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1. Introduction and preliminaries
Let (X, d) be a metric space. We denote by CB(X) the collection of non-empty closed
bounded subsets of X. For A, Be CB(X) and x € X, suppose that

D(x,A) =infd(x,a) and H(A, B,) = max{sup D(a, B), sup D(b, A)}.
aeA acA beB

Such a mapping H is called a Hausdorff metric on CB(X) induced by d.

Definition 1.1. An element x € X is said to be a fixed point of a multi-valued map-
ping T: X — CB(X) if and only if x € Tx.

In 1969, Nadler [1] extended the famous Banach Contraction Principle from single-
valued mapping to multi-valued mapping and proved the following fixed point theo-
rem for the multi-valued contraction.

Theorem 1.1. Let (X, d) be a complete metric space and let T be a mapping from X
into CB(X). Assume that there exists ¢ € [0,1) such that H(Tx, Ty) < cd(x, y) for all x,y
€ X. Then, T has a fixed point.

The existence of fixed points for various multi-valued contractive mappings has been
studied by many authors under different conditions. In 1989, Mizoguchi and Takahashi
[2] proved the following interesting fixed point theorem for a weak contraction.
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Theorem 1.2. Let (X,d) be a complete metric space and let T be a mapping from X
into CB(X). Assume that H (Tx, Ty) < a(d(x,y)) d(x,y) for all x,y € X, where o is a
Junction from [0,0) into [0,1) satisfying the condition limsup,_,.c(s) < 1for all t € [0,
o). Then, T has a fixed point.

Let CL(X) := {A C X|A # ®,A = A}, where A denotes the closure of A in the metric
space (X, d). In this context, Ciri¢ [3] proved the following interesting theorem.

Theorem 1.3. (See [3]) Let (X,d) be a complete metric space and let T be a mapping
from X into CL(X). Let f X — R be the function defined by fix) = d(x, Tx) for all x €
X. Suppose that f is lower semi-continuous and that there exists a function @: [0, +)
— [a, 1), 0 <a < 1, satisfying

limsup¢(r) <1 foreacht € [0, +00). (1.1)

r—>t*

Assume that for any x € X there is y € Tx satisfying the following two conditions:

Vo (x))d(xy) < f(x) (1.2)
such that
fy) < o(f(x))d(x,y). (1.3)

Then, there exists z € X such that z € Tz

Definition 1.2. [4]Let X be a non-empty set and F: X x X — X be a given mapping.
An element (x, y) € X x X is said to be a coupled fixed point of the mapping F if F (x,
y) = x and F(y, x) = y.

Definition 1.3. [5]Let (x,y) € X x X, F: X x X > X and g: X - X. We say that (x,y)
is a coupled coincidence point of F and g if F(x,y) = gx and F(y, x) = gy for x,y € X.

Definition 1.4. A function f X x X — R is called lower semi-continuous if and only if
for any sequence {x,} € X, {y,,} € X and (x,y) € X x X, we have

Jim (xn yn) = (v y) = f(xy) < Hminff (e, yn)-

Let (X, d) be a metric space endowed with a partial order and G: X — X be a given
mapping. We define the set A € X x X by

A={(xy) € X x X|G(x) < G(y)}-
In [6], Samet and Vetro introduced the binary relation R on CL(X) defined by
ARB & AXBCA,

where A, B € CL(X).

Definition 1.5. Let F: X x X — CL(X) be a given mapping. We say that F is a
A-symmetric mapping if and only if (x,y) € A = F(x,y)RE(yx).

Example 1.1. Suppose that X = [0,1], endowed with the usual order <. Let G: [0,1] —
[0,1] be the mapping defined by G(x) = M for all x € [0,1], where M is a constant in
[0,1]. Then, A = [0,1] x [0,1] and F is a A-symmetric mapping.

Definition 1.6. [6]Let F: X x X — CL(X) be a given mapping. We say that (x,y) € X
x X is a coupled fixed point of F if and only if x € F(x,y) and y € F(yx).
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Definition 1.7. Let F: X x X — CL(X) be a given mapping and let g: X — X. We say
that (x,y) € X x X is a coupled coincidence point of F and g if and only if gx € F(x,y)

and gy € F(yx).
In [6], Samet and Vetro proved the following coupled fixed point version of Theorem
1.3.

Theorem 1.4. Let (X, d) be a complete metric space endowed with a partial order <.
We assume that A # 0, i.e, there exists (xo,y0) € A. Let F: X x X — CL(X) be a A-sym-
metric mapping. Suppose that the function f. X x X — [0,+c0) defined by

f(x,y) := D(x, F(x,y)) + D(y, E(y,x)) forallx,yeX

is lower semi-continuous and that there exists a function @: [0, ) —> [a, 1), 0 <a < 1,
satisfying

limsup¢(r) <1 foreacht € [0, +00).

r—>t*

Assume that for any (x,y) € A there exist u € F(x,y) and v € F(yx) satisfying

Vo (e y)ld(x u) +d(y, v)] < f(x.y)
such that
fluv) = (f(xy))[d(x, u) +d(y, v)].

Then, F admits a coupled fixed point, i.e., there exists z = (z1, z5) € X x X such that
z1 € F(z1, 20) and z, € F(zy, z1).

In 2006, Bhaskar and Lakshmikantham [4] introduced the notion of a coupled fixed
point and established some coupled fixed point theorems in partially ordered metric
spaces. They have discussed the existence and uniqueness of a solution for a periodic
boundary value problem. Lakshmikantham and Ciri¢ [5] proved coupled coincidence
and coupled common fixed point theorems for nonlinear contractive mappings in par-
tially ordered complete metric spaces using mixed g-monotone property. For more
details on coupled fixed point theory, we refer the reader to [7-12] and the references
therein. Here we study the existence of coupled coincidences for multi-valued non-
linear contractions using two different approaches, first is based on A-symmetric prop-
erty recently studied in [6] and second one is based on mixed g-monotone property
studied by Lakshmikantham and Ciri¢ [5]. The theorems presented extend certain
results due to Ciri¢ [3], Samet and Vetro [6] and many others. We support the results

by establishing an illustrative example.

2. Coupled coincidences by A-symmetric property
Following is the main result of this section which generalizes the above mentioned
results of Ciri¢, and Samet and Vetro.

Theorem 2.1. Let (X,d) be a metric space endowed with a partial order < and
A # 9. Suppose that F: X x X — CL(X) is a A-symmetric mapping, g: X — X is contin-
uous, gX is complete, the function f g(X) x g(X) — [0, +o0) defined by

f(gx gy) := D(gx, F(x,y)) + D(gy, F(y,x)) forallx,y e X
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is lower semi-continuous and that there exists a function @: [0, ) — [a, 1), 0 <a < 1,
satisfying
limsup¢(r) <1 foreacht € [0, +00). 2.1)

r—=>t*

Assume that for any (x,y) € A there exist gu € F(x,y) and gv € F(yx) satisfying

Vo (f(gx, 8y))ld(gx, gu) + d(gy, gv)] < f(8x, 8y) (2.2)
such that
fgu gv) < &(f(gx gy))d(gx. gu) +d(gy, gv)]- (2.3)

Then, F and g have a coupled coincidence point, i.e., there exists gz = (gz1, gz) € X x
X such that gz, € F(zy, z,) and gz, € F(zy, z1).

Proof. Since by the definition of ¢ we have @(flx,y)) < 1 for each (x,y) € X x X, it
follows that for any (x,y) € X x X there exist gu € F(x,y) and gv € F(yx) such that

Vo (f (s, 8y))d(gx, gu) < D(gx, F(x,))
and
Vo (f(gx 8v))d(gy. gv) < D(gy, F(y, x)).

Hence, for each (x,y) € X x X, there exist gu € F(x,y) and gv € F(yx) satisfying (2.2).
Let (xo, ¥o) € A be arbitrary and fixed. By (2.2) and (2.3), we can choose gx; € F(x,
90) and gy; € F(yo, ) such that

Vo(f (gx0, 8¥0))ld(gxo, gx1) + d(8yo, 81)] < f(8%0, 870) (2:4)
and

f(gx1,8r1) = #(f(8x0, 8y0))[d(8%0, 8x1) + d(gyo, 8¥1)]- (2.5)
From (2.4) and (2.5), we can get

f(gx1,8y1) < &(f(8x0, 8Y0))[d(gx0, gx1) + d(8Yo, g¥1)]
= Vo (f(8x0, 8Y0)){/ b (f (8x0, 8¥0))[d(8x0, gx1) + d(gy0, g1) 1}
< Vo(f (gx0, 8Y0))f (80, 8¥0).-

Thus,
f(8x1,871) < Vo (f(8%0, 870))f (8%0, 8¥0). (2.6)
Now, since F is a A-symmetric mapping and (xo, yo) € A, we have
F(x0, y0)RF(yo,x0) = (x1,y1) € A.
Also, by (2.2) and (2.3), we can choose gx, € F(xy, y1) and gy, € F(y;, x1) such that
Ve (f(gx1,8y1))ld(gx1, 8x2) + d(gy1, 8r2)] < f(gx1,8y1)
and

f(gx2,8y2) < o(f(gx1, 8y1))[d(8x1, 8x2) + d(8y1, 8y2)]-
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Hence, we get

F(8x28y2) < Vé(f(gx1,8y1))f (8x1,81),

with (xo, y2) € A.
Continuing this process we can choose {gx,} € X and {gy,} © X such that for all n €

N, we have
(X yn) € A, %1 € F(Xn¥n)r &Vne1 € F(Yns Xn), (2.7)
VO (8%n, 8Yn))A(g%n, 8%xa1) + A(ZYns g1 )| < F(8%n, 8Yn), (2.8)
and
£(8%ne1, 8¥ne1) < v/ S (F (8%, 8Yn))f (8%ns &¥n)- (2.9)

Now, we shall show that flgx,, gy,,) — 0 as n — . We shall assume that flgx,, gy,,) >
0 for all n e N, since if figr,, gy,,) = 0 for some n € N, then we get D(gx,, F(x,, y,,)) =
0 which implies that gx, € F(x,, y,) = F(xn, 1) and D (g),, F(y,» %,,)) = 0 which implies
that gy, € F(y,, x,). Hence, in this case, (x,, y,) is a coupled coincidence point of F and
g and the assertion of the theorem is proved.

From (2.9) and ¢(¢) < 1, we deduce that {f(gx,, gv,)} is a strictly decreasing sequence
of positive real numbers. Therefore, there is some 6 > 0 such that

lim f(gxy, gyn) = 9.
n—oo

Now, we will prove that = 0. Suppose that this is not the case; taking the limit on
both sides of (2.9) and having in mind the assumption (2.1), we have

8 < limsup /o(f(gxn grn))d <,
f(gxngyn)—8*

a contradiction. Thus, ¢ = 0, that is,
Jim £(gxn gyn) = 0. (2.10)
Now, let us prove that {gx,} and {gy,} are Cauchy sequences in (X, d). Suppose that

o= limsup /o (f(8xn gyn))-
f(8%n.8yn)—0*

Then, by assumption (2.1), we have o < 1. Let g be such that o <q < 1. Then, there
is some 1y € N such that

Vo(f(gxn gym)) < q for each n > no.
Thus, from (2.9), we get

f(8%ns1,8Vns1) < qf (gxn, gyn) for each n > ny.
Hence, by induction,

F(8%ne1, Qni1) < G0 f (gxn0, 8Vn,)  for each n > np. (2.11)
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Since @ (t) = a > 0 for all £ > 0, from (2.8) and (2.11), we obtain
1
A5 i) + d(grn gmer) = ) 'S (g0 gpm) foreachnzmo. - (2.12)

From (2.12) and since g < 1, we conclude that {gx,} and {gy,} are Cauchy sequences
in (X,d).
Now, since gX is complete, there is a w = (wy, w,) € gX x gX such that

lim gx, =w; =gz; and lim gy, =w; = g2 (2.13)
n—oo n—oo

for some z;, z, in X. We now show that z = (z;, z») is a coupled coincidence point of
F and g. Since by assumption f is lower semi-continuous so from (2.10), we get

0 < f(gz1,822) = D(821, F(21,22)) + D(822, F(22, 21)) < lim inff (gx, gyn) = O.

Hence,
D(gz1, F(z1,22)) = D(8z2, F(z2,21)) = 0,

which implies that gz; € F(z3, zo) and gz, € F(z,, z1), i.e., z = (21, z5) is a coupled
coincidence point of F and g. This completes the proof.

Now, we prove the following theorem.

Theorem 2.2. Let (X, d) be a metric space endowed with a partial order < and
A # 9. Suppose that F: X x X — CL(X) is a A-symmetric mapping, g: X — X is contin-
uous and gX is complete. Suppose that the function f. gX x gX — [0,+c0) defined in
Theorem 2.1 is lower semi-continuous and that there exists a function @: [0, +) — [a,
1), 0 <a < 1, satisfying

limsup¢(r) <1 foreacht € [0, 00). (2.14)

r—t+

Assume that for any (x,y) € A, there exist gu € F(x,y) and gv € F(yx) satisfying

Vo (d(gx, gu) +d(gy, gv))[d(gx, gu) + d(gy, gv)] < D(gx, F(x,y)) + D(gy, F(y, x)) (2.15)
such that
D(gu, F(u,v)) + D(gv, F(v, u)) < ¢(d(gx, gu) + d(gy, gv))[d(gx, gu) + d(gy, gv)]. (2.16)

Then, F and g have a coupled coincidence point, i.e., there exists z = (z1, z5) € X x X
such that gz, € F(zy, z,) and gz, € Flzy, z1).

Proof. Replacing ¢ (flx,y)) with ¢ (d(gx, gu) + d (gy, gv)) and following the lines in
the proof of Theorem 2.1, one can construct iterative sequences {x,} € X and {y,} € X
such that for all n € N, we have

(xn/ Yn) € A/ gxn+1 € F(xnr Y‘n)/ gyn+1 € F(an -xn)/ (217)

\/qb(d(gxn,gxml) +d(8yn, 8¥n+1))[d(8%n, xns1) + d(8Yn, &¥n+1)]

(2.18)
< D(gxn, F(xn, yn)) + D(8Vn, F(yn, xn))
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and

D(gxn+1/F(xn+ern+1)) + D(g)/n+1/F()’n+lrxn+1))

(2.19)
= \/<p(d(gxn,gxn+1) +d(8yn, 8Yn+1))[D(8%n, F(xn, yn)) + D(8Vn, F(yn, %n))]

for all n = 0. Again, following the lines of the proof of Theorem 2.1, we conclude
that {D (gx,, F(x,, ¥,,)) + D(gV,, F(y,y x,,))} is a strictly decreasing sequence of positive
real numbers. Therefore, there is some J > 0 such that

Jim (D (g, F(xn, yn)) + D(8Yns (¥, %)) = 8. (2.20)

Since in our assumptions there appears ¢ (d(gx,, gx,,1) + 4@V €n+1)), we need to
prove that {d(gx,, gx,,1) + d (V. 2Vn.1)} admits a subsequence converging to a certain
n* for some 1 = 0. Since ¢ (£) > a > 0 for all t > 0, from (2.18) we obtain

1
A(8%n, §%n+1) + d(8Yn, §¥ns1) < a[D(gxan(xnr)’n)) + D(8yn, F(yn, xn))]- (2.21)
From (2.20) and (2.21), we conclude that the sequence {d(gx,, gx,,.1)+d(gV,, En:1)} is
bounded. Therefore, there is some 6 > 0 such that

lim inf{d(gxn, §%n.1) + d(8yns &¥ni1)} = 0. (2.22)

Since gx,,,1 € F(x,, y,) and gy,,.1 € F(y,, x,), it follows that
d(8xn, 8%n+1) + d(8Yn, 8Vn+1) = D(8Xn, F(xn, yn)) + D(&Yn, F(yn, xn))

for each n > 0. This implies that € > . Now, we shall show that 6 = . If we assume
that 6 = 0, then from (2.20) and (2.21) we have

nlirpw{d(gxn,gxn+1) +d(8Vn, &Yn+1)} = 0.

Thus, if 0 = 0, then 6 = 6. Suppose now that > 0 and suppose, to the contrary, that
6 >0. Then, 0 - 6 > 0 and so from (2.20) and (2.22) there is a positive integer 7, such
that

o —
D(gxn, F(xn, 1)) + D(8Vn, F(Yn, xn)) <& + 4 (2.23)

and

0

-4
0= " < dlmXnn) + A0 Vo) (2:24)

for all n > ny. Then, combining (2.18), (2.23) and (2.24) we get

Votdgsn gna) + dsrsrna)) (0= ")

< \/w(d(gxn,gxml) +d(8yn, 8¥n+1))d(8%n, §xns1) + d(8Yn, &¥n+1)]

< D(gxn, F(xn, yn)) + D(8Vn, F(¥yn, xn))

0—96
<6+
4
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for all n > ny. Hence, we get

0 +368

Vo(d(gxn, 8xni1) +d(8Vn Y1) < (2.25)
30 +6
6 +36 .
for all # > ng. Set h = 30+ 5 < 1. Now, from (2.19) and (2.25), it follows that
+

D(8%n+1, F(%ne1, Yne1))+D(&Yne1, F(Vne1, Xne1)) < h[D(g%n, F(xn, Yn))+D(&Yns F(Yn, xn))]

for all n > ny. Finally, since we assume that 0 > 0 and as 4 < 1, proceeding by induc-
tion and combining the above inequalities, it follows that

J =< D(gxno+k0’ F(x"0+kof }/n0+k0)) + D(g)/n0+k0r F(}/n0+k0r x"0+ko))
= hkUD(anorF(xnor}’no)) + D(8¥ngs F(Yng: Xny)) < 8

for a positive integer ky, which is a contradiction to the assumption 0 >6 and so we
must have 6 = 6. Now, we shall show that 8 = 0. Since

0 =8 < D(gxn, F(xn, ¥n)) + D(8Vn, F(yn, %n)) < d(8%n, §xns1) + d(8Yn/ §¥n+1),
so we can read (2.22) as

lilr_r)ljoréf{d(gxn,gan,l) +d(gyn, g¥ne1)} =07,

Thus, there exists a subsequence {d(gxn,, 8%n,+1) + A(Vn.s §Vne+1)} such that

Jim {d(gxn,, gxmi1) + A(8Yn,, 8Yns1)} = 67
Now, by (2.14), we have

lim sup Vo(d(8xn,, 8xn1) + d(8Yny 8¥ma1)) < 1. (2.26)
(A(g%ny 1 8Xme1)+A(8Y 1Yy 41)) 6

From (2.19),
D(gxn1, F(%ne1, Yne1)) + D(8Via1s F(Viga1s Xnys1))
= \/‘/’(d(gxnngnwl) + d(8Ymer 8Vmy+1))[D (8% r F(Xnys ¥y ) + D(8Yrmyr F (Vs X, )) -
Taking the limit as k — + and using (2.20), we get

8 =lim SUP{D(gxn;,+1/F(xnk+1r)/nh+1)) + D(g}’nh+1/F(}’nh+1/xnh+1))}

k—+00

< (nm sup v/ (d(G, GEnet) + d(gynk,gynm)))

k—+00

(hm Sup{D(gxnh' F(‘xnh' ynh)) + D(gynh’ F(ynh' xﬂk))})

k—>+00

= ( lim sup \/(p(d(gxnk'gxnwl) +d(gynk’gynk+l))> 8.
(A(gxr, 8%y, 1) +A(8Vmy 18V ny 1)) >0

From the last inequality, if we suppose that J > 0, we get

1< lim sup Vo (d(8xn,, 8ne1) + d(8Yn, &¥nia1)),
(A(8%ny 18y, +1)+A(8Vny 18V 1)) =0+
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a contradiction with (2.26). Thus, 0 = 0. Then, from (2.20) and (2.21) we have

o= lim sup \/w(d(gxn,gxml) +d(gyn, gYyna1)) < 1.
(A(8%n,8xn+1)+A(8Yn:8Yn+1))— 0+

Once again, proceeding as in the proof of Theorem 2.1, one can prove that {gx,; and

{gy,.} are Cauchy sequences in gX and that z = (23, z3) € X x X is a coupled coinci-
dence point of F, g, i.e.

8z € F(Zl,Zz) and 8z, € F(Zz,zl).

Example 2.3. Suppose that X = [0,1], equipped with the usual metric d: X x X — [0,
+ o), and G: [0,1] — [0,1] is the mapping defined by

G(x)=M forallxe|0,1],

where M is a constant in [0,1]. Let F: X x X — CL(X) be defined as

F(x,y) = {:15 1}135[0’3Z)U(£’1]

96" 5
Then, A = [0,1] x [0,1] and F is a A-symmetric mapping. Define now ¢: [0, +e) —
[0,1) by
Drifte o, 2]
— 12 ’ ’
¢(0) { lg ift e (3,+00).
Let g: [0,1] — [0,1] be defined as gx = x%. Now, we shall show that F(x, y) satisfies all
the assumptions of Theorem 2.2. Let

\/x+\/y—%3(x+y)?fx,ye[0,32)Ul(5£,1]

o) = Jr—=1 x+160 ifx € [0, ; )U(az,l]andy 32,
\/)/— 4)/+ 160 ify e [0’32)U(32’1] and x = ; 32’
80 ifx=y=

It is easy to see that the function

x+y— (2 +y?)ifxye [0, 32)U(£,1]

x—1x2+43 ifxe[ )U( 1]andy
x, oy) = 4 160 ) 32 32 32'
f(gx 8y) y— 12 85 iy elo, 32)U(£,1] andx = 33,
3 ifx=y=1

is lower semi-continuous. Therefore, for all x, y € [0,1] with x,y & ;g, there exist

gu e F(xy) = {’f} and gv € F(y, x) = {}Z} such that

xZ x4 y2 )’4
D(gu, F(u,v)) + D(gv, Fv,u)) =) = o +") =
2
= X+
[

U

Je)- (=) 60
(1 Yot

max[x+ A 4][d(8x:8u)+d(8%81’)]

2 2
<1 max{( —’;),(y—fl)} [d(gv, gu) + d(gy. )]
< g(d(gx, gu) +d(gy, gv))[d(gx, gu) + d(gy, gv)]-
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35 the conditions (2.15) and (2.16) are satisfied. Fol-
lowing similar arguments, one can easily show that conditions (2.15) and (2.16) are

Thus, for x, y € [0,1] with x,y #

also satisfied for x € [0, 23)U (13, 1] and y = 3. Finally, for x =y = 1, if we assume

that gu =gv =03, it follows that d(gx, gu) +d(gy, gv) = 1>

Consequently, we get

1 15 15

Ve(d(gx, gu) +d(gy, gv))[d(gx, gu) +d(gy, gv)] = \/24 "4 24

- ;‘(3) = D(gx, F(x,7)) + D(gy, F(y, x))

and

2
D(gu, F(u,v)) + D(gv, F(v,u)) = 2 ;Z — 411(;2)
11 15 15
12 24 24
= p(d(gx, gu) +d(gy, gv))[d(gx, gu) + d(gy. gv)]-

Thus, we conclude that all the conditions of Theorem 2.2 are satisfied, and F, g
admits a coupled coincidence point z = (0, 0).

3. Coupled coincidences by mixed g-monotone property
Recently, there have been exciting developments in the field of existence of fixed
points in partially ordered metric spaces (cf. [13-24]). Using the concept of commuting
maps and mixed g-monotone property, Lakshmikantham and Ciri¢ in [5] established
the existence of coupled coincidence point results to generalize the results of Bhaskar
and Lakshmikantham [4]. Choudhury and Kundu generalized these results to compati-
ble maps. In this section, we shall extend the concepts of commuting, compatible
maps and mixed g-monotone property to the case when F is multi-valued map and
prove the extension of the above mentioned results.

Analogous with mixed monotone property, Lakshmikantham and Ciri¢ [5] intro-
duced the following concept of a mixed g-monotone property.

Definition 3.1. Let (X, <) be a partially ordered set and F: X x X — X and g: X —
X. We say F has the mixed g-monotone property if F is monotone g-non-decreasing in

its first argument and is monotone g-non-increasing in its second argument, that is, for

any x,y € X,
x1,%2 € X, 8(x1) < g(x2) implies F(x1,y) < F(x2,9) (3.1)
and
yiv2 € X,8(r1) < 8(v2) implies F(x,y1) = F(x,y2). (3.2)

Definition 3.2. Let (X, X) be a partially ordered set, F: X x X — CL(X) and let g: X
— X be a mapping. We say that the mapping F has the mixed g-monotone property if,
for all x1, x5, y1, y2 € X with gw; < gx and gy, > gy», we get for all gu; € F(x1, y1)
there exists guy € F(xo, ¥o) such that gu; < gu, and for all gv, € F(y,,x1) there exists
gvs € F(ys, x5) such that gv, > z gvs.
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Definition 3.3. The mapping F: X x X — CB(X) and g: X — X are said to be compa-
tible if

Jim H(g(F(xn yn)), F(8%n. 8¥n)) = 0
and

Jim H(g(E(yn xn)), F(8yn, 8%n)) = O,

whenever {x,} and {y,} are sequences in X, such that x = lim,,_,.. gx, € lim,_,.. F(x,,
y,) and y = lim,_,., gy, € lim,_,.. F(y,, x,,), for all x, y € X are satisfied.

Definition 3.4. The mapping F: X x X — CB(X) and g: X — X are said to be com-
muting if gF(x, y) € F(gx, gy) for all x, y € X.

Lemma 3.1. [1]If A,B € CB (X) with H (A, B) < ¢, then for each a € A there exists an
element b € B such that d(a, b) < e.

Lemma 3.2. [1]Let {A,} be a sequence in CB(X) and lim,,_,.. H (A,, A) =0 for A €
CB (X). If x, € A, and lim,,_,.. d(x,, x) = 0, then x € A.

Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a
complete metric space. We define the partial order on the product space X x X as:

for (u,v),(xy) € X x X, (u, v) < (x, y) if and only if u < &, v > y.

The product metric on X x X is defined as
d((x1,y1), (x2,¥2)) :=d(x1,x2) +d(y1,y2) forallx;,y; € X(i=1,2).

For notational convenience, we use the same symbol d for the product metric as well
as for the metric on X.

We begin with the following result that gives the existence of a coupled coincidence
point for compatible maps F and g in partially ordered metric spaces, where F is the
multi-valued mappings.

Theorem 3.1. Let F: X x X — CB(X), g¢: X —> X be such that:

(1) there exists k € (0,1) with

H(F(x,y), F(u,v)) < };d((gx, 8y), (gu.gv))  for all (gx, gy) = (§u, gv);

(2) if g1 < gxo, @V2 S @Y1, Xy ¥ € X(i = 1,2), then for all guy € F(xy, y1) there exists
guy € F(xo, yo) with guy < gu, and for all gvi € F(yy, x1) there exists gvy € F(y, x3)
with gv, < gvy provided d((gu,, gv1), (gus, gv2)) < 1; i.e. F has the mixed g-monotone
property, provided d((gui, gv1), (gua, gvo)) < 1;

(3) there exists xg, yo € X, and some gx, € F(xo, o), g1 € F(yo, x0) With gxg < gxy,
Qo ¥ g1 such that d((gxo, gVo), (gx1, g01)) < 1 - K, where k € (0,1);

(4) if a non-decreasing sequence {x,} — x, then x,, < x for all n and if a non-increas-
ing sequence {y,} — v, then y <y, for all n and gX is complete.

Then, F and g have a coupled coincidence point.

Page 11 of 15
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Proof. Let xy, yo € X then by (3) there exists gx; € F(xo, yo), 21 € F(yo, x0) with gxg
< gx1, @0 ¥ g1 such that

d((8xo, 8y0), (8x1,8y1)) <1 —«. (3.3)

Since (gxo, gyo) < (gx1, gy1) using (1) and (3.3), we have
H(F(xo, o), F(x1,71)) = 5 (g0, o), (gx1, 1)) < 5 (1= x)
and similarly
HE(ro,%0), F(y =) < 5 (1=4).

Using (2) and Lemma 3.1, we have the existence of gx, € F(x1, y1), gy € F (y1, %1)
with x; < x, and y; * y, such that

d(gx1,8x2) < ;(1 —K) (3.4)
and
d(gy1,8y2) < ';(1 —K). (3.5)

From (3.4) and (3.5),
d((gx1,8y1), (8%2,8y2)) = «(1 — ). (3.6)

Again by (1) and (3.6), we have

H(FGea, ), e p2)) < 5 (1=6)

and
2
D(F(y1,%1), F(y2,x2)) < 5 (1—x).

From Lemma 3.1 and (2), we have the existence of gx3 € F(xy, ¥2), g3 € F (¥o, X2)
with gx, X gx3, gy» > gys such that

2
gz, gna) < ) (1=

and

2
d(gra,grs) = ) (1-4).
It follows that

d((8x2, 8y2), (8x3,8y3)) < k*(1 — k).

Continuing in this way we obtain gx,,1 € F (%, ¥,.), &@ns1 € F (¥, x,) with
8Xn <X 8Xn+1,8Vn = §Yn, such that
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Kn
A(8xn, §xns1) < 5 (1—x)

and

n

d(8¥n, &yn1) = Kz (1—x).
Thus,

A((gxn, gVn), (8%ns1, 8Vne1)) < k" (1 — k). (3.7)
Next, we will show that {gx,} is a Cauchy sequence in X. Let m >n. Then,

A(gxn, gxm) < d(8xn, §%ns1) + d(gxna1, 8Xns2) + A(8%n+2, 8Xne3) + -+ - + A(8Xm—1,8%m)

1—
S[Kn_'_KrHl_'_Kn+2_'_”._'_Km—ll( 2K)

1—
=K"[1+K+K2+...+Km—n—1]( ZK)

=K"|:11—fr:"] (1;K)

K" K"
= 1-«" "<
2 ( ) 2

because k € (0,1), 1 - K" < 1. Therefore, d(gx,, gx,,) = 0 as n — o implies that
{gx,,} is a Cauchy sequence. Similarly, we can show that {gy,} is also a Cauchy sequence
in X. Since gX is complete, there exists x, y € X such that gx, — gx and gy,, > gy as n
— oo, Finally, we have to show that gx € F(x, y) and gy € F(y, x).

Since {gx,,} is a non-decreasing sequence and {gy,} is a non-increasing sequence in X
such that gx, - x and gy, — y as n — oo, therefore we have gx, < x and gy, > y for
all n. As n — oo, (1) implies that

HE (e o), Fe ) < d((850, 812, (35,81)) = 0.

Since gx,,.1 € F(x,, y,) and lim,, .. d(gx,.1, gx) = 0, it follows using Lemma 3.2 that
gx € F(x, y). Again by (1),

H(F(m %), F(r2)) = d((81 8%0), (87, 84)) = 0.

Since gy,,1 € F(y,, x,,) and lim,, .. d(gy,..1, g) = 0, it follows using Lemma 3.2 that
gy € Fy, x).

Theorem 3.2. Let F: X x X — CB(X), g X = X be such that conditions (1)-(3) of
Theorem 3.1 hold. Let X be complete, F and g be continuous and compatible. Then, F
and g have a coupled coincidence point.

Proof. As in the proof of Theorem 3.1, we obtain the Cauchy sequences {gx,} and
{gy,} in X. Since X is complete, there exists x, y € X such that gx, — x and gy, — y as
n — oo, Finally, we have to show that gx € F(x, y) and gy € F(y, x). Since the mapping
F: X x X - CB (X) and g X — X are compatible, we have

Jim H(g(F(xn, yn)), F(8%n, g¥n)) = 0,

Page 13 of 15
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because {x,} is a sequence in X, such that x = lim,,_,.. gx,,,; € lim,_,.. F(x,, y,) is
satisfied. For all #n > 0, we have

D(gx, F(gxn, 8Vn)) < D(gx, 8F (xn, ¥n)) + H(ZF (xn, ¥n), F(8%n, &¥n))-

Taking the limit as # — o, and using the fact that g and F are continuous, we get, D
(gx, F(x, y)) = 0, which implies that gx € F (x, y).
Similarly, since the mapping F and g are compatible, we have

Jim H(g(E(yn xn)), F(8yn, 8%n)) = O,

because {y,} is a sequence in X, such that y = lim,,_,.. gy,,1 € lim,_,.. F(y,, x,,) is
satisfied. For all #n > 0, we have

D(gy, F(8yn, 8xn)) < D(8y, 8F(Yn, xn)) + H(ZF (¥, Xn), F(gYn, §%n))-

Taking the limit as n — oo, and using the fact that g and F are continuous, we get D
(gy, E(y, x)) = 0, which implies that gy € F(y, x).

As commuting maps are compatible, we obtain the following;

Theorem 3.3. Let F: X x X — CB(X), g X = X be such that conditions (1)-(3) of
Theorem 3.1 hold. Let X be complete, F and g be continuous and commuting. Then, F
and g have a coupled coincidence point.
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