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1 Introduction
Let C be a nonempty, closed, and convex subset of a real Hilbert space H, S: C — Cbe a
mapping, and Fix(S) := {x € C:Sx = x}. Then S is said to be

(a) nonexpansive if
1S = Syll < llx = yll,

Vx,y € C.
(b) quasi-nonexpansive if Fix(S) # @ and

ISx =yl < llx =¥,

Vx € C and y € Fix(S).
(c) k-strictly pseudo-contractive if there exists a constant k € [0, 1) such that

1Sx = Syl* < llx = y11* + kI = S)x = I = S)yl1*,

Vx,y € C.
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(d) demicontractive if Fix(S) # @ and there exists a constant k € [0, 1) such that
152 = y1I> < llx = y11* + kIl - S)xI1?,

Vx € C and y € Fix(S).
Observe that the class of demicontractive mappings include various types of nonlinear
mappings such as nonexpansive mappings, quasi-nonexpansive mappings, and strictly
pseudo-contractive mappings.
A fixed point problem for a demicontractive mapping S: C — C: Find x € C such that

Sx = x. 1)
The split feasibility problem (SFP) is to find a point
x* € C such that Ax™ € Q, (2)

where C and Q are nonempty, closed, and convex subsets of real Hilbert spaces H and Hi,
respectively and A : H — H; is a bounded linear operator. Let the solution set of the SFP
(2) is given by SFP(C, Q) :={x € C: Ax € Q}.

The SFP in finite-dimensional Hilbert spaces was first introduced by Censor and Elfv-
ing [7] for modeling various inverse problems that have many real life applications such
as medical image reconstruction and signal processing (see [5, 6]). The SFP attracts the
attention of many authors due to its wide range of applications and several generaliza-
tions of the SFP have been studied by many authors, see, for instance, the multiple-sets
SFP [8, 20, 21], the SFP with multiple output sets (SFPMOS) [12, 15, 17, 18, 23, 24], the
split variational inequality problem [9, 10, 15], the multiple-sets split variational inequal-
ity problem [25], the split variational inequality problem with multiple output sets [1], and
the multiple-sets split feasibility problem with multiple output sets [13, 22].

In 2024, Berinde [4] introduced an inertial self-adaptive viscosity algorithm for solving
split feasibility and fixed point problems in the class of demicontractive mappings, which
is shown below.

Vi 1= 2y + Un(Zn — Zu-1)
Wi 1= pe (1= Bu)(Vn = uA™( = PQAV,) + BuSiv)

Zns1 = 058(20) + OV + AWy,

with §; := (1 -=A)] + AS,A €(0,1),

. Tn .
min §{ p, ———— if z, # Zu-1,
MUp = ||Zn_zn—1||

uw otherwise,

®3)

@ > 0 is a given number, ¢, := ”g;g;y»;;‘z where f(v,) := 2| = Po)Av,|%, 8, € (0,4) and

{04},{04}, {on}, {Bu} are sequences in (0,1) and 7, is a positive sequence satisfying some

suitable conditions, and S : C — C is a k-demicontractive mapping. He proved the strong
convergence of the sequence generated by his algorithm to some x* € Fix(S) N SFP(C, Q).



Gebregiorgis et al. Fixed Point Theory Algorithms Sci Eng (2024) 2024:15 Page 3 0of 19

The SFPMOS which was introduced by Kim et al. [13] in general Hilbert spaces is to
find a point x* such that

X eCn (ﬂﬁll 7 (A ij)) 40, (4)

where C and Qi,j=1,2,...,p, k =1,...,r; are nonempty, closed and convex subsets of
real Hilbert spaces H and Hj, respectively, and T; : H — H; are bounded linear operators.

In order to approximate a solution to the SFP (2), many algorithms first transform this
problem into an equivalent unconstrained convex minimization problem and obtain a
minimizing element using the least squares method. In 2023, Reich and Tuyen [19] ex-
tended the Fermat-Torricelli problem and showed that the SFPMOS can be considered
as a special case of this problem. Moreover, they provide a new approach for solving the

SFPMOS in Hilbert spaces. The generalized Fermat-Torricelli problem is stated as follows:

f(x) > min,

subject tox € C,

where f(x) = le Z,:’;l Binfix(Tix), Bixsj = 1,2, ,p,k = 1,2,-- -, 1, are given positive real
numbers, and fix(y) = (| (17 —ng)y|| forallye Hiandj=1,2,---,p,k=1,2,---,1;.

As a continuation of the aforementioned work, Reich and Tuyen [16] developed self-
adaptive algorithms for solving the split feasibility problem with multiple output sets that
do not use the least square method and proved strong and weak convergence theorems.

Motivated by the above works specially that of Berinde [4], Riech and Tuyen [16], and
Kim et al. [13], we propose relaxed inertial self-adaptive algorithm for solving the SFP-
MOS and fixed-point problem in the class of demicontractive mappings. The main con-
tributions of our paper are summarized as follows.

+ The problem considered is a general problem as it combines the SFPMOS and fixed

point problem.

+ The proposed algorithm incorporates the relaxation method in order to speed up its

convergence.

+ The proposed method does not use the least squares method.

«+ Our result generalizes and extends several related results existing in the literature as

demicontractive mappings include various types of nonlinear mappings.

This work is structured as follows. In Sect. 2, we state some notations, basic definitions,
and lemmas that we will need in the proof of our main result. In Sect. 3, we give conver-
gence analysis of our proposed algorithm. In Sect. 4, we provide a numerical experiment

to validate our proposed algorithm. Finally, in Sect. 5, we give a concluding remark.

2 Preliminaries

The weak w-limit set of {¢,} is given by w,(t,) = {t € H:3{t,} C {t,} such that t, — t}.
It is well known that for every element x € H, there exists a unique nearest point in C,

denoted by Pc(x) such that

llx — Pc()|l = minflx — 2| : z € C}.
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The operator P¢ : H — C is called a metric projection of H onto C. It has got important

characterization shown below:
(¥ — Pcx,z — Pcx) <0, (5)

for all x € H and z € C. We can deduce from (5) that the operator Pc is a nonexpansive
mapping.
Lemma 1 (see [2]) For all x,y € H and z € C, the following inequalities hold.

(i) 1Pcx - Pcyll* < (Pcx — Pcy,x - y);

(ii) (%=, =Pc)x = =Pc)y) = I = Pc)x = (I = Pcyyll;

(iii) [|Pcx —z* < llx = 2|1* = || Pcx — x|,

Definition 1 Let f: H — (—00, +00] be a given function. Then,
(1) The function f is proper if

{xe H:f(x)<+o00} #0.
(2) A proper function f is convex if for each o € (0, 1),
flox+(Q-0)y) <ofx)+(1-0)f(y),Vxy€H.
(3) f is o -strongly convex, where o > 0, if
fx+(1-8)y)+ %8(1 —8)llx —ylI> < 8f(x) + (1 - 8)f (¥),¥8 € (0,1) and Vx, y € H.

Moreover, f is o -strongly convex if f(x) — (o'/2)||x[|? is convex.

Definition 2 Let f: H — (—00, +00] be a proper function.
(1) Avector & € H is a subgradient of f at a point x if

fO)=f(x)+ (€, y—x), Vy€H.

(2) The set of all subgradients of f at x € H, denoted by 9f (x), is called the
subdifferential of f, and is defined by

fx)={seH:f(y) = f(x)+ (§, y—x), for each y € H}.

(3) Ifof (x) # ¥, f is said to be subdifferentiable at x. If the function f is continuously
differentiable then df (x) = {Vf(x)}.

Definition 3 Let f : H — (—00,+00] be a proper function. Then, f is lower semi-

continuous (Isc) at x if x,, — x implies

fx) < likrn inff(x,).
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Definition 4 Let C be a closed and convex subset of a real Hilbert space Hand S: C — C
is a mapping. If, for any sequence {x;} in C, such that xx — x, and Sxx — 0, we have Sx =0,
then S is said to be demiclosed at 0 in C.

Lemma2 (3] Let H be a real Hilbert space, C C H be a closed and convex set. If T : C — C
is k-demicontractive, then for any A € (0,1-k), T := (1-A)I + AT is a quasi-nonexpansive.

Lemma 3 (see [11]) Let {s,,} be a non-negative real sequence, such that

Sl S (A= 0,8, + Ouphy, n>1,

Sl SSp—Qut @, n>1,

where {0,} C (0,1), {¢p,} C [0,00), and {{1,}, {¢n} C (—00,00). In addition, suppose the fol-
lowing conditions hold.
(i) D02y 0w = 005
(i) lim @, = 0;
n— 00
(iii) k]im ¢, =0 implies limsup w,,, <0 for every subsequence {ny} of {n}.
— —00

Then, lim s, = 0.

n—00
3 Main results
Let C and Qi, j=1,2,...,p, k= 1,...,r; be nonempty, closed and convex subsets of real
Hilbert spaces H and Hj, respectively, and T} : H — H; are bounded linear operators. Let
§: C — C be a demicontractive mapping. Assuming that

XeQ:i=Cn (mj?:l T;l(n;":l Q,k)) N Fix(S) # 4, ®)

we consider the problem of finding an element x* € Q.
In this section, we state our algorithms and analyze their convergence.
For simplicity, let T := C N (mle T ( o/ Q,k)),h ={L,2,...,p}and J = {1,2,...,7}}.
We take the following assumptions to undergo the analysis.
(C1) The nonempty level sets C and Qj in the Problem (6) are defined as follows

C={xeH:c(x) <0} and Qu ={yecH;:qx(y) <0}, (7)

where ¢: H — (-00, +00] and gj : H; — (—00, +0o] for all j € 1, k € ], are @ -strongly
and wj-strongly convex subdifferentiable functions, respectively. Then c and gj are
also lower semicontinuous (See, [2] Theorem 9.1)

The projections onto C and Qj are not easily implemented in general. To avoid this
difficulty, we adopted a technique of projecting on to the half spaces and construct the
relaxed sets (half-spaces) C" and Qj’}((j € J1,k € J, (see [14] for more).

(C2) Let c and gj be as defined in (7). Assume that at least one subgradient &, € dc(x)
and 7, € 9g(y) can be computed for any x € H and y € H;. Moreover, both 3¢ and
9qx(j € J1,k € J») are bounded operators (bounded on bounded sets). The sets C" and
Qj’z (j € J1,k € J) are constructed as follows:

C" = {xe Hictw,) + (6 2 -5 + = llx - x:l> <0}, ®)
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where &, € dc(x,) and
;i
Vi = |7 € Hy au(Tn) + s 7= T + Sy = Tl < 0, ©)

where 7, € 0gjx(Tjx,). It is not difficult to show that C C C” and Qi C Qj’}(.

(C3) Let the sequence {p,} € (0,2), the sequences {,}, {0,,}, {¥»}, and {@,} in (0, 1), and
the sequence {¢,} € (0, 00) satisfying the following conditions.

(i) liminf,_ ¥, > 0;

i i, o =

(i) limy— 00, =0and ) o, 0, = 00;

(iv) 0<liminf,_ s 8, <limsup,_, ., 8, <1;

W) op+a,+y,=1,Vn>1.

Now, we delve into the details of the convergence analysis of Algorithm 1.

Proposition 1 In Algorithm 1, if Zle 22:1 Bik T}*d/’}( =0 and wy, = y,, then y, is a solution
of Problem (6).

Proof Pick t* € Q. For each n, let A, = {(j, k) : d},"k #0}.

By using an argument similar to the one used in the proof of Proposition 6 of [16], we
get y, € I'. Moreover, since Zle Zl?:l Bik T]*d]’}( =0 and w, = y,, and using (14), we have
yn € Fix(S). Consequently, y, € 2 =T N Fix(S). O

Lemma4 Let Q2 # ) and {t,} be a sequence generated by Algorithm 1 such that Assumption
C(3) holds. Then the sequence {t,} is bounded.

Proof Let t* € 2, then we have

2
p 7
w, — )% = | (1 —8,,)<yn -1, ZZﬁ,kT,*d;;) + 8,83y —t*
j=1 k=1
p 7 g
- (1_5n)<(yn-t*)-rn22ﬁﬂ,* ;) +8,(Ssyn — %)
j=1 k=1

2

=A=8) |On—t) =10 > BuTrdy| +8ullSiyu— 71 -
G,k)eAy

Su(L=8) |[Siyn =y +Tu Y, BT | - (17)
(ke

2
, we get

Estimating H O =)= 10 X ren, BTl
2
On=t) =10 Y PBuTidy
(.k)eAy
2

=l -1+ | D BuTidy —2rn< > ﬁ,»kT,*d;(,yn—t*>

G.k)eAy (G,k)eAy

Page 6 of 19
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Algorithm 1 A strongly convergent algorithm for solving problem (6)

Step 0. Choose the sequences {p,}, {5,}, {on} {ax}, {€,}, and {y,} in such away that they
satisfy Assumption (C3) and a positive constant 7.

Step 1. Select arbitrary points #,¢; € C and choose 6 € (0,1) such that 0 <6, < é,,

where
i {9 En } ift, #t
~ min{f, —— i _
= 10—t e (10)
0 otherwise
Step 2. Compute
Yn = ty, + en(tn - tn—l)' (11)
Step 3. Compute
<1”/ - P?Q{,f ) Tiyn
jk
i H/ Ty & Qe (12)
%= H, j )
[t
0if Tjy, € Qj
forallje/; and k € /.
Step 4. If Zle er(jzl Bix T} dj = 0 and wy, = y,,, then stop. If not, compute z, via
Zp = PC”Wm (13)
where
p
Wy 1= (1 - 8n><yn ~T Y Zﬁ,kT,*d,*“k) + 84SV (14)
j=1 k=1

S;.:= (1 =) + LS where A € (0,1), C", and }’;( are defined as in (8) and (9), respectively,
and

. Pn Y0 Y Bifi (T

n e

(15)

=2
“n

where fi(y) = H ([H/ —P;;() (y)H for all y € H; and for all j € J1,k € J; and E, :=
A
max{t, || 20, YL, BTy}

Step 5. Compute
[ UnV(tn) + 0uYn + VnZns (16)

where v:H — C is a u-contraction mapping such that u € (0,1).
Step 6. Set n:= n + 1 and return to Step 1.

Page 7 of 19
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2

7j
Z ,kT*d}y;( -2t Z ,3;k< ik 1yn *>
k=1

= G,keAy

)4

2., 2
= |lve =117 + 7,

M

= lyu "I + 7 Z ﬂ,kT*

(IHI ’) n
—21, Y ﬁ,k< T,«yn—T,«t*>

Gk)eAy (1”1 ’) Vn

p 7

=lyn =17+ | DD B Trdy,

j=1 k=1

(1”/ —PZ‘D Ty - (1”/ - k) Tit*
J J *
~21, Y PBi s Tiyn = Tjt

. ) H;
GheAR H (1”1 - PQ,”L) Tiyn
) 2
p 7 7—[
<lyu—t 1P+ | DY B Trdy| -2t Y Bi (1”“/ - Qn) Tiya| - (18)
j=1 k=1 (]k)EA
Substituting (15) into (18) and simplifying, we get
2
On =t =70 Y BaTidi| < lyn—t"17 = pu(2 = )Gk n) (19)
(jk)edn
< lyu -1, (20)
where
2
Gkn) = (ZWGA" H"‘ﬁk LA (21)
Again, substituting (19) into (17) and simplifying, we get
”Wn - t*”2 = ||yn - t*llz - (1 - 5;«):0;1(2 - pn)gjk(yn) -
2
8u(L=8,) | S =g+ 1 Y BuT dy| - (22)

Gh)er,

Using the definition of z,,, we have

Iz, — £51% = || Penw, — £

< wn =17 = I = Pcn)w, || (23)
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Substituting (22) into (23), we get

2 = 1% < Iy = 1% = (1 = 8,00n(2 — pu)gic (V) —

2
Su(L=8,) | Sion =g+ 70 Y BuT dy| -
(G,k)eAn
Iz = Penyw, |1
< llyn —2*1I%.

Now, denote

= (G + V).
“ 1-o0,
It follows that
% 2
u, —t*)* = + Lz, —t"
lloen — £7|] Hl—any" T—o,
o V4 2
= | = ) + — (2, — 1)
1-0, 1-0,
o 1Z
< "y = 1P+ =z - £
1-0, 1-0,

Substituting (24) into (27) and simplifying, we get

ES * V
Izt = £°11% = Ny = €1 = (L= 800002 = ) T~ — i) -

On
2
Y
(=8 = NS =g+ D, BTy

n G.keA,
Y
"1 = Perywl?
—Yn

< llyu = 211"

Using the definition of y,,, we have

lyn — U= Nty + 6u(tn — tu1) — £

= ”tn - t*H + gn”tn - tn—l”

0
= ”tn - t*” + 0y |:G_n||tn - tn—l||]

n

Using the definition of ¢, and (29), we obtain

i1 = 1 =llow(W(tn) = £°) + (1 = o)ty — £7)

=0ullv(tn) = £l + (1 = o) lluy, — 27|

=onllv(tn) = vE) + oullv(E") = £ + (1 = ) sty = 27|

(24)
(25)

(26)

(27)

(28)

(29)

(30)

(31)

Page 9 of 19
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<poullty =t + oullv(t) = £l + 1 = o)l — ]

<uoullty = 1l + oullv(E) = £l + A = o) lyn = 27|

Now, combining (30) and (31), we have
* * 9" * *
ltps1 = £ < [1 - QA = woulllty — || + 0n O__”tn—tn—l“"'”‘/(t )=t . (32)

Using C(3)(ii) and (10), we have lim,_, o fi—z I, — t,—1|l = 0. Hence, we can find a constant
M > 0 such that

On
”tn - tn—l ” = M.
0,

n

Now, (32) becomes

I£ne1 = £ <[1 = (1= moylllty — ]| + 0, [M + |[v(t) - £*]]

X M+ |lv(@) - ¥
=[1 =@ =noullity — "Il + 04(1 = 1) T
Proceeding inductively, we arrive at
. oy M+ IvE™) -t
£ni1 =7l < maxyllty -, ————— (>
I-n
for all n > 1, which proves that {¢,} is bounded. a

Lemma5 Let Q2 #0,S: C — C beademicontractive mapping such that I -S is demiclosed
at zero, v: C — C be a p-contraction, and suppose that {6}, {0}, {an}, {Vu}, {84}, and {€,}
are sequences satisfying Assumption C(3).

Lett* € Q,t* = pov(t*), {t,) be the sequence generated by Algorithm 1, the function gy (y,)
and the sequence u,, be given as in (21) and (26), respectively.

Forn > 1, let us denote

O, :=2(1 - woy;

D, := 20y (tns1 — ", v(t,) — t*>;

1 €
Ayi= (2((1 = 0)” + 10— [0 = £[| + 0| (En) — £ +
2(1— ) Io

n

20, 1V(t) = E Ntk — £°1| + 0ulltn — E511 + 2(0(E) = £, 14y — ) + 0|t — t*||2>;

and
Yn
Wi = (1= 80)pu(d = pu) 7= &) +
2
7/ % N
=80 = S =yn vt D, BT+

" (G,k)eAy,

Page 10 of 19
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Vn

n

It = Pemyw, |1

Then, for any subsequence {n;} of n, we have

limsup A, <0,

-0

whenever,
llim v, =0.
Proof Suppose (34) holds. It follows that
llirg) &ik(n) =0,
and based on the assumptions listed under C(3), it follows that

) Z(j,k)eAnl Bifk(Tjyn;)
lim =0

l—o00

’

[1]

ny

for all (j, k) € A,.
Let E := max{r, Z(i,k)eAn, ,BjkllTj*H}. By using ||d7k’|| =1forall (j, k) € A,;, we get

0< Z(j,k)eAnl Bitix(Tjyn,) - Z(j,k)eAn[ Bitixc(Tjyn,)

o) Eny

Combining (36) and (37), we have

Jim > 7 Bifi(Tyn) =0,

(/vk)EAnl
or equivalently
: Hj
lim (1" = P ) Ty |l = 0,
Jim 0% =P Ty |

for all (j, k) € A,

Note that from the definition of A,, and d;’,j, we have Ty, € Q;’kl when (j, k) ¢ A, and

hence ||(/ — Pj;jl)ijnz || =0. As a result, we get
-k
lim (1% =P ) Tyl = 0,
l—o00 Q/k

forallje/; and k € /.
By (34), we also get

. x |l
l]—1>r<l;lo S/\J/n, Y+ Ty Z /Sjij djk =0,
(j:k)eAnl

(33)

(34)

(35)

(36)

(37)

(38)

(39)

Page 11 0of 19
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and due to (38), we obtain
lim HS,\y,,l —Yn ” =0. (40)
-0

On the other hand, by (34) and using the definition of z,,, we also obtain
tim = Py |

= lim ”an —Pcnwy, ”
I—o00

= lim (1—8nl)<ynl—rnl > ﬂ/kY}*df,j>+6n,Sxynl — 2z,

I—o00 .
(],k)EAnl

= Tim |\ (1= 8)ym + 80, Sidmy = 2my — (L= 8u)Tw, > BT}y
(j)k)EAnl

-0. (41)
Using (38) and (41), we get

Jim QU= 8005 + 81 Symy = 2y | = K (3, = 2, + 8y (Si3m = 3m) | = 0. (42)
Similarly, using (40) and (42), we get

Jim {1y, =2y || = 0. (43)

By using the definition of u,, we have

”Mn[_yn[” = yn[+

Oy, Yy
Zrll - yn,

1-o0y, 1-o0y,

Yy
T 1-o0y,

“ Zny = Yy

which, by (43), yields
Bim 26,y = 0. (44)
l—00

Next, we need to show that w,,(y,) C Q. Since {y,} is bounded, w,,(y,) # . Let y € w,,(¥,).
It follows that there exists a subsequence {y,,} of {y,} such that y,, — y.

Now, due to the linearity and boundedness of T}, we have Tjy,, — T;y.

We claim that y € Q. To show this, it is suffices to show that y € C" and Tj(y) € Q} for
allje i, ke

From the assumption (C2), we can see that dgj is bounded on bounded sets for each
j € J1,k € J». It follows that we can find a constant 1 > 0 such that ||nj,, | < n, where ny ,, €
0gix(Tyn,) for each j € J1,k € J5.
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Now, using (9), (39), and the fact that Pg’ik (ij,,l) IS QZ(’, we get

w; 2
‘I/k<TJ’ynz> = <’71'/<»V11’ Tiyn, _PQ;,'kl <T/’ym>> - E} H Tiyy, _PQI’,'kl (ij,,l) H
= <’71’k,nz’ Tiyn, _PQ;“kl (Tfy"z)>
‘(I_PQ;Z>T/'J/HI

| (=g

=< H Njk,ny

— 0. (45)

Noting gj is weakly lower semi-continuous, it follows that

:0,

au(T) < liminf g (T, ) < lim n| (1= P ) T,
-0 -0 ij

forallj € Ji,k € J,. It turns out that, Tjy € Qi for allj € J1,k € /5.

Again, from the assumption (C2), we can see that dc is bounded on bounded sets. It
follows that there is a constant & > 0 such that ||£,, || < &, where &,, € dc(y,,).

By using (8) and (44), we have as [ — oo that

w 2
) = (Eu =) = -1t =]

< 1Em, M12t) = Y, I
= %-”um _y”l” — 0. (46)

Noting c is weakly lower semi-continuous, it follows that

Yy — Uny || = 0.

c(®) <liminfc(y,,) < lim &
I—00 [—00

Thus, y € C". Consequently, w,(y,,) CT.

Since Sy = (I — A)I + AS and I — S is demiclosed at zero, we see that I — S; is demiclosed
at zero. Now, taking {y,,} — » and (40) into account, we deduce that w,(y,,) C Fix(S).
Putting the above results together, we see that w,(y,) C 2 = Fix(S)NT.

Since the mapping Pqv is a strict contraction on H, there exists a unique point t* € H
such that t* = Pov(t*). It then follows from (5) that

(W(t") -t"z-t") <0, (47)

forall z € Q.
Next, we choose a subsequence {y,;, } of {yy,} such that

limsup(v(t*) — t*,y,, — t*) = lim (v(t*) —t%,y,, —t*). (48)
m—>00 m

l—o00

We may assume, without any loss of generality, that y,, — yasm — oo.
Now, using (44), (47), and (48), we get

limsup(v(¢*) — £, uy,, — )

[—o00
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= limsup(v(t") — %, ty; — Yy + Yy — £F)

[—o00

= limsup(v(t") — t*, uy; — ;) + limsup(v(t*) — t*, y,, — £*)

[—o00 l—o00

<limsup [[V(£") = " [ |t4n, =, | +limsup(v(£™) — %, 3, — £7)

-0 l—o00

= lim (v(t*)—t*,y,,,m — )

= (vt -ty -t%)
<0, (49)
which shows that (33) holds. O

Theorem 6 Let Q@ #, S: C — C be a demicontractive mappings such that I — S is demi-
closed at zero, v: C — C be a u-contraction, and suppose that {p,},{€,}, {ou}, {an} {vu}
and {8,} are sequences satisfying Assumption C(3). Then, the sequence generated by Algo-
rithm 1 converges to t* = Pqv(t").

Proof Using the definition of y,, we have

Iy = E1% = It + On(tn — ta_y) — £
= |t = £ + Oultn — ta_D)|?
< Ity = t¥11* + 20, (y, — t*, ty — 1)
< Wt = 1% + 204l — tua 1y — £°1]

< Nt = £°17 + 26y — £°]. (50)
Using (29) and (50), we get
Nt = £1 < Ntw = £°117 + 2enllyn = £°]. (51)
Using the definition of ¢,,, we have

ll£ne1 — £
= llou(W(tn) — ) + (1 = o) (s — £9)|?
= o, [V(tn) = £11* + (1= 0)* [l — £ + 2000(1 = 0,0) (W(E) — ¥, 18 — £*)
= o |[V(tn) = £ 1% + (1 = 0,) |ty — £°]° + 200, (V(ts) — £, 1, — £¥)—
202 (W(t) — t*, uy, — t*)
< opvt) = 117 + (1= o) [lutw — 511 + 20,7 [ V() — £ [ [0 — 27|+
20, (V(t,) — ", u, — %)
= o [V(tn) = £ + (1 = 0,)* Nty — £°11% + 20, [ V(tn) — £ || 16 — 27|+ (52)

20, (V(tn) = V(E"), y = ) + 20, (V") = £, 1y = £7)
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<o vt — 17 + 1= 00)* = £5117 + 20,7 1v(Ea) — 5| |28 — £+
20, [[V(En) = VE) |t — £ || + 20, (V") — £, 1 — £¥)

<o Iv(tn) = 117 + (1= 0) Ntk — £ + 20 |[V(ta) — £ (| | — £¥ ]|+
2010\l = £ [|14n — £ + 200 (W(EF) = £%, 4 — )

<o vt = 17 + 1= 0) 1t — £511° + 20, [v(Ea) — 5| |28 — £+

101 = £ + g = £°11%) + 205 (W(£*) = *, 1 — £7).
Substituting (51) into (52), we get

ltner = £511° <02 11v(En) — £ + [(A = 0,)” + 2p0, ] 18 — £+
[264(1 = 0,)” + 20€n] [l — £° || + 20,2 V(t) — | |4 — £*[|+
20, (v(t") = t",u, — tF)
<[1-20,(1 = )|ty — 1> + o7 [ V(Ea) — ¥ ]|+
21405€n [0 — £l + 202 v(En) — £ [l — £+

(53)
20, (V(t*) — ¥,y — t*) + 0 2|1t — ¥

<[1-20,(1 - W]ty — t*1* + 20,(1 - W3 oullv(t,) — 1+

1
(l—u)[

€
2[(1 = 0, + oyl = llyn = 51l + 20, [ V(8) — ¥ ([l — 2%+

On

2E) = 1y = ) 4 0l — 2112
Again, using the definition of £, and (28), we get

w1 — £ = lou(v(Es) — £ + (1 = 0,)(uy — £9)|1?
< ltt = 11 + 0, (V(tn) — *, b1 — )
Vi
< |lyn - t*Hz -1 =38)pu(4~ pn)_ngjk(yn) -
1-o0,

2

8u(1=8) Sy =yn+ T > BT dl

1-oy GK)EA,

Vn

T | = Penya]|* + 200 (s = 11— ). (54)
—UYn

According to the notations, we introduced in Lemma 5, inequalities (53) and (54) can be

briefly expressed as

w1 = 117 < (1 = Oty — 11> + ©, A, Vi > 1,

”tn+l - t*Hz = ”tn - t*HZ - \Ijn + q)nrvn > 1;

respectively.

Page 15 0f 19
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Applying the conditions listed under C(3), we immediately obtain

o0
Z(—)n =ooand lim &, =0.
n— 00

n=1

All is now set to give the strong convergence of {t,}. From the results we obtained above
and in Lemma 5, we can see that all the hypotheses of Lemma 3 are satisfied. Hence

lim ||z, - £ =0,
n— 00
which shows that the sequence {t,} converges strongly to £* = Pou(t*). O

4 Numerical experiment
In this section, we illustrate the convergence of Algorithm 1 using a numerical example.

Example1 Let H=TRS, H, = RF, H, = RN, H3 = R™, H, = RL,

Let C = {x € RS: ||x—0]?> < r?} where 0 € RS and r € R. Clearly C is a nonempty closed
and convex subsets of H.

Let Qi1 = {T1x € R : | Twx — ay|® < 07}, Qo = {Tox € RN : | Tox — a3 1> < 03}, Q31 =
{T3x € RM : || T3x — a3|? < 03}, and Qq = {Tyx € RE @ || Tyx — a4|? < 03} where a; € RE,
a, e RN, a3 e RM a, € R and 01,09,03,04 € R.

Let T; : RS - RR T, : RS — RN, T5 : RS — RM, T, : RS — R’ where their entries are
randomly generated in the closed interval [-5,5].

Now, we construct the balls C* and ]’?1 (/=1,2,3,4) given in (8) and (9) of the sets C
and Qj;, respectively, as follows.

For any x € RS, we have c(x) = |x - o> —r* and g;1(Tjx) = || Tjx — a;|> —sz forj=1,2,3,4.
In what follows, the subgradients &, and 71, of respectively c(y,) and g;;(T}y,) can be
calculated respectively at the points y, and T}y, by &,(y,) = 2(y, — 0) and n1,,(Tjy,) =
2Tj*(T,-yn —¢;). The metric projections onto the balls C” (i = 1,2, 3,4) and Q/”1 (7=1,2,3,4),
can be easily calculated.

We randomly generate the coordinates of o and a; in [-1,1] and, r and g; in [S,2S5],
[R,2R], [N,2N], [M,2M], and [L,2L], respectively. We take the initial points as £, =
100(1,1,..., )T e RS and 4 = -10(1,1,...,1)T € RS. We take a é-demicontractive map-
ping S(x) = —%x,x € RS and v(x) = 0.95x, x € RS, respectively. Now, using Lemma 2, taking
A= %, we get S (x) = %x,x € RS which is a quasi-nonexpansive mapping.

We take @ = 0.5. For j = 1,2,3,4, we take g; = 1Lo and w; = 15,0 =03, ¢, = m,
8n =04, oy = 0.5, py = 3505, On = Fly a,=06,t=2and y, =1 -, — 0,. We use
Errory, = ||ty — £ < 1078 as a stopping criterion in this example. The algorithms are
coded in MATLAB 2023b on a personal computer (13th Gen Intel(R) Core(TM) i7-1355U
1.70 GHz, and a 16.0 GB RAM). All results are reported in Table 1 and Fig. 1.

5 Conclusion

In this paper, we study the split feasibility problem with multiple output sets and fixed
point problem in the class of demicontractive mappings. We propose relaxed inertial self-
adaptive algorithm and prove strong convergence result for the sequence generated by
the proposed algorithm. The proposed method combines the SFPMOS and fixed point
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Table 1 Numerical results of Algorithm 1 (when k = 1) for different choices of S,R, N, M, L

Dimensions Iter. (n) CPU(s) Errory,

S=5R=10,N=15M=20,L =25 16 0.000870 9.9308e-09

S=15R=30,N=45M=60,L=75 118 0.003496 9.9658e-09

$S=30,R=60,N=90,M=120,L =150 178 0.009372 9.9704e-09

$=100,R =200,N =300,M = 400,L = 500 323 0.202976 9.9841e-09
] 10°

—S&—S5=15R=30,N =45, M = 60,L = 75

104 [—6—5S=5R=10N=15M=20,L=25

10"
= - 10°
Q 2
P g
= 10 <
R T
107
108
0 5 10 15 107 ;
0 20 40 60 80 100 120
Iter. (n) Iter. (n)
(a) (b)
102 10°
—— S =30,R=60,N =90, M 120, L 150 —5— 5§ =100, R = 200, N = 300, M = 400, L = 500

Error,

0 50 100 150 ‘ 200 0 50 100 150 200 250 300 350

Iter. (n) Iter. (n)
(c) (d)

Figure 1 Iter. (n) vs Error,, experimental results of Algorithm 1 (when k = 1) for different choices of S,R,N,M, L

problem of demicontractive mappings. So, it generalizes a number of related works as the
two problems are larger classes of problems. The proposed algorithm also incorporates
the relaxation method in order to speed up its convergence. We adopted a new approach
for solving the SFPMOS which does not use the least squares method. Finally, we illustrate

the convergence of the proposed algorithm using a numerical example.
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