < 27 for some € € (0,2). Let x € M be a given point and {a,} be a se-
K

quence in [a,b]l with a,b € (0,1) and 0 < b(1 —a) < % Let {x,} and {y,} be any sequences in
M such that
limsup O(x,,x) <r, limsupO(y,,x) <r and

n— 00 n—00

lim D((l — )Xy, @a,,yn,x) =r forsomer > 0.
Then lim O(x,,y,) =0.
n—o0
The following lemmas are essential.

Lemma 4 Let {a,};2 1, {Vu}oeq and {(8,);2, be sequences of nonnegative real numbers satis-

[fying the inequality
an1 <1 +68)a,+ vy, neN.

IFY > yn<ocandy 2, 8, < 00, then

(i) lim a, exists.
n— 00



Nuntadilok et al. Fixed Point Theory Algorithms Sci Eng (2024) 2024:12 Page 6 of 16

(i) In particular, if {a,}2, has a subsequence that converges strongly to 0, then

lim a, =0.
n—0oQ

Lemma 5 [26] For each positive integer n > 1, then

(1) the unique solutions i(n) and l(n) with l(n) > i(n) to the following positive integer
equation

(l(m) = Dl(n)
+ —

5 (4)

n=1in)
are as follows:

) - D)
2 b

I(n) = [% +]2n 2], (n) > i(n)

and l(n) — oo (as n — 00), where [x] denotes the maximal integer that is not larger

in)=n

than x.
(2) Foreachi=>1,denote

IN={neN:n=i

+ 7(1(’1) —21)l(n), I(n) > i} and

(lm) = Dl(n)
+ —

Ki={ln):nelTyn=i 5

) = i},

thenl(n)+1=Iln+1),YneTl,.

Let; : N — N be uniformly L;-Lipschitzian and ({y"}, {iu'}, £ )-total asymptotically
nonexpansive mappings defined by (2). For each positive integer n > 1, let i(n) and /(n) be
the unique solutions of the positive integer equation (4). Recently, Chang et al. [6] proved
a strong convergence theorem for total asymptotically nonexpansive mappings in CAT (k)
spaces via the following iterative scheme.

For x; € NV, define a sequence {x,} as follows:

1
Xne1 = (1= au)xy @ anui((:))yn,

Yn =1~ Bp)xy @ﬁnujl((:))rn >1,

(5)

where A is a nonempty closed and convex subset of a complete CAT(x) space M with
Kk >0.
More precisely, Chang et al. [6] obtained the following result.

Theorem 2 [6] Let N be a nonempty closed and convex subset of a complete uniformly

Z-¢
convex CAT (k) space (M, D) with k >0 and diam(M) < 2 for some € € (0, %). And,
K

for each i > 1, let U : N' — N be a uniformly L;-Lipschitzian and ({y\"}, {1}, ¢ ?®)-total
asymptotically nonexpansive mapping defined by (2) such that

D X520 v <00, 2facD Byt i’ < 003

(ii) there exists a constant M > 0 such that {P(@) <M -0,¥0 > 0,i=1,2,3,...;
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(iii) there exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {a,},{B,} C [a,b].
If F .= N2 F(U;) # 0 and there exist a mapping Uy, € {U;}7°, and a nondecreasing function
h:[0,00) = [0,00) with h(0) = 0 and h(r) > 0,Vr > 0 such that

h(p@ns F)) < O @ UngXn), Y11 = 1, (6)
then the sequence {x,} defined by (5) converges strongly to some point xx € F.

In this manuscript, inspired and motivated by the works of Chang et al. in [6] and some
related papers, we establish common fixed point theorems for two infinite families of uni-
formly L-Lipschitzian and ({y,}, {i,}, ¢)-total asymptotically quasi-nonexpansive map-
pings in the setting of CAT (k) spaces. Our results significantly refine and generalize the
works of Chang et al. [6] as well as many other comparable results in the literature.

3 Convergence and A-convergence theorems
We first introduce the following definition.

Definition 5 A mappingU : N' — N is said to be ({y,}, {itx}, £)-total asymptotically quasi-
nonexpansive if F({/) # @) and there exist nonnegative sequences {1}, {y,} and a sequence
{k,} C [1, 00) with hm k., =1, hm Up=0= hm vn and a strictly increasing continuous
function ¢ : [0, 00) —> [0 o0) w1th e (0) 0 such that

OU"x,p) < knO @, p) + Vul (O, ) + 1, ¥,y € D, n > 1 and p € FU). (7)

Remark 4 It is easy to see that every ({y,}, {.}, {)-total asymptotically nonexpansive
mapping defined by (2) is ({yx}, {1}, {)-total asymptotically quasi-nonexpansive map-
ping, but the converse is not true in general.

For each i > 1, let U;,V; : N — N be two uniformly L;-Lipschitzian and ({y,(,i)},
{113}, ®)-total asymptotically quasi-nonexpansive mappings defined by (7), and for each
positive integer n > 1, i(n) and /(n) are the unique solutions of the positive integer equation
(4). In this section, we will prove strong convergence and A-convergence theorems of two
infinite families of two uniformly L;-Lipschitzian and ({y5"}, {i'}, £ @)-total asymptoti-
cally quasi-nonexpansive mappings {U/; : i > 1} and {V; : i > 1} via the following iterative
scheme. For x; € NV, define the sequence {x,} as follows:

l
Xpel = (1 an)xn @an ,((:))ynx

8)
n == B @D BVinon = 1,

where A is a nonempty closed and convex subset of a complete uniformly convex CAT (k)
space M with « > 0.

Remark 5 If U; = V; for each i > 1, then the sequence defined by (8) reduces to sequence
(5).

We denote F = N, (F(U;) N F(V;)),i > 1. We first prove the following two technical lem-
mas, which will be useful in the proof of our main results.
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Lemma 6 Let N be a nonempty closed and convex subset of a complete uniformly con-

vex CAT (k) space (M, Q) with k >0 and diam(M) < 2~ ¢ for some € € (0, %). And, for
K

eachi>1,letU,V;: N — N be two uniformly L;-Lipschitzian and ({y\"}, ('}, ¢ ®)-total
asymptotically quasi-nonexpansive mappings defined by (7) such that
M 25 205 Vrgi) <00, 35 3 M(ni) <005
(i) D02 auky <00, > 021 Buky < 00 and o, — 0, B — 0;
(iii) there exists a constant I > 0 such that {P©O) <M -0,¥0 >0,i=1,2,3,...;
(iv) there exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {a,},{B,} C la, b].
If {x,,} is the sequence defined by (8), then nll)rglo O(x,, F) and nll)rgo O(x,,p),p €T, exist.

Proof Let p € F. First we note that for each i > 1, U, V; : N — N are ({y\"}, {u\}, ¢@)-
total asymptotically quasi-nonexpansive mappings. By condition (iii), for each n > 1 and

any x,y € N, we have

OU'%,p) < (ku + v, M) O, p) + 1y ©)
and

OVix,p) < (kn + y,?)ﬂﬁ)D(x,p) + /Lff). (10)

We will prove that lim O(x,,F) and lim O(x,,p) exist for each p € F.
n—0o0 n— 00
In fact, since p € F and U;, V;,i > 1, are total asymptotically quasi-nonexpansive map-

pings, it follows from Lemma 3, (9), and (10) that

OO p) = O((1 - Bxn) EP BV 1)
< (1= B)O@np) + PO Vi )
< (1= BIO@, p) + Ba[knO @ ) + Vi " (D s ) + 111000 ] (11)
< D) + (Bukin + Bujy ) OCen, ) + Btk

=< (1 + Bukin + ,B"yli%)m)g(xn’p) + ﬂnH;EZ;
and
O%,01,) = O((1 = ety ), D el )
<1 -a)O®,p)+ ang(uil((:))ymp)

< (=)D, p) + u[knp G D) + Vi € (O s p)) + )]

< O(x,,p) + ay (k,, + yli(n"))fm)D(yn,p) + amﬁﬁ’,ﬁ}

(12)

Substituting (11) in (12), we get

D(ns1,0) < On, p) + (ki + vi0y ) [(1 + Bukin + Bui MO (X, p) + ﬁnu;f:i]

+ oz,,,u%;
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< (1 +ay, (k,, + y[i(:))m + Buk* + Zﬁnknylﬁ(,f))im + /Sn(yli%)m)z))D(xn,p)
B (K + VDI + 1) (13)

<(1+0,)O®,,p)+&,Yn>1and peF,

where o, = b(kn + Bk + y,ﬁ%)m + 2,3,,k,,yli%)9ﬁ + ﬂ,,(y;g))f)ﬁ)z), &, = b(Bukn +

ﬁnyli%)mi) “;EZ; + ,U,;EZ)) (because oy, B, € [a,b]). Therefore
O@pi1,p) < (L +0,)O %, F) + &, Vn > 1. (14)

By using conditions (i) and (ii), we have

oo o0
Za,, <oo and ZS,, < 00. (15)
n=1 n=1

By Lemma 4, lim O(x,,[F) and lim O(x,,p) exist for each p € F. O

Lemma 7 Let N be a nonempty closed and convex subset of a complete uniformly con-
T

vex CAT(x) space (M, D) with k > 0 and diam(M) < 5\/_5 for some € € (0, %). And, for
eachi>1,letUs,V;: N — N be two uniformly L;-Lipschitzian and ({y\"}, {11}, ¢ ®)-total
asymptotically quasi-nonexpansive mappings defined by (7) such that
W) 252 Vrgi) <00, Y E M(ni) <00

(i) D02 auky < 00,3 02 Buky < 00 and o, — 0, B, — 0;

(iii) there exists a constant M > 0 such that tPO) <M -6,¥0 >0,i=1,2,3,...;

(iv) there exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {a,},{B,} C la,b].
Suppose that {x,} is a sequence defined by (8), then

lim D(xn,ul?((;’))xn) =0 and lim D(xn,Vf((;'))x,,) =0.
n—00 n—00

In particular, we have

lim O, Ux,) =0 and lim  O(x,,, Vix,) =0

m(el;)—o00 m(el;)—o0
fori>1.
Proof (1). Firstly, we will prove that
I(n) I(n)

lim D(x,,,l/lim)x,,) =0 and lim O(x,, Vl.(n)x,,) =0.
n— 00 n— 00

In fact, it follows from Lemma 6 that for each given p € I, the lim O(x,, p) exists. Without
n—0o0
loss of generality, we can assume that

lim O(x,,p)=r>0. (16)
n— o0
From (11) we have

limsup D(y,, p) < nli)nolo{(l + Buky + ﬁnujgzgm)i“)(xn,p) + ﬁn“%;} =r. (17)

n—0o0

Page 9 of 16
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Since

DUy ) < KaD WD) + Vo (DG 1)) + iy

< (kn + Vi O p) + sy V=1,

from (17) we get

lim sup DUy Y p) < 7.

n—0o0

In addition, it follows from (13) that

OXp1,p) = O((1 — )% @ anu,.l((,',’))ym D)

< <1 +ay, (kn VIO + Buk + 2Bk D+ ﬁn(y,’}n‘“;aﬁ)z))g(xn, »)
+ Bk + ViU + ctptli), ¥n = 1, p € F.

This implies that
nlingo O((1 - ay)xy @anuil((:))ymp) =r.
From (16), (18), (20), and Proposition 1, we have
. I(n
nli)rgo D(xn,ui((n))y,,) =0.
Since

D p) < OCtn Ui y) + DU Y, )
< O@w Ui yn) + nD G 2) + Vi £ (OO 2)) + i}
< D@ U ) + ks + Vi DD (s ) + ipr-

1

Taking liminf on both sides of the above inequality and using (21), we have
r <liminf O(y,, p).
n—00
From this together with (17), we obtain
lim O, p)=r.
n—00
Using (11) and (23), we have
r= lim 9,,p) = lim {D((1 - B)xu P Bullsy5m1))

< B [(1+ Buko + Buviin M) O G, p) + Buttigo)]

n— 00

=7r.

(18)

(19)

(20)

(21)

(22)

(23)

(24)

Page 10 of 16
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This yields
Tim (O((1 - B, )xn @ Bl 5 0)) = 7 (25)

Now, we have

lim sup p(U l((:))xn, p) < limsup[k,O(x,,p) + y,‘((n")){’(”) (D(xm P)) + /L;EZ;]

n—00 n—oo

<limsupl[(k, + yk(">9JI)D(x,,, p)+ ,u;EZ;] =r. 2
n—00
Applying (16), (25), (26) and Proposition 1, we obtain
11m O(x,, ll((Z))xn) =0. (27)
Similarly, one can show that
Tim D, Vi) = 0. (28)

(2). Secondly, we show that for each i > 1 there exists some subsequence {X,.cr,)} C {%,}
such that

lim O, Ux,) =0 and hm O, Vi) = 0, (29)

m(el;)—o0 m(el;)— o0

where T'; is the set of positive integers defined by Lemma 5(2). By using (27), we get

D(xmyn) ;O(xm(l ﬂn)xn @ul((:)) Xn

(30)
< ,Bnp(xmul((n))xn) — 0 (asn — 00).
Furthermore, it follows from (21) that
O Xpe1,%0) = P((l )%y @ l((:))yn; xn)
(31)
< a,,p(u(,,)ymxn) — 0 (asn — o0).
From (30) and (31), we get
O W1, ) < OXns1,%0) + O (%, ) — 0 (as 1 — 00). (32)

From (21), (27), (31), (32), and Lemma 5, for each given positive integer i > 1, there
exist subsequences {%}mer;, {(¥m}mer;, and {{(m)}er, C K = {l(m) :m € Tiym =i +

(Im) = D)l(m)

5 ,I(m) > i}, we have that

O Ustin) < Oy U %) + OU ™ %, U™ Y1) + OU ™Y i1, Ustn)
< O U 5) + LiO Gy Y1) + LOU ™ y i1, %) )
< O U %) + LiO oy Y1) + LIOU ™ Y i1, % 1)

+ LiO (K1, %m).

Page 11 0of 16
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This yields

lim O, Uix,,) =0. (34)

m(el';)—o00

Similarly, one can show that

lim O, Vixy) = 0. (35)

m(el;)—o00
This completes our proof of Lemma 7. O

Theorem 3 Let N be a nonempty, closed, and convex subset of a complete uniformly con-
T

vex CAT (k) space (M, D) with k > 0 and diam(M) < 5\/__6 for some € € (0, %). And, for
K

eachi>1,letU,V;: N — N be two uniformly L;-Lipschitzian and Ay, (w1ly, ¢ D)-total
asymptotically quasi-nonexpansive mappings defined by (7) such that

() 3% Y v <00, 3% Yondy i’ < 005
(i) Y07, anky < 00.Y 02 Buky < 00, and o, — 0, B, — 0;
(iii) there exists a constant M > 0 such that ¢ D) <M -6,¥6 > 0,i=1,2,3,...;
(iv) there exist constants a,b € (0,1) with 0 < b(1 —a) < % such that {a,},{B,} C la,b].
IfF = N (FU) N F(V) # 9 and there exist mappings Uy, € U2, Vi, € (Vi3 and a
nondecreasing function h : [0, 00) — [0, 00) with h(0) = 0 and h(r) > 0,Vr > 0 such that

h(O Xy, F)) < O, Upgxn), Y > 1, (36)
and

(O, ) < Oy, Vigxn), ¥ > 1. (37)
Then the sequence {x,} defined by (8) converges strongly to a common fixed point x+ € F.

Proof In fact, it follows from Lemma 7 that for given mappings U,,,, V,, there exists some
subsequence {(Xm}mer,, of {x,} such that

Hm O, Upx) =0 and  lim Oy, Vg = 0. (38)

m(el;)—00 m(el;)—o0

By (36) and (37) we have

(O Gy F)) < O oo Uy, Y1 > 1, (39)
and

h(O X, 1)) < Oy VigXm), Ym > 1. (40)

Taking the limit as m — 0o on the above inequalities, we have lim /4(O(x,,,F)) = 0. This
m— 00
implies that

lim  O(x,,F)) =0. (41)

m(eI‘nO )— 00
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Next we show that {x,,}.c ry, is @ Cauchy sequence in N In fact, it follows from (13) that
forany p € F,

D(xm+1’P) < (1 + Gm)D(xm;p) + Em»vm >1, Vme an’ (42)

where Y% 0,, <oco and Y o | &, < oo. For any positive integers j,n € Iy, 1 > j, let n =
m +j for some positive integer m1, and since 1 +x < €* for each x > 0, by following the same
line of proof of Theorem 2 (i.e. Theorem 3.2 in [6]), we will obtain

m+j-1
D, %) = D@y ) < (1 + K)O@;p) + K Y &
i=j
n-1
<A +K)O@;,p)+KY & foreach peF.

i=j
This implies

n-1
D) < (L+ KD, F) + K Y&,

i=f
where K = 219 < 0o. From (13) and (41), we have

n-1
D7) < (1 + K)O(x;,F) + K Y & — 0(as m,j(€ Tyy) > 00).
i=j

Therefore the subsequence {%mbmer,, C N is a Cauchy sequence. We deduce that NV is
complete since it is a closed subset in a complete CAT(«x) space M. Therefore, we can
assume that the subsequence {x,,} converges strongly to some common fixed point x* €
N. We know that F is a closed subset in N and that lim O(x,,,F) = 0, so x* € F. By
Lemma 6 and Lemma 4, we can conclude that the whole Ze?ﬁfence {x,} converges strongly
to a common fixed point x* € F. Our proof is finished. g

Remark 6 Note that we add one more condition (i.e. condition (ii)) in Theorem 3, which
is different from the work of Chang et al. [6] (see Theorem 2 above), to obtain our main

result.
We now prove the A-convergence result.

Theorem 4 Let N be a nonempty closed and convex subset of a complete uniformly con-
T

vex CAT (k) space (M, D) with k > 0 and diam(M) < 5\/__6 for some € € (0, %). And, for
K

eachi>1,letU,V;: N — N be two uniformly L;-Lipschitzian and Ay, (w1ly, ¢ D)-total
asymptotically quasi-nonexpansive mappings defined by (7) such that
D X520 Y < 00, hIrD D i < 003
(i) D02 auky <00, > 02 Buky < 00, and o, — 0, B, — 0;
(i) 0<L; <1, for each i
(iv) there exists a constant M > 0 such that ;P (@) <M -0,¥0 > 0,i=1,2,...;
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(v) there exist constants a,b € (0,1) with0<b(1 —a) < = such that {o,}, {Bn} C la, b].
Then the sequence {x,} defined by (8) A-converges Strongly to a common fixed point of

Proof 1t follows from Lemma 6 that {x,} is bounded. Therefore, by Lemma 2, {x,} has a
unique asymptotic center. Assume that A({x,}) = {x}. Let {u,} be any subsequence of {x,}
such that A({u,,}) = {u}. From Lemma 7 we have lim O(u,,U;u,) =0 = lim O(u,, V;u,)
for each i > 1. . e

We will prove that u is a common fixed point of {{f; : i > 1} and {V; : i > 1}. For each given
= Dlm -

positive integer i > 1, and {I{(m)},yer, C K :={l(m):meTym=i+ 5

i}, we define a sequence {z,,} in N by z,, = U"™ 4. Observe that

i

O thn) < DU w, U 1) + DU 1, UM 1) + - -+ O Uity 1)
< LiD(u; un) + Lig(uium un) +0 4+ D(uium Mn)
< LiD(u; un) + KD(Z/{L'M”, I/ln)

< O(u, u,) + KOU;u,, u,), (some constant K and 0 < L; < 1).
This implies

r(Zm, {un}) = limsup O(z,,, uy,) < limsup O(u, u,,) = r(u, {u,}).
n—0o0 n—00
Hence |r(z,,, {u,}) — r(u, {u,})] — 0 as m — oo. It follows from Lemma 2 that U;u = u.
Hence u is the common fixed point of {{{; : i > 1}. Similarly, one can show that u is a
common fixed point of {V; : i > 1}. Therefore u is a common fixed point of {{/; : i > 1} and
{V;:i>1}. Note that hm O(x,, u) exists by Lemma 6.

Suppose x # u. By the umqueness of asymptotic centers, and following the same method
as in the proof of Theorem 3.4 in [22], we can reach a contradiction. Hence x = u. Since
{u,} is an arbitrary subsequence of {x,}, therefore A({u,}) = {u} for all subsequences {u,}
of {x,}. This proves that {x,} A-converges to a common fixed point of {{/; : i > 1} and
{Vi:i>1}. O

4 Conclusions

In this manuscript, we establish new results concerning two infinite families of uniformly
L-Lipschitzian and total asymptotically quasi-nonexpansive mappings in CAT(x) spaces
with « > 0. These mappings are essentially more general than nonexpansive mappings,
asymptotically quasi-nonexpansive mapping, and total asymptotically nonexpansive map-
pings in the intermediate sense. Our results are a refinement, generalization of the result
recently obtained by Chang et al. [6]. Besides, we also establish a A-convergence result
for such mappings. As a further development, one can use the background of CAT (k)
spaces with « > 0 and other more general metric spaces to study implicit type contractive

conditions inspired by those from the current work.
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