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As applications of our convergence theorem of the hierarchical problem, we study
the unique solution for the following problems: mathematical programming with
multiply sets split variational inclusion and fixed point set constraints; mathematical
programming with multiple sets split variational inequalities and fixed point set
constraints; the variational inequality problem with a system of mixed type equilibria
and fixed point set constraints; the variational inequality problem with multiple sets
split system of mixed type equilibria and fixed point set constraints; mathematical
programming with a system of mixed type equilibria and fixed point set constraints.
We give iteration processes for these types of problems and establish the strong
convergence for the unique solution of these problems. For our special case, our
results can be reduced to the following problems: the unique minimal norm solution
of the multiply sets split monotonic variational inclusion problems; the minimum
norm solutions for the multiple sets split system of mixed type equilibria problem; the
minimum norm solution of the system of mixed type equilibria problem. Our results
will have many applications in diverse fields of science.
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1 Introduction
Let Gy, Cy,...,C,, be nonempty closed convex subsets of a Hilbert space H;. The well-
known convex feasiblity problem (CEP) is to find * € H; such that

x"eCiNCyN---NCy.
The split feasibility problem (SFP) is to find a point
x* € C such that Ax™ € Q,
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where C is a nonempty closed convex subset of a Hilbert space Hj, Q is a nonempty closed
convex subset of a Hilbert space H,, and A : H; — H, is an operation. The split feasibility
problem (SFP) in the finite dimensional Hilbert spaces was first introduced by Censor et al.
[1] for modeling inverse problems which arise from phase retrievals and in medical image
reconstruction. Since then, the convex feasibility problem and the split feasibility prob-
lem (SFP) has received much attention due to its applications in signal processing, image
reconstruction, approximation theory, control theory, biomedical engineering, commu-
nications, and geophysics. For example, one can refer to [1-5] and related literature.

Let Cy,Cy,...,Cy, be nonempty closed convex subsets of a Hilbert space Hj, let
Q1,Q3,...,Q, be nonempty closed convex sets Hy and let A, As,...,A,, : H — H, be
linear operator operators. The well-known multiple sets split feasibility problem studied
by Censor et al. [6]. Xu [7] and Lopez et al. [8] (MSSEP) is to find x* € H; such that

x* € C;suchthat Ax* € Q; foralli=1,2,...,m.

In 2011, Moudafi [9] introduced and studied the following split monotone variational

inclusion (SMVI):

Find X € H; such thatx € (B; + G;)7'0, )
and

y = Ax € H, such that jy € (B + G)*0, ()

where H; and H, are real Hilbert spaces, A : H; — H, is a bounded linear operator, B :
H, — H, and B: H, — H, are given operators, G; : Hy —o H; and G : H, — H, are given
multivalued mappings.

Moudafi [9] proved a weakly convergence theorem for the solution of the split monotone
variational inclusion (SMVI) with an iteration process.

In 2011, Maruyama et al. [10] proved the following ergodic theorem of Baillon’s type [11].

Theorem 1.1 [10] Let C be a nonempty closed convex subset of a real Hilbert space H,
T : C — C be a 2-generalized hybrid mapping with Fix(T) # § and let Prix(r) be the metric
projection of Hy onto Fix(T). Then, for any x € C,

converges weakly to an element p of Fix(T), where p = 1im,,_, oo Prix(1) T".

In this paper, we first study a hierarchical problem of Baillon’s type, and we study a strong
convergence theorem of this problem. For the special case of this convergence theorem,
we obtain a strong convergence theorem for the ergodic theorem of Baillon’s type. Our
result of the ergodic theorem of Baillon’s type improves and generalizes many existence
theorems of this type of problem. Two numerical examples are given to demonstrate our
results.
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As applications of our convergence theorem of the hierarchical problem, we study the
unique solution for the following problems: mathematical programming with multiply
sets split variational inclusion and a fixed point set constraints; mathematical program-
ming with multiple sets split variational inequalities and fixed point set constraints; the
variational inequality problem with a system of mixed type equilibria and fixed point set
constraints; the variational inequality problem with multiple sets split system of mixed
type equilibria and a fixed point set constraints; mathematical programming with system
of mixed type equilibrium and a fixed point set constraints. We give iteration processes
for these types of problems and establish the strong convergence for the unique solution
of these problems. For the special case of our results, our results can be reduced to the fol-
lowing problems: the unique minimal norm solution of the multiply sets split monotonic
variational inclusion problems; the minimum norm solutions for the multiple sets split
system of mixed type equilibrium problem; the minimum norm solution of the system
of the mixed type equilibria problem. Our results will have many applications in diverse
fields of science.

2 Preliminaries
Throughout this paper, let N be the set of positive integers and let R be the set of real
numbers, H; be a (real) Hilbert space with inner product (-,-) and norm || - ||, respectively,
and C be a nonempty closed convex subset of H;. We denote the strongly convergence
and the weak convergence of {x,} to x € H; by x, — x and x,, — x, respectively.

Let T : C — H; be a mapping, and let Fix(T) := {x € C: Tx = x} denote the set of fixed
points of T. A mapping T : C — H is called

(i) a2-generalized hybrid mapping [10] if there exist &;, 83, €1, €2 € R such that

2
S| T2 = Ty||” + 82l T = Ty|1* + (1= 81 = &)l — Ty
<a|T%-y|* + el Te-yI? + L - e - ) |x -y
forall x,y € C.
We know that the class of 2-generalized hybrid mapping contains the classes of nonexpan-

sive mappings, nonspreading mappings, and a (, B)-generalized hybrid [12] in a Hilbert
space. We give an example for a 2-generalized hybrid mapping.

Example 2.1 [13] Let 7:[0,2] — R be defined as

0 ifxe][0,2),
Tx =
1 ifx=2.

Then T is a 2-generalized hybrid mapping and Fix(T) = {0}.

Proof Lete; =€y =1,8, =8, = 3.

41
Case 1: If x € [0,2), y =2, then Tx = T>x = 0, Ty =1 and ||x — Ty|| < 1. We know that
81| T%x - Ty||2 +8|| T = Ty||* + (1= 8, — 8y) [|lx — Ty||?
=81+ 8+ (1=81 = &)l — Tyl

<& +8h+(1-8-8)=1
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and

2
al|T>x—y|" + el Tx—yI* + (1 - e — &)llx - yl?
=de +4e+ (1 -6 —6)|lx - 2||2

>4e; +4ey >1+1=2.
Therefore,

2
81| T%x = Ty||” + 821l T — Tyl + (1 = 81 = 82) e — Tyl

2
<a|Tx-y| +ellTx-yI* + 1 - —e)llx -yl
Case 2: If x € [0,2), y € [0,2), then Tx = T?x = 0, Ty = T*y = 0. We know that

81 % = Ty||* + 2l T = Tyl + (1= 81 = 85) |l — Ty
= (1—68, —8)x%
=0

2
<a|T*-y| +elTx-ylI> + 1 - e - &) x - yl>.
Case3:Ifx=y=2,then Tx=1, T?x =0, Ty = 1, T?y = 0. We know that

2
8| T2x = Ty[|” + 8211 T — TyI* + (1= 81 = &) lx = TyI)?

=8 +(1-68;-62)

1
=(1-48)= 5
and
a| T -y|* + el Te - g% + (- e - &2)llx — y]?
5
=4€; + €y > 7
Therefore,
2
81| T2 = Ty||” + 82| T = Tyl|* + (1= 8 = 82) |x — Tyl
<a|T?x-y|" + el Te-yI* + 1 - & - &) v - yl*
By the above case, we know that T is a 2-generalized hybrid. O

A mapping V : H; — H; is called
(i) strongly monotone if there exists > 0 such that {(x —y, Vax — Vy) > y|lx — y||? for all
x,y € Hy;
(ii) a-inverse-strongly monotone if (x —y, Va — V) > a||Vx — Vy||2 for all x,y € H; and
o >0.

Page 4 of 27
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We also know that if V is a a-inverse-strongly monotone mapping and 0 < A < 2¢, then
I - AV :C— H, is nonexpansive.

Let G : H — H be a multivalued mapping. The effective domain of G is denoted by
D(G), that is, D(G) = {x € H; : Gx # @}

Then G : H; — H; is called

(i) a monotone operator on Hj if (x —y,u —v) > 0 for all x,y € D(G), u € Gx, and

ve Gy
(if) a maximal monotone operator on H; if G is a monotone operator on Hj and its

graph is not properly contained in the graph of any other monotone operator on Hj.

Lemma 2.1 [14] Let C be a nonempty closed convex subset of a real Hilbert space H;. Let
T be a nonexpansive mapping of C into itself, and let {x,} be a sequence in C. If x, — w
and lim,,_, o ||%, — Tx,|| = 0, then Tw = w.

In 2012, Hojo et al. [15] also gave an example for a 2-generalized hybrid mapping which
is not a generalized hybrid mapping with Fix(7) = {(0,0)}. We shall prove that this ex-
ample for a 2-generalized hybrid mapping does not satisfy the demiclosed property as in
Lemma 2.1.

Example 2.2 Let A = {x ¢ R?: ||x]| <1} and TA — R? be defined as

0 ifxea,

T:
x if x € R2/A.

X
flxl

Hojo et al. [15] showed that T is a 2-generalized hybrid mapping, but T is not a gen-
eralized hybrid mapping. Note that 7" does not have the demiclosed property. Indeed,
there exists a sequence {x,} € A such that x,, — w and lim,_, , ||x,, — Tx,|| = 0, but w in
R?/Fix(T) = R?/{(0,0)}.

Proof Letr,=1+ %, %, = (r,cos6,r,sin0) for all n € N, then x,, — (cos8,sin6) and Tx, =
(cosH,sinf). We also have || Tx, — x,| = ||((r, — 1) cosb, (r, —1)sin@)| =r, — 1 — 0, but
(cosH,sinf) #(0,0). O

Lemma2.2 [16] LetV : Hy — Hi be a y -strongly monotone and L-Lipschitzian continuous
operator with y >0 and L > 0. Let 0 € Hy, and V1 : H — H, such that Vix = Vx — 6. Then
V1 is a y-strongly monotone and L-Lipschitzian continuous mapping. Furthermore, there
is a unique fixed point z in C satisfying zo = Pc(zo — Vzo + 0). This point zy € C is also a
unique solution of the hierarchical variational inequality (Vzo—6,q—z0) > 0, forallq € C.

Let C be a nonempty subset of a real Hilbert space H;. Then T : C — Hj is a firmly
nonexpansive mapping if || 7x — Ty||> < |x = y||> = |(I = T)x - (I - T)y||* for every x,y € C,
that is, || Tx — Ty||*> < (x — y, Tx — Ty) for every x,y € C.

Lemma 2.3 [17] Let G, be a maximal monotone mapping on H,. Let ],G 1 be the resolvent
of G, defined by J =+ rGy)! for each r > 0. Then the following holds:

|s — 2|

T(IsGlx—]tGlx,]SGlx —x)> (s _]tGlx”Z
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foralls,t >0 and x € Hy. In particular,
Gy Gy |S B t| G1
s s8] < B o]
foralls,t>0andx e H;.

A mapping T : Hy — H; is said to be averaged if T = (1 — @)] + «S, where « € (0,1)
and S: H; — H, is nonexpansive. In this case, we also say that T is o-averaged. A firmly

nonexpansive mapping is %-averaged.

Lemma 2.4 ([7, 18]) Let C be a nonempty closed convex subset of a real Hilbert space H,
and let T : C — C be a mapping. Then the following are satisfied:
(i) T is nonexpansive if and only if the complement (I — T) is 1/2-ism.

(i) IfS is v-ism, then for y >0, yS is v/y-ism.

(iii) S is averaged if and only if the complement I — S is v-ism for some v > 1/2.

(iv) If S and T are both averaged, then the product (composite) ST is averaged.

(v) If the mappings {T;}, are averaged and have a common fixed point, then

N, Fix(T;) = Fix(T - - - Ty).

Lemma 2.5 [19] Let {a,} be a sequence of real numbers such that there exists a subsequence
{n;} of {n} such that a,, < a1 for all i € N. Then there exists a nondecreasing sequence
{my} C N such that m; — oo and the following properties are satisfied by all (sufficiently
large) numbers k € N:

Ay < Ap1 and  ax < Ay 1.
In fact, my = max{j < k:a; < aj,1}.

Lemma 2.6 [20] Let {a,},en be a sequence of nonnegative real numbers, {a,} a sequence
of real numbers in [0,1] with Y 2, &, = 00, {u,} a sequence of nonnegative real numbers
with ZZZI u, < 00, {t,} a sequence of real numbers with limsupt, < 0. Suppose that a,,; <

(1-oan)ay, + ayt, + uy, for each n € N. Then lim,_, o0 a, = 0.

3 Convergence theorems of hierarchical problems
Let H; be a real Hilbert space and let C be a nonempty closed convex subset of H;. For
eachi=1,2,and k; > 0, let F; be a ;-inverse-strongly monotone mapping of C into H;. For
each i =1,2, let G; be a maximal monotone mapping on H; such that the domain of G; is
included in C and define the set G;'0 as G;'0 = {x € H; : 0 € G;x}. Let ]f; =+ 1,Gy)™1
and ],an = +r,Gy)! foreach n € N, A, >0 and r, > 0. Let {6,} C H be a sequence.
Let V be a y-strongly monotone and L-Lipschitzian continuous operator with y > 0 and
L > 0. Throughout this paper, we use these notations and assumptions unless specified
otherwise.

The following strong convergence theorem for hierarchical problems is one of our main

results in this paper.


http://www.fixedpointtheoryandapplications.com/content/2014/1/20

Yu et al. Fixed Point Theory and Applications 2014, 2014:20
http://www.fixedpointtheoryandapplications.com/content/2014/1/20

Theorem 3.1 Let T : C — H; be a 2-generalized hybrid mapping with Fix(T) N (F, +
G1)7'0N (Fy + Gy) 70 # 0. Take ju € R as follows:

2y
O<M<ﬁ’

Let {x,} C H, be defined by

x1 € C chosen arbitrarily,

Y =T = nF)I2 (= 1aF2)6s

Sy = %Z:;é Tk 78]

Xnil = OpXy + (1 - an)(/gnen + (1 - ,Bn V)Sn)

(3.1)

foreachneN, {x,} C (0,00), {&,} € (0,1), {B4} C (0,1), and {r,} C (0,00). Assume that:
(i) 0<liminf, o, <limsup,_, . o, < 1;
(ii) limy—oo By =0, and Y -, Bu = 00;
(iii) O<ay <A, <by <2k1,and 0 <ay <r, < by <2k»;
(iv) limy— o0 0, = 0 for some 6 € H.
Then 1im,,_, X, = X, where X = Priyr)n(F, +Gy)-Lon(Fy+Gy)-10 (& — VX + 0). This point x is also a
unique solution of the hierarchical variational inequality:

(Vx—0,q—-%) >0, VYqeFix(T)N(F +G)oN(F, +Gy)™o.
Proof Take any x € Fix(T) N (F + G1)7'0 N (F, + G,)710 and let x be fixed. Then we have
X = ]}il (I =X, F1)x and x = ],an (I = r.Fy)x. Let u, = ],32 (I = ruF3)x,. For each n € N, by the
same argument as the proof of Theorem 3.1 [16], we have

lltn = 211> < (160 = ZI|* = (262 — 1) | Foxy — FoX|1* < ||, — %) 3)
and

Iy = ZII* < lltn = %> = An(2k1 = ) | Froey — i) < l|x, — %[ (4)
By equations (3) and (4), we have

lyn = %Il < lloty — 2l < ll%0 — %]

Since T is a 2-generalized hybrid mapping with Fix(T) # ¢, we know that T is a quasi-

nonexpansive, and

n—

1
_ 1 _
s — % = H—ZT%—x

n
k=0

1 n-1 . _
== I -%]
k=0
< Mym = %I < Nty — %I < 1, — %] (5)

By the same argument as in the proof of Theorem 3.1 [16], we find that the sequence {x,}
is bounded. Furthermore, {u,}, {z,}, {y.}, and {s,} are bounded. We also have

l9s1 = 211> < (1= ) [ BolOn = Vull® + I8y = %ull* + 2840100 = Vsullllsu —xall ] (6)

Page 7 of 27
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and

l1%241 _9_6”2 = l%n _9_6”2 + (1 —a,)alls, _xn”z
= 2(1 - an)IBVl (8,,,96,, - 55) - 2(1 - an)ﬁn(‘/:sn;xn - 55)

+(1-an)’ [ﬂf,”en - VS,,”Z +2Bu16n — Vsullllsu _xn”]' (7)
We will divide the proof into two cases.
Case 1: there exists a natural number N such that ||x,.,; — X|| < ||x, — x| for each n > N.
Therefore, lim,,_, o, ||x,, — X|| exists. Hence, it follows from equation (7), (i), and (ii) that
lim ||s,, — x| = 0. (8)
By equations (6), (8), (i), and (ii), we have
lim ||xn+1 - xn” =0. (9)
n—0oQ
We also have
1z = sull < Hﬁnen + (L= BuV)sn—$u ” < Bulln = Vsull. (10)
By equation (10), (iv), and (ii) we have
lim ||z, —s,| = 0. (11)
n—0oQ
By equations (8) and (11),
lim ||z, —x,] = 0. (12)

By the same argument as in the proof of Theorem 3.1 [16], we have

lim ||z, — %,]| = 0 (13)
n—00

and
lim |y, — u,| = 0. (14)
n— o0

Since Fix(T) N (Fy + G1)™0 N (F, + G»)7'0 is a nonempty closed convex subset of Hj, by
Lemma 2.2, we can take Xy € Fix(T) N (F1 + G1)™'0 N (F + G,)710 such that

X0 = Prix(1)n(Fy+Gy)-Lon(Fy+G)-Lo (Fo = VXo +0).
This point X, is also a unique solution of the hierarchical variational inequality:

(VJ_C() - 9,q - J_C()) >0, Vq S FIX(T) N (Fl + G1)710 N (F2 + Gz)ilo. (15)
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We shall show that

limsup(Vxg —0,z, —%¢) > 0.

n—00

Without loss of generality, there exists a subsequence {z,, } of {z,} such that
Zpy =W (16)
for some w € H; and

limsup(Vxg —0,z, — Xo) = klim (Va'co 0,2y, —a'co). 17)
—00

n—0oQ

By equations (12) and (13), we have
lim |[a, —2,]l =0
n—0oQ

and u,, — w. On the other hand, since 0 < a; < A, < b1 < 2k, there exists a subsequence
{An.} of {X,} such that {X,, } converges to a number X € a1, by]. By equation (14) and
7 7

Lemma 2.3, we have

“”nk, _JXGI (- )_‘Fl)”"kj I

< [, - f,}ki (I = o )it | + H]fjki (= AP )ity =TI = A1)t |

+ Hff,;j (I = oy Fr )it — ]f;ki (= APy, |

=< “u”kj —J’nk/ ” + |}"nkj - )‘l ”Flunkj ”
Mnkj - i' G - -
+ = [ U = ARy — (U = AF)uy | — 0. (18)

By equation (18), u,, — w, and Lemma 2.1, w € Fix(/}-\G1 (I - AF)) = (F + B)10.
7
Since 0 < ap < r, < by < 2k5, there exists a subsequence {rnk/_} of {r,,} such that {"nk,}
converges to a number 7 € [ay,b;]. By the same argument as for equation (18), we
have

B JE (1 - FFp)n, | — 0. 19)
By equation (13) and #,, — w, we have x,, — w.

By equation (19), x,,, — w and Lemma 2.1, we have w € Fix(];G2 (I -7Fy)) = (F, + Gy)™'0.
Since T is a 2-generalized hybrid mapping, there exist 81, 83, €1, €2 € R such that

8| T2 = Ty + 821 T — Ty + (1= 8, — &) llx — Ty

<a|| T -y + el Te—yI? + (1 - &1 — e2) | x -yl (20)

Page 9 of 27
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forallx,y € C.Replacing x by T¥y, in equation (20), we have, forally € Cand k = 1,2,...,,

8| Ty, = Ty || + 85| Ty = Ty||* + (1= 81 = 82) | Ty, — Ty
<a|T%%, - 5| +&| T, -y + 1 - 61 - ) | 79—y
<al| 7%, - B|* + 1Ty 31> + 2Ty, - T9, Ty - 5)]
v e[| T, = T + 1Ty - 91 + 2(T*Yy,, - Ty, Ty )]

+ (U —er—)[| T = T|* + 1Ty = y11% + 2Ty, — Ty, Ty ).
This implies that

0 < (e =80 Ty, = Ty||* + 1Ty = y1I? + 261(T 2y, - Ty, Ty - 3)
+(e2 - 8) | Ty, — Ty|| + 265(T*y, — Ty, Ty — )
+G—a+8—-e)| Ty, -1’
+2(1-€e - )T, - T, Ty - y)
< (e[| 7%= | - | 79 - ]]
e =) Ty = B[ = [ 79 - B[]+ 1Ty - 1°
+2(TXy, — Ty + & (T*y, — Thy) + €2 (T, — TXy,), Ty - y). (21)

Summing up these inequalities (21) with respect to k = 0 to k = n — 1 and dividing by n, we

have

)
0< %[H T Y = T + | T = T|* = 1T = T2 = llyn — T11%]

(€2 = 82)
+

Ty =T =l = T1°]

+ 1Ty = 11> + 2(su — T, Ty - y)

2
+ ;(GI(T"”yn + T = Ty — n) + €2(T"yn = yn), Ty = y). (22)

Replacing # by 1y and let nj; — 0. Then from equation (11), (16), and (22), we have

S, = Wi and
0 <1 Ty-ylI* +2(w- Ty, Ty - y).
Taking y = w in the above inequality, we have
0<||Tw—-w|?+2(w=Tw, Tw-w) = | Tw—w|? = 2| Tw - w|? = = || Tw — w||.

This implies that w € Fix(T). Hence, w € Fix(T) N (F + G1)™10 N (F, + G3)7'0. Therefore,

we have from equations (15) and (17)

limsup<V5co -0,z, —a'co> = klim (Va'co -0,z — a'co) =(Vxg—-0,w—%q) > 0. (23)
— 00

n—0oQ0
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By the same argument as the proof of Theorem 3.1 [16], we have

= 12
”xn+1 —X()”

B 112 = XoI?

= [1—2(1—01n)/3nf]||xn—560||2 +2(1_an)/3nf( 9

9;4_9’ —X Q_V_)n__
+( Zn xo)+( %052 xo>>' (24)

T T

By equations (23), (24), assumptions, and Lemma 2.6, we know that lim,,_, o0 %, = X9, Where

%0 = Prix(1)n(F1+G1)10n(Fy+Ga)-10 (X0 — Vo + 6).

Case 2: Suppose that there exists {#;} of {n} such that ||x,, — % < ||x,,41 —x| forall i € N.

By Lemma 2.5, there exists a nondecreasing sequence {#;} in N such that 7; — oo and
s, = Fll < Wiy —F and [y = Fl| < 6,01 — - (25)

Hence, it follows from equations (7) and (25) that
(1 - am/)amj ”Smj - xm,‘ ”2

(1= )2 [ B2, 180, — Vo 12+ 215, 163, — Vi 5, =, I] (26)
for each j € N. Hence, it follows from equation (26), (i), and (ii) that
i 1, =5 = 0. (27)
We show that

limsup(Vo — 0,2, — Xo) > 0.
j—o0

Without loss of generality, there exists a subsequence {Z”’/k} of {zm;} such that Ty, =W

for some w € H and

limsup(V&o — 6, 2, — o) = lim (Vo — 6,2, — Xo). (28)
j—o00 k—o00 Tk

By a similar argument as in the proof of Case 1, we have w € Fix(T) N (F, + G1)'0 N (F, +
G)10. Therefore, we have from equations (28) and (15)

limsup(Vxo — 0,2 — Xo) = klim (Vxg — 9,zmjk —X0) = (Vxo—0,w—2x9) > 0. (29)
j—o00 —00
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Following a similar argument as in the proof of Case 1, we have

%1 = Zo 1>
< [1 =201 = 0t)) B T | 16, = Fo 1> + (1 = s, ) (B, T)* 16, — Ko 12
- ] U ] ] ] ]

+ zﬂm/(l - O[le)(en - 9} Zm/ _9_(:0> + 2:3}1’11(1 - am})<9 - V\;CO) Zan - J_CO)' (30)
From ||%,, — %[ < [[%m;+1 — %I, we have

2(1 = ) By T 1%y = FolI?
= (1 - aml')(ﬁm/T)Zme]‘ _9_60”2 + 2:3m/(1 - Olm/)<9n - G’ZWII' - 5“‘0)

+ 2B (1= 0 (0 = Vo, 2, — o). (3

Since (1 - amj)ﬁm}. >0, we have

27 [y = o> < By Tl — Fo 12 + 2(6 = 6,2y — Fo) + 2(6 = ViEo, 2y —%0).  (32)
By equations (29), (32), and the assumptions, we know that

lim [, —Xol| = 0.

j—>o00
By (6), (27), and the assumptions, we know that

lim ||xm/.+1 —xm/.|| =0.

Jj—o00
Thus, we have

Hm [l —%oll = 0. (33)

Jj—o00
By equations (25) and (33),

lim [l = Xoll < lim [l2,;,, — %ol = 0.

— 00 Jj—00
Thus, the proof is completed. d

Remark 3.1
(i) The assumptions, method, conclusion, and applications of Theorem 3.1 are different
from Theorem 3.1 in [21] and [22]. In Theorem 3.1, Lemma 2.5 is used to prove the
result, but in [21] and [22] we did not use this lemma.

(ii) The assumptions, method, and conclusion of Theorem 3.1 are different from
Theorem 3.1 [16]. In Theorem 3.1 [16], T is a quasi-nonexpansive with the
demiclosed property, but in Theorem 3.1, T is a 2-generalized hybrid mapping, and
by Example 2.2, we know that T" does not satisfy the demiclosed property. Therefore
Theorem 3.1 [16] cannot apply for a 2-generalized hybrid mapping.
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Figure 1 x-axis: index; y-axis: x,.

Example 3.1 Let T be the same as Example 2.1. Let o, =1/2, 8, =1/n, 6, =1, Vx = x,
Gix = Fix = 2%, Gox = Fox = 3x, 1, = 1/2, 4, = 1/2. Then V, Gy, G,, F;, F, satisfy all
conditions of Theorem 3.1 and Fix(T) N (F; + G1)™'0 N (Fy + G2)'0 = {0}, and if we let
x1 =2.000000000, we see the following numerical results and graph (see Figure 1) demon-

strating Theorem 3.1:

n=1-5 2.000000000 1.500000000 1.000000000 0.666666667 0.458333333
n=6-10 0.329166667 0.247916667 0.195386905 0.160193452 0.135652282
n=11-15 0.117826141  0.104367616 0.093850475 0.085386776 0.078407674

Besides, we know the following.
If |x, — x,_1| < 1073, then # = 35; if |x, — %,_1| < 107%, then n = 103; if |x, — x,_1| < 1075,
then # = 319; if |x, — x,_1| < 107°, then 1 = 1,003.

Fori=1,2,letF; =0, G; = dic,and A,, = r, = 1 for all # € N in Theorem 3.1. Furthermore,
put 6, =6, and V(x) = x for all x € H;; we obtain the following theorem which generalizes
Theorem 4.1 in [10].

Theorem 3.2 Let T : C — H, be a 2-generalized hybrid mapping such that F(T) # (. Let
0 € C, and {x,} C C be defined by

x1 € C chosen arbitrarily,
Su= L300 T, (3.2)
Xnal = Ay + (1= 00,) (B0 + (1 = B)sy)

for each n € N, {w,} C (0,1), and {B,} C (0,1). Assume that 0 < liminf,_ - a, <
limsup,_, o, <1 and lim,_, o B, = 0, and ZZZI By = 0o. Then lim,_,» x, = X, where

x = Prix(1)0.


http://www.fixedpointtheoryandapplications.com/content/2014/1/20

Yu et al. Fixed Point Theory and Applications 2014, 2014:20
http://www.fixedpointtheoryandapplications.com/content/2014/1/20

20
L]

15

10

0.0

Figure 2 x-axis: index; y-axis: x,.

T
60 80 100
Index

Example 3.2 Let T be the same as Example 2.1. Let o, = 1/2, B, = 1/n, 6 = 1. Then the
following numerical results and graph (see Figure 2) demonstrate Theorem 3.2:

n=1-5 2.000000000 1.500000000
n=6-10 0.479806858 0.356556683
n=11-15 0.144088241 0.123452725

n=16-20 0.079585996 0.073374619

Besides, we know the following.

1.187500000 0.892361111 0.654839410
0.271536914 0.213118132  0.172638974
0.108108238 0.096353820 0.087086603

0.068130205 0.063630247 0.059717263

If |x, — %,_1] < 1073, then n = 36; if |x, — x,_1| < 1074, then n = 104; if |x, — x,_1| <1075,
then # = 320; if |x, — x,_1| < 107°, then n = 1,004.

4 Mathematical programming with multiple sets split feasibility constraints

Let H; be a Hilbert space, let f be a proper lower semicontinuous convex function of H;
into (—00, 00). The subdifferential 9f of f is defined as follows:

af (x) = {ZGH1 fx) + (z,y —x) Sf(y),VyeHl}

for all x € H;. From Rockafellar [23], we know that df is a maximal monotone operator. Let

C be a nonempty closed convex subset of a real Hilbert space Hj, and ic be the indicator

function of C, i.e.

0 ifxeC,

‘Y o ifxéC.

Furthermore, we also define the normal cone Ncu of C at u as follows:

Ncu={zeH: (z,v-u) <0,¥ve C}.

Then ic is a proper lower semicontinuous convex function on H, and the subdifferential

. .. . 3 ,
dic of ic is a maximal monotone operator. Thus, we can define the resolvent ],\lC of dic

for A >0, ie

YiCx = (I + Adic) &

Page 14 of 27
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for all x € H. Since

dicx = {Z€H1 ticx + {2,y —x) < icy,VyeHl}
={zeH :(z,y—x) <0,Vy e C}

=ch

for all x € C, we have

u:]ficx & x€ceu+Adicu & x—-uciNcu
& (x-—uy-u)<0, VyeC

< u= ch. (34)
The equilibrium problem is to find z € C such that
glz,y)>0 foreachyeC. (EP)

The solutions set of the equilibrium problem (EP) is denoted by EP(g). For solving the
equilibrium problem, let us assume that the bifunction g : C x C — R satisfies the follow-
ing conditions:

(Al) g(x,x) =0 foreachx e C;

(A2) g is monotone, i.e., g(x,y) + g(y,x) <0 for any x,y € C;

(A3) foreachx,y,ze€ C, lim; o g(tz + (1 - t)x,y) < g(x,9);

(A4) for each x € C, the scalar function y — g(x, ) is convex and lower semicontinuous.

Lemma4.1[24,25] Letg: C x C — R bea bifunction which satisfies conditions (A1)-(A4).
Letr >0 and x € C. Then there exists z € C such that

1
gzy)+-(y—2zz-x)>0 forallyeC.

r

Furthermore, if
1
T(x) := {ze C:glz,y) + ;(y—z,z—x) >0 forallye C},

then we have:
(i) T? is single-valued;
(ii) T¢ is a firmly nonexpansive mapping;
(ili) EP(g) is a closed convex subset of C;
(iv) EP(g) = Fix(T%).

We call such T¥ the resolvent of g for r > 0. Throughout these section, we use these
notations and assumptions unless specified otherwise.
Takahashi et al. [26] gave the following lemma.

Page 15 of 27
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Lemma 4.2 [26] Let g: C x C — R be a bifunction satisfying the conditions (A1)-(A4).
Define Aq as follows:

_JzeHi:glxy) = (y-x,2),Vy e C}  ifxeC;

Agx ;
@ ifx ¢ C.

(L4.2)

Then, EP(g) = A;O and A, is a maximal monotone operator with the domain of A, C C.
Furthermore, for any x € Hy and r > 0, the resolvent Ts of g coincides with the resolvent
of Ag, ie., Tix = (I + rAg) .

Let C, Q, and Q' be nonempty closed convex subsets of real Hilbert spaces H;, Hy, and
Hs, respectively, let G; be a maximal monotone mapping on H; such that the domains of
G; is included in C for each i = 1,2. Let ]fl = (I + G and J = (I + rG,)™ for each
A >0 and r >0, let L; be a «;-inverse-strongly monotone mapping of C into Hj, let L,
be a «,-inverse-strongly monotone mapping of C into Hj, let B be a v-inverse-strongly
monotone mapping of Q into H, and let B’ be a v'-inverse-strongly monotone mapping
of Q' into H3. Let G be a maximal monotone mappings on H, such that the domain of G
is included in Q and let G’ be maximal a monotone mappings on H3 such that the domain
of G is included in Q. Let JS = (I + 'G)™ and /,9’ = +rG) ! foreach A’ >0and ¥ > 0.
Let A,A; : Hi — H, be bounded linear operators, A} and A* the adjoints of A; and A
respectively, A, : H — H; a bounded linear operator, and A} the adjoint of A,. Let R; be
the spectral radius of the operator A}A; for i = 1,2, respectively, and R the spectral radius
of the operator A*A. Let I, I, I5 be the identity mappings of H, H,, Hs, respectively. We
use these notations throughout this section unless specified otherwise.

In order to study the convergence theorems for the solutions set of the multiple sets
split monotone variational inclusion problem, we study the following essential problem
(SFP-1):

Find ¥ € H, such that Ax € (G + B)"1(0).

Theorem 4.1 Given any x € Hy we have the following.

(i) Ifx is a solution of (SFP-1), then (I — AA* (I, — U)A)x = X, where 1. > 0,
U=J¢(I,~0B)ando >0.

(ii) Suppose that U =JS(I, —oB), 0 <A < zle’ 0<o <2v. Then A*(I, - U)A is a %-ism
mapping, J¢ (I, — o B), and I — \A*(Ip, — U)A are averaged for some k > % Suppose
Sfurther that solution set of (SEP-1) is nonempty and (I — LA*(I, — U)A)x = X. Then x
is a solution of (SFP-1).

Proof (i) Suppose that x € H; is a solution of (SEP-1). Then x € H;, Ax € Fix(U). It is easy
to see that (I — AA* (I, — U)A)x = .

(ii) Since the solutions set of (SFP-1) is nonempty, there exists w € H; such that Aw €
F(U). Since B is a v-inverse-strongly monotone mapping of Q into Hj, it follows from
Lemma 2.4(iii) and (iv) that

JS(I, — o B) is averaged. (35)
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By Lemma 2.4(iii), for some k > %, we know that
L-U=15L-J%(I, - 0B) is k-ism. (36)
In Theorem 3.1 [9], Moudafi showed that
K
AT, -U)Ais E—ism. (37)
By Lemma 2.4(iii) and 0 < A < %, we know that

I—-)A*(I, — U)A is averaged (38)

for some « > % Since

x=(I-2A%1 - UW)A)x. (39)
This implies
A*(I - U)Ax = 0. (40)

We know that U (AXx) = Ax + wy, with A*w; = 0, which combined with the fact that U(Aw) =
Aw yields

|u(Ax) - uAw) H2 = A% + w1 — AW|? = |Ax — Aw|® + ||wa || (41)

Since U = JS(I, — 0 B) is a nonexpansive mapping and we have equation (41), we have

W = 0.
This implies that
Ax =Fix(U) = Fix(JS (I, - 0 B)). (42)
This shows that X is a solution of (SFP-1). a

In the following theorem, we consider the multiple set split monotonic variational in-
clusion problem (MSSMVIP-1):

Find ¥ € H, such that X € G;*(0) N G,*(0), A% € (B + G)™(0),

and Ay% € (B + G') 7 (0).
That is,

Find ¥ € H, such that ¥ € Fix(/;') N Fix(J), A% € Fix(1;) and A,% € Fix(U)

where Uy = JS(I, -0 B), U = JS (I - o'B).

Let 2; be the solutions set of (MSSMVIP-1).

Page 17 of 27
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Theorem 4.2 Let T : C — H; be a 2-generalized hybrid mapping. Suppose that Q0 is the
solutions set of (MSSMVIP-1) with Fix(T) N 1 # V. Take 1 € R as follows:

Let {x,} C H, be defined by

x1 € C chosen arbitrarily,

n =T = AT (I — UDAD] (I = rA3 (I3 — Up) A,
su= 23000 Ty,

Xns1 = Xy + (1= 0)(BuOn + (1= B V)s0),

(4.2)

where Uy = JS(I, — o B), U, 215/(13 —-0o'B), {a,} € (0,1), {B,.} C(0,1), r € (0,00) and X €
(0, 00). We have
(i) 0<liminf, .~ o, <limsup,_, . o, < 1;

(i) lim,— o0 By =0, and -, Bu = 00;

(iii) 0<)L<Ri1,0<r< %,0<a<2vand0<a’<2v/;

(iv) limy, o0 0, =0 for some 6 € H;.
Then lim,,_, o X, = X, where X = Prix(1)ng, (X — VX + 6). This point x is also a unique solution
of the hierarchical variational inequality:

(Vi-0,g-%) >0, YqeFix(T)N Q.
Proof Let Fy = Af(I — Uh)A,, Fy = A5(I3 — U3)Az, Ay = A and r,, = r for all n € N in Theo-
rem 3.1. It follow from Theorem 4.1(ii) that F; is %—ivm for some u; > % and each i =1,2.
Then algorithm (3.1) in Theorem 3.1 follows immediately from algorithm (4.2) in Theo-

rem 4.2.

Since Fix(T) N € is nonempty, there exists w € C such that

w € Fix(T) N Fix(J;") N Fix (I - A} (I — Uh)Ar)

NFix(/72) NFix(I - rA3 (I3 — U)A»). (43)
This implies that

W € Fix(T) NFix(J7 (I - 2AF (I - U1)Ay) )

NFix(J72 (I - rA3(I; — L) A,)). (44)
That is,
we Fix(T) N Fix(]f1 (I - AF)) NFix(J22 (I - rEy)). (45)
Hence,

w e Fix(T) N (Gy + F1)7'0 N (G, + F,) 0 # 0. (46)
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It follows from Theorem 3.1 that lim,,_, o x,, = X, where
X = Prix(T)n(F +Gy)-L0n(Fy +Gy)-10 (X — VX + 0).
This point x is also a unique solution of the hierarchical variational inequality:
(Vi—0,q-%) >0, VYgeFix(T)N(F +G)70N(F +Gy)™o.
If
w e Fix(T) N (Gy + F1)'0 N (G, + F,) 0. (47)
By equations (44), (45), and (46), we know that
w=Tw,  w=J7 ([-2AfL-UA)wW,  w=J2([- 1A} - Ub)Ay)w.  (48)
By Q; # 0, equation (48), and Lemma 2.4(v), we have

w=Tw, W:]flw, w= ([—)\AT(Iz—ul)A])W, W:],E;ZW,
(49)
w = (I - rA}(Is — U)Ay)w.

It follows from Theorem 4.1(ii) that w is a solution of (MSSMVIP-1). Therefore, w €
Fix(T) N 2 and

Fix(T) N (Gy + F1)™10 N (G, + F,) 70 € Fix(T) N 4.

Conversely, if w € Fix(T) N Q1, by equations (43), (44), (45), and (46), we know that w €
Fix(T) N (G1 + F)7'0N (G, + F,)™'0 and

Fix(T) N €4 CFix(T) N (Gy + F1)'0 N (G, + F,)710.

Therefore, Fix(T) N Q; = Fix(T) N (G + F1)~'0 N (G + F,)7'0 and the proof is completed.
O

Remark 4.1 Moudafi [9] studied a weak convergence theorem for the split monotone
variational inclusion problem, while Theorem 4.2 is a strong convergence theorem for the

multiply sets split monotone variational inclusion problem.

By Theorem 4.2, we study the mathematical programming problem with (MSSMVIP-1)
and fixed point set constraints.

Theorem 4.3 In Theorem 4.2, let h: C — R be a convex Gdteaux differential function
with Gdteaux derivative V, and the assumption (iv) is replaced by lim,_, «, 6, = 0. Then
lim,, o x, = X, where X = Prix(ryng, (X — V(). This point x is also a unique solution of
the mathematical programming problem with (MSSMVIP-1) and fixed point constraints:

MiNyerix(r)ng, A(%).
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Proof Let 0 = 0 in Theorem 4.2, by Theorem 4.2, we see that
(Vx,q—x)>0, VqeF(T)NQ. (50)

Since &1: C — R is a convex Gateaux differential function with Gateaux dirivitive V, we

obtain
(VX,y—X) = }1_% h(x +t(y —t?_f)) - h(x)
— lim h((1 - 8)x + ty) — h(x)
t—0 t
< lim L= 9A@) + th() - ()
t—0 t
= h(y) - h(x) o

for all y € C. By equations (50) and (51), it is easy to see that k(x) < h(q) for all g € Fix(T)N
Q. O

If we put h(x) = %||x||2 in Theorem 4.3, then V = I, and we have the following minimum
norm of common solutions for (MSSMVIP-1) and Fix(T).

Theorem 4.4 In Theorem 4.3, let the iteration process {x,.1} be replaced by
Xns1 = Xy + (1= ) (ﬂnen +(1- ﬂn)Sn)» neN.

Then lim,,_, oo X, = X, Where X = Prix(1)ng, (0). This point x is also a unique minimum solu-
tion of Fix(T) N Q1: mingerix(mng, 1*|l.

The multiple sets split variational inequality problem (MSSMVIP-2) is defined as fol-

lows:

Find ¥ € H; such that X € G;*(0) N G;*(0), (52)
and

(B(A1%),y—A1x) >0 forallyeQq, (53)

(B/(Aga_c),y —Aza_c) >0 forallyeQ. (54)
That is,

Find % € H, such that € Fix(/,") N Fix(/¢2) (55)
and

Aix €Fix(Po(I-oB)) and Ayx € Fix(Py (I -o'B')). (56)

By Theorem 4.2, we can study a variational inequality problem with the split variational
inequality (MSSMVIP-2) and fixed point set constraints.
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Theorem 4.5 In Theorem 4.2, let U, = ]f(l —oB), U, = ]aG,/(I — o'B') be replaced by
U, = Po(I — oB), U, = Py(I — o'B’), respectively. Suppose that the set of solutions for
(MSSMVIP-2) is 2y and Fix(T) N Qy # @. Then lim,,_, oo X, = X, where X = Prix(1)ng, (¥ —
Vi + 60). This point x is also a unique solution of the hierarchical variational inequality:

(Vi-0,g-%) >0, YqeFix(T)NQ,.
Proof Let G = dig and G’ = digy in Theorem 4.2, then, by equation (34), we have J¢(I -

0B) =Py(I - oB), ]UG,/(I —0'B') =Py (I — o'B). Since Fix(T) N Qy # @, there exists w € C
such that we can find

# € H, such that w € Fix(J{') N Fix (/%) (57)
and

A1w € Fix(Po —oB)) and Ayw € Fix(Py (I -o'B)). (58)
This implies that

A1w e Fix(JS(I-oB)) and A,weFix(JS (I-o'B)). (59)

Therefore, w € Fix(T) N Q2; # @. It follows from Theorem 4.2 that lim,,_, o, X, = X, where x =
Prix(r)ng, (¥ — Vx + 0). This point x is also a unique solution of the hierarchical variational
inequality:

(Vi—0,g-%) >0, VgeFix(T)N Q.

By equations (57), (58), and (59), lim,,_, oo %, = X, where X = Prixr)ng, (* — VX + 0). This
point x is also a unique solution of the hierarchical variational inequality:

(Vi-0,q-%) >0, VqeFix(T)NQy. O

Remark 4.2 Censor et al. [27] studied a weak convergence theorem for the split varia-
tional inequalities problem with the additional assumption, while Theorem 4.5 studies a
strong convergence theorem for multiply sets split variational inequalities problem with-
out this additional assumption.

By Theorem 4.5, we study a mathematical programming problem with (MSSMVIP-2)
and fixed point set constraints.

Theorem 4.6 In Theorem 4.5, let h: C — R be a convex Gdteaux differential function
with Gdteaux derivative V, and the assumption (iv) is replaced by lim,_, 6, = 0. Then
lim,_, o %, = X, where % = Prix(r)ng, (¥ — VX). This point X is also a unique solution of the
following mathematical programming problem with (MSSMVIP-2) and fixed point con-
straints:

min  J(x).
x€Fix(T)NQ2
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Proof By Theorem 4.5 and following the same argument as in the proof of Theorem 4.3,
we see that the proof is complete. d

In the following theorem, we consider the following split monotonic variational inclu-
sion problem (MSSMVIP-3):

Find % € H, such that % € G,'(0), & € (G, + F;)™0, and A,% € (B + G') ' (0).
That is,

Find ¥ € H, such that € Fix(J; (I — AF1)) NFix(J2), and A% € Fix(Us)

where U, :]UG,/ (13 - O'/B/).
Let Q3 be the solutions set of (MSSMVIP-3).

Theorem 4.7 Let T : C — H; be a 2-generalized hybrid mapping. Suppose that Qs is the
solutions set of (MSSMVIP-3) with Fix(T) N Q3 # . Take 11 € R as follows:

2y
0</L<ﬁ.

Let {x,} C Hy be defined by

x1 € C chosen arbitrarily,

n = I = MR = rAG (I3 - Up)Ag)xy,
5u= 35 Lo T

KXn+l = OpXy + (1 - an)(ﬂnen + (1 - B V)Sn):

where U = JS (I - 'B), {a,,} € (0,1), {4} C (0,1), r € (0,00) and 1 € (0,00).
(i) 0 <liminfy,_ o 0ty <limsup,,_, o, oty < 1;
(i) lim,— o0 By =0, and e Bu = 00;
(iil) 0<A<2k,0<r< é
(iv) limy,— o0 0, =0 for some 0 € H;.

and 0 <o’ <2V';

Then lim,,_, o X, = X, where X = Prix(1)nq; (X — VX + 0). This point x is also a unique solution
of the hierarchical variational inequality:

(Vi—0,g-%) >0, VgeFix(T)NQs.

Proof Let Fy = A5(I - Uy)As, Ay = A and 1, = r for all # € N in Theorem 3.1. It follows from
Theorem 4.1(ii) that F, is g—;—ivm for some u; > % Then algorithm (3.1) in Theorem 3.1
follows immediately from algorithm (4.7) in Theorem 4.7.

Since Fix(T) N Q3 is nonempty, there exists w € C such that

w e Fix(T) N Fix(]f1 (I - AF)) NFix(J&2) NFix(I - rA3(I - U)As). (60)
This implies that

we Fix(T) N Fix(]f1 (I - AF)) NFix(J22 (I - rA5 (I - Up)A3)). (61)
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That is,

€ Fix(T) NFix(J7' (I - AFy)) NFix(J%2 (I - rFy)). (62)
Hence,

weFix(T) N (G + F1)I0N (G, + F) 70 £ 0. (63)

It follows from Theorem 3.1 that lim,,_, o, x,, = X, where

X = Prix(1)n(F+Gy)-10N(Fy+Gy) 10 (& — VX + 0).
This point x is also a unique solution of the hierarchical variational inequality:

(Vx—0,g—%) >0, YqeFix(T)N(F+G)0N(F,+Gy)0.

If

w € Fix(T) N (G, + F1)7'0 N (G, + Fy)™0. (64)
That is,

w=Tw, w=J7'U-F)w and w=J%(I-rA5(I - Up)As)w. (65)

By Q3 # ), equation (65) and Lemma 2.4(v), we have

w=Tw, w=J7U-AF)w, w=]%w,  w=([-rAjs-U)A)w. (66)
By Q3 # 0, equation (66), and Theorem 4.1(ii), we see that w is a solution of (MSSMVIP-3).
Therefore, w € Fix(T) N Q3 and Fix(T) N (G + F1)7'0 N (G, + F»,)™'0 C Fix(T) N Q3.
Conversely, if w € Fix(T) N Q3, by equations (60), (61), (62), and (63), we know that
w e Fix(T) N (G, + F1)™'0 N (G, + F»)~'0 and

Fix(T) N 5 C Fix(T) N (G + F1) 0 N (G + F,)710.

Therefore, Fix(T) N Q3 = Fix(T) N (G, + F1)™'0 N (G, + F,)7'0 and the proof is completed.
O

Remark 4.3 Theorem 4.7 also improve Theorem 3.1 [9].

For eachi=1,2, let f; : C x C — R be a bifunction satisfying the conditions (A1)-(A4).
The system of mixed type equilibria problem (MSSMVIP-4) is defined as follows.

Find x € C such that fi(x,x) + (x — %, Fix) > 0 and f5(%,x) + (x — X, F,X) > 0

forallx € C.
By Theorem 3.1 and Lemma 4.2, we study a variational inequality problem with
(MSSMVIP-4) and fixed point set constraints.
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Theorem 4.8 Let T : C — H, be a 2-generalized hybrid mapping. For each i = 1,2, let
fi: C x C— R be a bifunction satisfying the conditions (A1)-(A4), and ]ff 1 ];4] 2, defined
as Lemma 4.2. Suppose that Q4 is the solutions set of (MSSMVIP-4) with (A;, + F)on
(Ag, + F)'0NFix(T) # 9. Let {x,,} C H be defined by

%1 € C chosen arbitrarily,
A A
Yn =S = AR (I = rF3)c,
Su= L300 Try,,
Kpa1 = QX + (1 an)(ﬂnen +(1- Bn V)sn),

(4.8)

where {a,} C (0,1), {8,} C (0,1), r € (0,00) and A € (0,00). Assume that:
(i) 0<liminf,_ o o, <limsup,_, . o0, < 1;
(i) lim,— o0 By =0, and Yy -, Bu = 00;
(iii) O<ay <A <b;<2k1,0<ay <r<by<ky;
(iv) limy— o0 0, = 0 for some 6 € H.
Then lim,_, » x, = X, Wwhere X = Prix()na, (¥ — VX +0). This point X is also a unique solution
of the hierarchical variational inequality:

(Vx-0,q-%)>0, VqeFix(T)N Q.
Proof For each i = 1,2, let A; be as in Lemma 4.2. By Lemma 4.2, we see that Ay, is a
maximal monotone operator with the domain of A; C C. Furthermore, for any x € H; and
r >0, the resolvent Tf of f; coincides with the resolvent of A, i.e.,

Tlx = (1 +1Az) . (67)
For i=1,2,let G; = A in Theorem 3.1. By equation (67), we have

fo =+ AAﬁ)‘lx :]flx, T{Zx =+ rAfz)‘lx :],GZx. (68)
Then algorithm (3.1) in Theorem 3.1 follows immediately from algorithm (4.8) in Theo-

rem 4.8.

By equation (68), we have Fix(T{l) = AJZIIO = Fix(]ffl) and Fix(sz) = Af-210 = Fix(]f‘f2 ).

It follows from Theorem 3.1 that lim,,_, o x,, = X, where
X = Prix(r)ne, (8 — VX +0).
This point ¥ is also a unique solution of the hierarchical variational inequality:
(Vi-0,g-%) >0, YqeFix(T)N Q.

Here w € (Gy + F1)'0 N (G, + F,)7'0. That is, w € (A + F1)™'0 N (Ay, + F>)7'0. That is,
w e Fix(, (I - AR)) N Fix(,” (I - rF)). That is,

fiw,x) + (x—w,Fiw) >0
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and
So(w, %) + (x—w, Faw) = 0
for all x € C. Therefore, ©2; = 24 and the proof is complete. g

By Theorem 4.2, we study a mathematical programming problem with (MSSMVIP-4)

and fixed point set constraints.

Theorem 4.9 In Theorem 4.8, let h: C — R be a convex Gateaux differential function
with Gdteaux derivative V, and let the assumption (iv) be replaced by lim,,_, , 6,, = 0. Then
limy,_, oo X, = X, where x = Prix(r)ne, (¥ — V). This point X is also a unique solution of the
mathematical programming problem with (MSSMVIP-2) constraints:

min  &(x).
x€Fix(T)NQ4
Foreachi=1,2,letf;:Cx C—Randg:Qx Q— R, g : Q x Q — R be bifunctions
satisfying conditions (A1)-(A4). The multiple sets split system of mixed type equilibrium
problems (MSSMVIP-5) is defined as follows.

Find x € C such that x € EP(f;) N EP(f,), g1(A1%,y) + (y — A1x, BA1X) > 0 and

2(A2%,5) + (Y — Axx, B'Axx) > 0

forallye Q,y € Q.
By Theorem 4.2, we can study a variational inequality problem with (MSSMVIP-5) and
fixed point set constraints.

Theorem 4.10 Foreachi=1,2,letf;:CxC—> Randg:QxQ—>R,g:Q xQ — Rbe
bifunctions satisfying the conditions (A1)-(A4). Let T : C — H, be a 2-generalized hybrid
mapping, and let ]:lfl , ]:‘le ]?gl, ]?gz be defined as in Lemma 4.2. Suppose that Qs is the
solutions set of (MSSMVIP-4) with Qs NFix(T) # (. Let {x,,} C H be defined by

x1 € C chosen arbitrarily,
A A
Yu =T = RAF (L = U AN (I = rAS (I — L) Ad),,
S =230 0 T,
Xn+l = OpXy + (1 - an)(ﬂngn + (1 - /3}1 V)Sn)r

(4.10)

where U =]f§g1 (I —oB), Uy = ]:;gz (I3 —0'B'). Then lim,_, o0 X, = X, where % = Prix(m)ng; (X —
Vx +0). This point x is also a unique solution of the hierarchical variational inequality:

(Vx-6,g-%) >0, VqeFix(T)NQs.
Proof Fori=1,2,let G;=As, G =Ag, and G’ = A,, in Theorem 4.2. By Theorem 4.2 and

following the same argument as in the proof of Theorem 4.8, we prove Theorem 4.10.
O
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Foreachi=1,2,letf;: C x C— R and g;: Q x Q — R be bifunctions satisfying con-
ditions (A1)-(A4). The split mixed type equilibrium problem (MSSMVIP-6) is defined as
follows.

Find x € C such that x € EP(f;), fi(x,x) + (x —x, F1x) > 0 and

£(A2%,y) + (y — Ak, B Ax%) > 0

forallxe C,y € Q.
Applying Theorem 4.7 and following a similar argument as in Theorem 4.10, we can
study a variational inequality problem with (MSSMVIP-6) and with fixed point set con-

straints.

Theorem 4.11 For each i = 1,2, let f;: C x C — R and g;: Q x Q — R be bifunc-
tions satisfying conditions (Al)-(A4). Let T : C — H; be a 2-generalized hybrid mapping,
and ffl , ];%, ]?g‘, ]fgz defined as in Lemma 4.2. Suppose that Q¢ is the solutions set of
(MSSMVIP-6) with Q¢ NFix(T) # . Let {x,} C H be defined by

x1 € C chosen arbitrarily,
A A
Yn =S = )L (1= rAS(Is — Un) A,
Sn= L300 Try,,
Kps1 = Oy + (1 — an)(ﬁnen +(1- Bn V)sn),

(4.11)

where U, = ]Ag2 (I3 —o'B), {a,} C (0,1), {B,} € (0,1), r € (0,00) and A € (0,00). Assume

further that
(i) 0<liminfy,_ s oty <limsup,,_, o oty < 1;
(ii) limy—oo By =0, and Y ., Bu = 00;
(iii) 0 <A <2k, 0<r< é
(iv) limy,_, o 6, =0 for some 6 € H;.

and 0 <o’ <2V';

Then lim,_, o X, = X, where X = Prix(r)nqs (¥ — VX + 0). This point x is also a unique solution

of the hierarchical variational inequality:

(Vi—0,g-%) >0, YqeFix(T)N Q.
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