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forne N,where 0 <m, <1,and r, — 0.In 2010, Kurokawa and Takahashi
established weak and strong convergence theorems of the sequences developed
from the above Baillion-type iteration method (Nonlinear Anal. 73:1562-1568, 2010).
In this paper, we prove weak and strong convergence theorems for a new class of

(n, B)-enriched strictly pseudononspreading ((n, B)-ESPN) maps, more general than
that studied by Kurokawa and W. Takahashi in the setup of real Hilbert spaces. Further,
by means of a robust auxiliary map incorporated in our theorems, the strong
convergence of the sequence generated by Halpern-type iterative algorithm is
proved thereby resolving in the affirmative the open problem raised by Kurokawa
and Takahashi in their concluding remark for the case in which the map 3 is averaged.
Some nontrivial examples are given, and the results obtained extend, improve, and
generalize several well-known results in the current literature.
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1 Introduction
From time immemorial, it has been an indisputable fact that the exact solutions of several

physically modeled problems of the form

Sy =g (L.1)
are either very difficult to attain or relatively impossible to solve. Considering the influence

of such a problem as (1.1) in human existence, it becomes necessary to seek approximate
solutions. Luckily, problem (1.1) can be reduced to a fixed point (FP) problem of the form

Y = . (1.2)
Research findings show that the solution of (1.2) is achievable through approximate FP
theorems, which does not only provide vital information on the existence of such FP but
also on its uniqueness.

Throughout this paper, we make the following assumptions: §) is a real Hilbert space,
@ #Q C 5 is a closed convex set, N, R, and F(3) are the sets of positive integers, real

numbers, and FPs of the map J: Q — Q, respectively.

Definition 1.1 Let J: Q2 — 2 be a nonlinear map. Recall that

1. 3 is called nonexpansive if

I3y =Jpll <ll¥ -l V¥, ¢ € Q. (1.3)
2. Jis called quasi-nonexpansive if F(3) # ¥ and for all (¥, ) € Q x F(I),

ISy = < Iy - 7. (1.4)
3. Jis called nonspreading [1] if for all ¥, p € 2,

20139 - 3pl* < I3y - plI* + IS — v 1> (1.5)

It is not difficult to show that (1.5) is equivalent to
I3y = 3pl> < ¥ - plI* + 2(p - Ip, ¥ - ). (1.6)

4. 3 is called B-strictly pseudononspreading (8-SPN) [2] if there exists 8 € [0,1) such
that for all ¥, p € 2,

I3y = Ipl* < 1Y = o> + BIY -3¢ — (9 - Ip)ll + 2(p - Jp, ¥ =) (1.7)

Remark 1.1 It is easy to see from Definition 1.1 [(3) and (4)] that
(a) if (1.5) holds and F(3) # ¥, then (1.4) immediately follows for all 9 € F ().
(b) if (1.5) holds, then (1.7) holds with 8 = 0; the converse is not true from the following

example.
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Example 1.1 Let R be endowed with the usual norm, and let J: R — R be defined by

~ _ I/Ir W € (_OO’O]’
-2v, ¥ €[0,00).

Then 3 satisfies (1.7) but not (1.5). Thus the class of maps satisfying (1.7) is more general
than the class of maps satisfying (1.5).

In 2011, Osilike and Isiogugu [2] initiated the concept of S-SPN maps and established
weak convergence result of Bailion type similar to that obtained in [1] and [3]. In addition,
using the notion of mean convergence, they obtained strong convergence results similar
to that established in [1] and hence brought to rest an open problem posed by Kurokawa
and Takahashi [1] for the case in which the map J is averaged.

On the other hand, the notion of enriched nonlinear maps was first introduced by
Berinde [4] (see also [5] and [6]) in the setup of a real Hilbert space. This concept was
later extended to the more general Banach space by Saleem et al. [7].

Definition 1.2 A map J: Q — Q is called (1, V5)-enriched Lipshitizian (see [7]) if for all
¥, ¢ € Q, there exist € [0, +00) and a continuous nondecreasing function Wy : R* — R*
with W(0) = 0 such that

I = @)+ 3¢ = I < (n + DWs ([ - &ID. (1.8)

The following particular cases emanating from inequality (1.8) are worth mentioning:

(i) if n =0, then inequality (1.8) reduces to the class of maps known as Wy-enriched
Lipschitzian;

(ii) if n = 0 and Wy(¢) = Lt for L > 0, then (1.8) reduces to the class of maps called
L-Lipschitzian. In a more particular case where n = 0 and Wy(¢) = £, then the
Wy-enriched Lipschitzian map immediately reduces to the class of nonexpansive
maps on ;

(iii) if Wx(¢) = 1, then (1.8) becomes

Iy = ¢) + 3¢ = I¢| < (n + DIy - &l (1.9)

and is known as an n-enriched nonexpansive map. This class of maps was first
studied by Berinde [5, 6] as a generalization of the well-known class of
nonexpansive maps.

Note that if Wy is not necessarily nondecreasing and satisfies the condition
Ux(t)<t, t>0,
then we have the class of n-enriched nonexpansive maps.

Definition 1.3 [7] A map J is called (1, 1)-enriched strictly pseudocontractive ((n,1)-
ESPC) if for all ¥, ¢ € Q, there exist n € [0, +00) and j(¥ — ¢) € J(¥ — ¢) such that

(Y = ) + 3% — ¢, j(n + DY — ) < (n+ D[ -
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Ay - ¢ — Sy - 3I9))1% (1.10)
where A = %(1 — B) for some B €[0,1).

In the setup of a real Hilbert space, inequality (1.10) is equivalent to

(¥ — @) + 3¢ =3B)1* < + D21y - d1I* + Bl — ¢ — (3¢ - I9)II%, (1.11)

where 8 =1 - 2A.
Saleem et al. [7] established that if 2 is a bounded close convex subset of a real Banach
space and J: Q — Q is a finite family of (1, A)-ESPC maps, then I has an FP in Q.

In view of the above results, it is pertinent to consider the following question.

Question 1.1 Is it possible to prove the results in [2] for the class of maps more general

than that studied in [2] and obtain the results in [2] as particular cases?

Berinde [4] considered the class of (1, A)-ESPC maps and proved that if © is a bounded
close convex subset of a real Hilbert space and J: 2 — Q is an (1, 1)-ESPC map, then J
has an FP in Q. Osilike and Isiogugu [2] introduced and studied the class of 8-SPN maps.
Apart from providing an affirmative answer to the lingering open problem raised at the
concluding remark of [1], the results they obtained extended and generalized the corre-
sponding results in [1] and several others in the existing literature. Inspired by Berinde
[4] and Osilike and Isiogugu [2], in this paper, we first introduce a new class of nonlinear
maps called (1, 8)-ESPN and give some nontrivial examples to demonstrate its existence.
Further, we study the Bailion-type and Halpern-type iterative schemes and thereafter give

an affirmative answer to Question 1.1.

2 Preliminaries
The following well-known results shall be helpful in the course of establishing our main
results. Let §) be a real Hilbert space, and let {y,,} € . We will denote the weak conver-
gence of {i,} to a point ¢ € by ¥, — ¥ and the strong convergence of {1, } to a point
Y € 9 by ¥, > ¥ as n — 00, respectively.

Let X be a real Banach space. A map J with domain D(3J) and range R(3J) in X is called
demiclosed at a point ¥ (see, for instance, [8]) if whenever {,,} is a sequence in D(J) such
that ¥, =~ ¥ € ©(J) and {J,,} converges strongly to g, then Iy = p.

Lemma 2.1 ([2]) Let $) be a real Hilbert space. Then
(i)

loy +1-o)pl*=cllyl*+1-a)lpl* -0l -y - el

forally,p € $H and o €[0,1];
(i)

Iy +@l> < IVII* +2(p, ¥ +p) Vi, 0 €5
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(ili) if {yn} is a sequence in $) such that ,, — o € 9, then

limsup ||, — hll* = limsup |4, - o> + | — Al VA€ 9.

n—0o0 n—00

Consider a real Hilbert space §) and a closed convex set  # Q2 C ). The nearest point
projection Pgq : § — Q is the operator that assigns to each ¢ € ) its nearest point, de-
noted by Pq, in Q. Thus Pq is the unique point in €2 such that

Iy =Pl <Il¥ =Rl Vhe.
It has been established that for each yr € ),
(W —=Pa¥,h—Poy) <0 VheQ. (2.1)

Lemma 2.2 ([9]) Consider a real Hilbert space ), a closed convex set O # Q C $), and a
metric projection Pg : $ —> Q. Let {,,} be a sequence in §) such that

Vi = Ol < [¥m =2l
forally e Qandn=0,1,2,.... Then {Pay,} converges strongly to some u € 2.

Lemma 2.3 ([10, 11]) Let {r,,} be a sequence of nonnegative real numbers satisfying
Vi1 < (1 =)y + T fhn,

where {v,} and {1} are real sequences such that
(i) {va} C 10,1l and Y2, v, = 00;
(ii) limsup,,_, ., tn <O0.

Then lim,_, o 7, = 0.

Lemma 2.4 ([12]) Consider a real Hilbert space $), a closed convex set ) # Q C $), and a
B-SPN map I : Q@ — Q such that F(I) # 0. Let J¢ = &1+ (1 - &), & € [B,1). Then:
1. FQ) = F(e);
. the map I — 3¢ is demiclosed at zero;

2

x o~ 2 2 2 ~x oY
3. 3¢ =y = Iy - ol +§(1/f—d¢,¢—d¢>;
4

. S¢ IS a quasi-nonexpansive map.

3 Results and discussion
We need the following definition.

Definition 3.1 Consider a real Hilbert space $). A map J with domain ®(Y) and range
R(J) in H is known as (1, B)-ESPN in the sense of Browder and Petryshyn [13] if there
exist n € [0,00) and B € [0, 1) such that for all (1, ¢) € D(J),

N —@)+ 39 =3@1> <+ D2 =@ 1>+ BIIY =S¢ — (¢ —IP)II* +2(y) 3%, ¢~ J¢h).
(3.1)
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Remark 3.1 It is easy to see that if n = 0 in (3.1), then the class of maps known as 8-SPN
emerges. Further, if 8 = 1 in (3.1), then we have the class of n-enriched pseudononspread-
ing maps. For the particular case 8 = 0, we obtain the class of n-enriched nonspreading
maps.

1
Letw = -1 Then it is clear that w € (0, 1]. In this case, inequality (3.1) becomes
n+

|55~

0]

2
(W - )+ 39 -39
1
=Sl —IP + BllY =3y — (@ =3P +2(¥ -9, ¢ - I9),
which, on simplification, yields

RNV
<Y =@l + BllY =S¥ = (@ = Ju®)I* + 2 =309, 6 — J0h).- (3.2)

Inequality (3.2) is equivalently written as

(I =Ru)¥ = =30)0, ¥ — @)
> MY = Su¥ = (@ = Sud)I* = (¥ =¥, ¢ - u0), (3.3)

where I, = (1 - )] + 03, A = l(1 — B), and I is the identity operator on 2. It not difficult
to see from (3.2) that the average operator J,, is strictly pseudononspreading.

The following example shows that the class of (1, 8)-ESPN maps is larger than that of
B-SPN maps.

Example 3.1 Let J:[-2,2] — [-2,2] be defined by

5
\N"# = —glﬂ, I/f € [_24 2]

Then we have

5
I =)+ 30 =361 = (= ) 1w -9,

=36 -30 = | 2u (o4 20) = (3)(5) v ol

3
20~ 5,0 -30) =20 + 00+ 26} = oy
v - 37T 3T 9 T

1
Thus, for n =3, B = 1, and ®(¥,¢) = (i + 1|y — ¢|* + EW/ -3¢ = (P —I)* +2(¢ -
Sy, ¢ — ), we get

)= St -+ (3) (5w -0+ oye

= %[W — 20+ P + (i)(%)lw o>+ %W’
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64, o, (1) /64 )
=529+ (3)(5) v -9l
5 5 2
-pw-0-Zw-9)

= 10~ @)+ 39 -3¢ > 0.

3 3
Hence Jisa (%, i)—ESPN map, but it is not 8-SPN since for ¢ = 2 and ¢ = —5 we obtain

o208 p) S| 50 S

weor=- ()=

foo(2)-u-o( - =12+ 50)- ()32 - e se
and

fo-9G)a-a(- D2 303 5D
Therefore

I3 =3I =25>9 + 16— 32

=¥ —olI* + Bl =3¢ — (¢ = SP* + 2(¢ - I¢, ¢ - I¢)

for g =1

x
Proposition 3.1 Let &€ be a normed space, and let 3 : D(J) € € — € be an (n,A)-ESPC

map. Then I is an L-Lipschitzian map.

Proof Since Jisan (n, 1)-ESPC map, by (1.11) there exists 8 € [0, 1) such thatforall ¥, ¢ €
(),

N — @) + 3¢ —3B)1* < (n + D*1Y - B> + Blly — 3¢ — (¢ — I9)|I>.
From the above inequality,
In(y — ) + Iy - J9|1?
<+ 12y -l +BIIY -3¢ — (¢ -3¢
<[+ DIV -l +VBIY -3¢ — (¢ - I

<[+ DIV =l + VBIO + D = d) - N - §) + 3¢ - 1|11
<[+ DIy = ¢l + VB + DIy = ol +VBln@w - ¢) + 3¢ - 3|1

Therefore

In(¥ = @) + 3¢ = 3| < LIV - ¢l

+ DA +/B) .

with £ =
1-JB
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Proposition 3.2 Consider a real Hilbert space $), § # Q@ C 9, and an (n, B)-ESPN map
JI:Q —> Q. Then (I - ) is demiclosed at 0.

Proof Let {,} be a sequence in F(3) that converges weakly to ¢ and {y,, —J,,} converges
strongly to 0. We want to show that ¢ € F(3). Now, since {y,,} converges weakly, it is
bounded.

For each ¢ € ), define f : § —> [0, 00) by

S =limsup ||y, — ¥ |>.

n—00

Then, using Lemma 2.1(iii), we get

S =limsup |, = 01>+ 19 -y > Vi €.

n— o0

Consequently,

S =f@) + 19 -y IP,

and

S =f@) 19 =300 P =)+ s 19 =301 V€9, (3.4)
Observe that
f(S,) = limsup ||, — 3,2
Hn—> 00
= limsup 10 = Se¥n + Se¥n — S ”2
n— 00
= limsup [, — [(1 = )Py + @3P,] + (1 = 0)¥u + 039, — [(1 - 0)) + 0I0] |12
n— 00
= limsup |o(¥, — ) + (1 = @) (W — B) + (3P, — ID) |1
1

n—-oo

n+1

. ~ ~
= — limsup [[n(Y, — V) + I, - 302
M+1)? 4o

< S limsup[( + 1?9, — 21 + BlI? - I9|1%]
M+1)? o

-+ sl - 3o (5)
From (3.4) and (3.5) it follows that

A-Plv -39 <0,

so that ¥ € F(3) as required. O

Page 8 of 20
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Proposition 3.3 Counsider a real Hilbert space $), § # Q@ C 9, and an (n, B)-ESPN map
J:Q — Q. Then F(J) is closed and convex.

Proof Let {,} be a sequence in F(3) that converges to 1. We want to show that ¢ € F ().
Since

oSV - ¢l = @3Y =3¢l + ol - ¥l
= oln(W = V) + Y = IV, = = )|l + @Y - V||
= oln(¥ =) + 3¢ =3Vl + o + DY, - | (3.6)

and 3 is an (n, 8)-ESPN mapping, we have

7 = ¥ + I = 3Yull> < 0 + DY = Yull® + BllYn — ¥ — (¥ — Iy
+ (Y = Y, ¥ — JY)
<[+ DIV = Yull +VBIY = Sy 1% (3.7)

Using (3.6) in (3.7), we obtain

2(n +1)

0 -3
=Y =3yl = -3

1Y = yll > 0 as m — oo.

Hence ¥ € F(J).
Next, let 9,9, € F(J) and X € [0,1]. We prove that 191 + (1 — L), € F(I). Set p =
A0 + (1= M)y, Then 91 — p = (1 — A)(P — ¥2) and ¥ — g = A(, — 7). Since

0?39 - pl” = o - Sl
= A9+ 1= )9, - Sup
= A1 - Su) + (1= (2 - Ju)|1?
=M1 =Sl + A= D92 = Sl = A1 = V)| - D,
=M1 - ) + 3%~ [(1 - w)p + wIp]|>
+ (1= D1 = ) + 030 - [(1 - 0)p + 03]
= A1 =)y - Do
= (1 - )1 - p) + oI - Ip)|”
+(L=W[(1 - )P - p) + o(I - I)|1?
=ML =1)[91 - B

A
= ———|In(h - p) + Ith - Ip ||
(n+1)2”77(1 ©) + 301 - Ipll
1-2 ~ ~ 2 2
+ —— NP2 — ) + IV = Ip[I” = A1 = V|1 = D,
(n+1)

[+ D91 - plI” + Bllp - Ip|°]

<
T (n+1)?
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1-Xx
+

(n+1)?
- A1 =W - D

[+ D292 - pl* + Bllp - Ipl1%]

=M1 =221 - Dal* + o -l

B
(n+1)?
+ (1= MA2[D = 1 )1* = A1 = W) - D212

=M1 =M1 =+ AP - D)1 + lp -l

(n+1)?
— A1 =W = D%,

it follows that (1 — B8)||g — I || < 0. Therefore p = Jp, and p € F(I), as required. (|

The examples below demonstrate the conclusion that the class of (17, A)-ESPC maps and

the class of maps studied in this paper are independent.

Example 3.2 Let J: R — R be defined, for each ¢ € R, by

0if ¥ € (~00,2],
Lif ¢ € (2,00),

X
R =

where R denotes the reals with usual norm. Then, for all ¥, ¢ € (—00,2] and 8 € [0, 1), I
is an (n, 8)-ESPN map with 1 = 0 (see [2] for details). However, J is not an (n,1)-ESPC
map since every (1, 1)-ESPC map satisfies the Lipschitz condition (see Proposition 3.1).

Example 3.3 Let J: R —> R be defined, for each ¢ € R, by

Sy = -3, (3.8)

where R denotes the reals with usual norm. It is shown in [2] that J is an (1, 1)-ESPC map
with n = 0. Nevertheless, it is not difficult to see that J is not an (, 8)-ESPN map. Indeed,

1 1
forn:O,iflpziand¢>=—§,then

In(¥ — @)+ 3y —I¢* =9(n +1)
=+ DIy -+ 1Y -3y - (¢ - 39)I°
+2( =3P, ¢ - 3¢)
>+ DY - * + Bl -3y — (¢ - I¢)
+2(y - 3P, ¢ - I9)

forall 8 € [0,1).

Theorem 3.4 Consider a real Hilbert space $), § # Q C $), and an (n, 8)-ESPN map 3 :
Q — Q such that F(I) # 0. Let & € [B,1) and {m,} be in [0,1) with lim,_, . 7, = 0. Let

Page 10 of 20
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{V,} and {¢,} be sequences in Q developed from arbitrary Y, € Q by

Vnit = Tn¥n + (L= 1) [EWn + (1 = E)J0¥ul,
1 (3.9)
Z Wt n 2 1;

Then {¢,} converges weakly to p € F(3J), where o = lim,_, oo Pr)¥u. In particular, for
Y € Q, define

1

—1
1 Z (3.10)
t=0

where g, = &I + (1 — £),,. Then {0,¥} converges weakly to ¢ € F(3J), where ¢ =
limy,, 00 PF)S§ , ¥ -

E

Proof Set3;, =&y +(1-£)3J,Y. Then, forall , ¢ € Q, we obtain the following estimates:

~ 2
1Sen¥ —Senoll

el

e -orea-o[ Ly -1

oyl

e -or+a-o[ w0 —

~el =gl + (-0 L -9 — v -39

1<Sw—8¢ﬂr

—su—sww—¢—[ :

=£ly - g1 + ( - enu -
=0 @H<w P+ 10—+ Y - @ -0+ 31|
S (1)
SIS QHmw—@+sw—5¢
_§1-9)
n+DJw 0+ 309 -G~ +39)|
a-
<€V 91+ ol I ol
+BIY =30 =@ =3I + 200 3,6 - 34)]
1-
- = - @ (4 VP
=£1V - 9IP + A= -9
-6 0 o T e D
o iPIlY Y @S0 2 =396~ 3)
1-
St P S AR )
(n+1)

<ElY -+ QA -5y -ol?
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1-% N gz A8
t TPV Y - @RI+ 2 (V- 39,6 - 39)
E1-8) NP
“ a3 -6 -39
=&Y - ol* + L=y - oI’
(1—3,:) Xalp _ & 2 (1_5) _x X
~ e TP =3V -G =3O+ 25 (Y - 3,6 - 39)
1-
<l -l +22 Shw—sw¢—sw. (3.11)
(n+1)

Observe that

(Y =3, ¢ - 3¢)
=y + ¥ - +I)Y,nP + ¢ — (0 +I)e)
=y +¥ -+ Y,nd) + (Y + ¥ =+ )V, ¢ + ¢ — P + J)P)
= ([ + )Y = )Y ]nd) + (Y, =[(n + ¢ — (n+)¢])
+(Y =+ )Y, 0 — d(n + I)P)
==l + )y = @Y gl = Iny i + 3¢ — ()|
+(Y =+ )Y, 0 — d(n + I))
=W -m+Y, 90— +3)). (3.12)

From (3.11) and (3.12) it follows that

a-8&

~ ~ 2 2
Pen¥ = Jep@ll” < 1V — &l +2(7l+1)2

(Y= +3)Y, ¢ —(n+I)P). (3.13)
Since I, ¥ =&Y + (1 - £)I, ¥, it follows that

eV =¥ + (1 -1 - )Y +wIY]
n 1
AR et Aenid

1—
cey e 00 vy,
n+1

The last identity implies that

1 1
g W =S =¥ = 0
Thus, if we set V' = @(‘ﬁ = Sen¥, ¢ — e p), then
_|Y 1 & vy ¢ 1 ~ ¢
V_(77+1_n+1(n+‘\g)W+(w_n+l>'n+1_n+l(n+d)¢+(¢ n+1)>

= W(¢—(n+5)l/h¢—(ﬂ+%)¢)
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45%3—;};n+m¢¢—527>
+<w_nfl’nqjl_nj—l(n+3)¢>+<w_%’¢_%>’

so that

1
—<w—(n+3)1/f,¢—(n+3)¢>=

1 o~ o~
n+ 1) m(lﬂ = Sea¥, @ — e, 9)

AT =)

el el

_<w_nfl’nfl_n-lr
_< 4 ¢ >

—(n+ )

Yv-— - — (3.14)

n+1 n+1

From (3.13) and (3.14) it follows that

o~ 2 2
Pen¥ = Jen@ll” < 1V - @lI" +

2 = Yen ¥ § — Send) (3.15)
(1-¢) ~En Y NENPI. :

From (3.15), for each ¢ € F(J),

Vi1 =2 = lln(Yn = 0) + (1 = 1) (S, ¥ — D)l
S Tl = O+ (A = 7)1,y Yn = Ol
< I¥u -7 (3.16)

Therefore {1, } is bounded.
Using (3.15) and Lemma 2.1(i), we obtain, for all integer ¢ > 1 and for all ¢ € €2, that

1Wee1 = D@l = 17 = Se00) + A= 1)y ¥e = eI
TllWe = e @l + (1= 72 Se 0¥t = e 911
—7 (1= ) | = g el

< || Ye — Sg, @l

#A =71 =917 + = (Y= VeV = Seu) | (317)

2
(1-5)

From

e — DI = Ve — g0 + e — DI
= [1W = e @1 + (D608 — N1 + 200 — e.0> Se.0® — D)

and the last inequality we get

~ 2
IV — m‘E,n(,b”

< 7wl — Se @l

Page 13 of 20
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+ (1 =) Y = e 11> + A = 7)) |36,09 — S
2(1 - 7Tt)

+2(1 =) (e = ey Send — D) + (1-¢)

(Ve =gV ¢ = Seq9)

= 1 = Sendll + A= 7)13¢,0¢ - S
+2(V = S ®: Sen® — @) — T (Ve — e 195 Send — @)

+

2
1 (A =7 = Se¥e)s @ = Se @)

Equivalently,

~ 2 ~ 2
V1 = Seq@ll” < 1Y = Se @l + 115,79 — @l

+2(V1 = S0 e — @) — (Ve — e b, Send — @)

(Y~ V1,6~ Vo) (318)
(1_%_) t t+1» ~NeEn@ ). .

Summing (3.18) from ¢ = 1 to ¢ = n and dividing the outcome by #, we get

1 1 2 Y1 Yun
- -3 Z< Yy -9 —= -,
M =Sendl < S =Sendl+ =550 =

+|Xe 0P — I+ 2(n — Je.0P, e — @)

¢ - Sé,n(p)

2 n
= D T = N, e~ 9). (3.19)

t=1
From the boundedness of {y,} it obviously follows that {¢,} is also bounded. Conse-

quently, we can find a subsequence {¢,, } of {¢,} such that ¢, — p as k — oc. By using
1y for n in (3.19) we obtain

1 2 1 2 \[fl wnkﬂ
— -3 < —l¥1 -3 + R ,
e Va1 = Se @™ = e V1 — el a _g)(nk P

+HISe,00 — DI + 2P, — .00 St — @)

- *N?S,n‘z’)

2 &
- D T Wi = Sy S - D). (3220)
t=1

Letting k — oo in (3.20), we deduce

0= 9,0 = D1 +2(9 ~ ey e — ). (3.21)
Since ¢ € $) was arbitrarily chosen, putting ¢ = g in (3.21) yields

0 < I8¢, — 1> = 201369 - 9117,

so that p € F(J¢ ) = F(Se) = F(I).
Also, since 3 is (1, 8)-ESPN with F(J) # @, it follows from Proposition 3.3 that F(J) is
closed and convex. Consequently, we can define the projection Pr(s) : § — F(J). Since

Ve = O < 1w =2 VO € F(R),

it follows from Lemma 2.2 that {P£)¥,,} converges strongly.
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Let lim,—, oo Pr)¥» = h. Then it suffices to show that h = . Since p € F(J), by (2.1)
we have

(9 —h V= Preys) = (9 = PreyVe Ve — Preye) + (PreyVe — b ¥e = Prey¥e)
< (Proy¥e — b Ve — Prey¥e)
< N Prey¥e = Al = Pry el
< QIIPx¥: - All, (3.22)
where such Q exists since {;} and {Pr)¥:} are bounded, and thus [|{; - Pre) ¥l < Q,

t > 1, for some Q > 0.

Summing (3.22) from ¢ = 1 to ¢ = n; and dividing the outcome by ny, we get

Q

(= By — — Zme = Z 1PF Y - Bl

t=1

Since ¢, — g as k — oo and Pr) ¥, — hasn — 0o, we get
(o —he-h=lp-hl*>=<o0.

Therefore g = h, as required.
Furthermore, by setting 7, = 0 in (3.9) we infer

wn+1 = %S,nwn =37 le
&n

Zwt__ anlwl, VlZL

t=1

Consequently, if for ¢ = ¢, € @, we define

n

1
Ony == e =¢w n21,

t=1

then {0,} converges weakly to ¢ € F(3), where ¢ = lim,_, « Pre)SE, ¥, as required. O
Remark 3.2 Taking n = 0 in Theorem 3.4, we get Theorem 3.1 of [2] as a corollary.

Theorem 3.5 Counsider a real Hilbert space $), § # Q C $, and an (n, 8)-ESPN map 3 :
Q —> Qsuch that F(I) # 0. Let & € [B,1) and {r,} be in [0, 1) such that (a) lim,_, .o 7, =0
and (b) Y 02, 7w, = 00. Let u € Q, and let {,,} and {¢p,} be sequences in Q developed from
arbitrary Y, € Q by

l/fn+1 =TTyl + (1 - nn)(pn,

1., I (3.23)
¢n:; [()Ngnwm n=>1

Then {,,} and {¢,} converge strongly to Prxu, where Pr) : ) — F(I) is the metric
projection of § onto F ().

Page 15 of 20
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Proof Let ¥ € F(3). Then

I~ = H ognwn JE —Znugn -]
1 n-1
<= W=l =1y -1 (3.24)
n t=0
Consequently,

Vi1 = Ol = ll7waue + (1 = 7w0)py — Dl
= lln(u = 9) + (1 = 0) (@0 = V)|

= Tullu = O + (1= 7)1 — DI
Considering

¥ =9 || < max{llu— 3|, |1 -1}

and
1 =D < max{llu -2, Y1 -3},
we obtain
1Yni =0 < mwullu =2 + (1 = 7)) max{|lu — 2, |1 - DI}
< mymax{|lu — 3|, |¥1 = I} + (1 = 7)) max{|lse = D ||, [|[¥r1 — 2|}
= max{|lu -2, |y - ? I}
Hence

¥ =91l < max{[lu— |, [ — DI}

Therefore {v,,} and {¢,} are bounded. Also, since [|S¢, ¥ — U] < || — & |, it follows that
{3¢,,¥n} is bounded. Hence, for all p € 2 and £ =0,1,2,...,n— 1, we obtain

t+1
550 ¥n = Sl

= 180 (I, ¥ = Sl

< I = I + o (3 s = S = Se)
S ISenVn = @17+ 75 Sen¥n =Sy V9 = Seup

~t+1
= 1L, ¥n = Ve + Ve — 01> + —— (3L, ¥n = SE Vs 9 — Sey9)

1-£
= I35, ¥n = e 1> + [¥e.090 — 0117 + 2035 ) ¥ = e, e — )

R R Sen$)- (3.25)
1-¢ Sen £ V2 — St .

Page 16 of 20
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Summing (3.25) from ¢ = 0 to £ = n — 1 and dividing the outcome by 7, we have

1 1
; ”Sg,nlpn - s&,n@” = Z 1Y — 3?,—‘,1750”2 + ”sé,nd) - ¢||2 +2(n — ;55,,750,351,750 - )

2

o W Sen ¥ ® - Seap): (3.26)

From the boundedness of {¢,} it follows that we can find a subsequence {¢,, } of {¢,} that
converges weakly to g € €. Substituting # for # in (3.26), we get
1 Mk ~ 1 ~ 2 ~ 2 o~ ~
n_k ”\?g,,]wn - «gé,n60|| = n_k ”wnk - JS,mSO” + ”\?E,n(b -ol° + 2(¢nk = Sgn Sen — )

+#<wn — 355 Yo © = Sen)- (3.27)
m(1 =) e |

Since {y,,} and {3} , ¥} are bounded, letting k — oo, we deduce from (3.27) that
0 <[R9 — 917 +2(0 — V.19, Ve — ). (3.28)

Since p € Q is arbitrary, setting g = g in (3.28) yields g € F(J¢ ;) = F(J¢) = F(J).
Again, since lim,_, o 7, = 0, it follows from (3.23) and the boundedness of {¢,} that

Vet = Pull = wulle — @pll — 0 as 1 — oo.
Assume, without loss of generality, that there is a subsequence {,, } of {1},,} such that

limsup(u — Pru, Vi1 — Preu) = klifglo(bl = Preus Vgs1 — Preyu)
—

Hn— 00

and ¥,,,1 — ¢ and k — oo. Since ||{,,.1 — @,|l = 0 as m — 00, it follows that for arbitrary
bounded linear functional g on §,

lg(Dn) — DI < 18(Pry) = E(Wips1)] + 1€(Wir1) — £(D)
=< ||g|||¢nk - 1//1'1k+1| + |g(1//nk+l) _g(¢)| — 0 asn — oo.

Consequently, ¢, — ¢ as k — oo, and hence ¢ € F(J). Since Pr) : H — F(Q) is the
projection map, it follows that

klijolow = Pruhs Vigs1 — Preyu) = (u— Preyu, ¢ — Preu) <0,
so that

limsup(u — Prai, Y1 — Preyyu) < 0.

n—00

From Lemma 2.1(ii) and (3.24) we get

Vi1 = Prayull® = lma(u — Praym) + (1 = 1,)(¢n — Praymw)|l
< (1= 72)*l1¢n — Preyull® + 27, (1 = Preytty Y1 — Preit)

<A -7m)lpn = Preyull® + 27, (u — Preythy Yus1 — Preyi).
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Since lim,oo 7w, =0, Y oo} 7, = 00, and limsup,,_, o (4 — Prayi, Y1 — Prau) < 0, it
follows by Lemma 2.3 that ||y, — Prul = 0. In addition,

0 =< ll¢n — Preyull < pn — Vil + 1¥ne1 — Preyull — 0 as n — oo.
Therefore lim,_. |9, — Prull = 0. O
Remark 3.3 If we set n = 0 in Theorem 3.5, then Theorem 3.2 of [2] follows immediately.

Remark 3.4 The inclusion of an auxiliary map 3, in our theorems also produces the fol-
lowing strong convergence result of Halpan type for the class of (1, 8)-ESPN maps, which
further gives an affirmative answer to the lingering open problem raised by Kurokawa and

Takahashi in their last remark in [1] for the case in which the operator J is averaged.

Theorem 3.6 Counsider a real Hilbert space $), § # Q C $, and an (n, 8)-ESPN map 3 :
1
Q —> Q such that F(I) #0. Let £ € [B,1), w = 1 for nn €[0,00), and I, = EI + (1 -
n

(1 - o) + 3. Let {m,} be in [0,1) such that (a) lim,_, s 7, =0 and (b) Y o2, 7, = 00.
Let u € Q2 be fixed, and let {\}r,} be a sequence in Q2 developed from arbitrary y; € Q by

Vst =Ttk + (L= 71,)e ¥y, n> 1 (3.29)
Then {\,,} converges strongly to ¥ € F(3).

Proof Let F(3¢,;) = F(J) #¥. Following the same technique as in the proof of Theorem
3.4, we obtain

~ 2
1Sen¥ = Sendll

7]+\

W_

el

-Jew-ora-o[ S Tv-T7

few-ora-of o ev -]

-6 -9l + 1= 5| -9+ o -39

—su—s)Hw—m[%W—cﬁw 1y -39

~el -9l + 2 o -9+ 3 -39

£1-6)

e LU R VAR R

1- 2

<=1+ 2 -+ 30 -39

1— 2
—f;+lfz)Hw—<n+sw—(¢>—<n+s>¢>H
eIy I+ 4 120y - gl

(m+1)
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+BIY =Y = (¢ = 3D + 2(¥ = Iy, ¢ - I9)]

1_
—iﬁ+1§3nw—<n+z‘s>w—<¢—<n+¢s>¢>||2
—ElY - 12 + (1 -O)lY - B
T B
F B =3 G-+ 2 -39 - 39)
1—
—i§+jﬁnn(d)—wn[w—sw—w—sw]nz
<Ely-oI>+@ -5y -ol?
A-8 L d-g
F B =N =@ 3O 12y - 3,6~ 3)
1-
e AR
1-
T L C I IV LI e LAY MNP
TESY
2 o~
- g W St # = Ses). (3:30)

Therefore, for all ¥ € Q and ¥ € F(J¢ ) = F(I), we get

a-£
Qe ¥ =02 < Iy — | - - -3y
Seny =217 < Iy - @i e 1)2(5 BNy -3yl
Consequently, {1,,} converges strongly to a point ¥ € F(J¢,,) = F(3J). ad

Remark 3.5 If n = 0 in Theorem 3.6, then Theorem 3.3 of [2] follows immediately.

4 Conclusions

In this paper, weak and strong convergence theorems have been established for new classes
of (n, B)-enriched strictly pseudononspreading maps in the setup of a real Hilbert space.
Further, by means of a robust auxiliary map incorporated in our theorems we proved a
strong convergence theorem of Halpern-type, thereby resolving in the affirmative the open
problem raised by Kurokawa and Takahashi [1] in their concluding remark for the case
in which the map J is averaged. Also, we constructed some examples of the classes of
maps studied to demonstrate their existence. The results obtained extend, improve, and

generalize several well-known results in [2, 14, 15] and others.
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